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A SIMPLE PROOF OF A BINOMIAL IDENTITY WITH
APPLICATIONS
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ABSTRACT. Peterson [Amer. Math. Monthly, 120 (2013), 558-562] gave
a probabilistic proof of a binomial identity. In this paper, by using the
partial fraction decomposition, we give a simple proof of this binomial
identity. As some applications, we obtain some interesting harmonic
number identities.
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1. Introduction

For n,r e N={1,2,---} and z € C.
The classical harmonic numbers H,, and higher order harmonic numbers

" are defined respectively (see [3]),

"1
H = = —_
0 17 Hn Zk
k=1
and
. — 1
=1, HD = _—.
kr
k=1
Clearly,
H, = H.

J. Choi, H. M. Srivastava, T. M. Rassias have studied some summation
formulas and classes of infinite series and generalized harmonic numbers.
They defined the generalized higher order harmonic numbers as follows (see

[1], [2] and [0])
(1.1) TTSIP T .
k:%;é_z (k+2)
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- 0, when z # 0,
Hor (2) ==
1, when z =0.
Obviously,
HO©) = 1.
The standard Bell polynomials are displayed in Comtet’s book (see [3,p.133—

134]). We below give a variant of the Bell polynomials, i.e., the modifield
Bell polynomials Ly, (x1,x2, -+ ) which are defined by

oo k 0o
(1.2) exp (; .%‘k;;:) =1+ nZan<$1,x27 . )zn

The expansion above starts as

2 3
xT9 1 2 T3 12 Ty 3

1 =240 = “1
J”'““l"‘”L<2+2)’"J“(:aJr 2 +6>Z

2 2 4
T4 MLz Ty T2y L1 o4
+(4+ s Tty +24)z+ ,

which fixes the first few values, the general formula being

(1.3)
_ 1 T1\™ (T \™2 (T3\™3
Lo(nez)= 3 o (T) () (5)

mi+2ma+3mg+---=n

The following binomial identity is the well-known: for x > 0 and n € N,

= Y ()

k=0 k=1

Recently, by the probabilistic method, Peterson [5] proved the following
binomial, for r,n € N; = > 0,

(1.5)
Z(_l)k(k> <w+k> -
n k r—1 2
(Hx—i—k) 1+Z Z (l’—f—kl)(x—i-k'g)”-(.%’-i-kj)

k=1 J=1 1<ki1<<k;<n

The goal of this note is to give a very simple and elementary proof of
the binomial identity above using the partial fraction decomposition. As
some applications, we obtain some interesting binomial identity involving
the harmonic numbers.
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2. Theorem and proof

First we need the following lemma.

Lemma 2.1. Forn, r € Ng, = > 0, we have

(2 — 1)7-1-!.(2—71) (zf—x)

n 2 T "1 A
(2.1) :k:(](_1> : <k> (:v—l—k) kT (x+2)" *

15

7

+ .
x4+ z

Proof. By means of the standard partial fraction decomposition, we have

B n! T T_ L A
f(z)_z(z—l)---(z—n) (z+x> _Zz—k+(x+z)”+

k=0

where the coefficients A; remain to be determined.

A =lim(z — k) f(2)

2ok
:;i_rf}c(zf k)z(z_ 1)7.1.!.(;;—71) (zix>r

:iiiliz--.(z_ml)(zn_!k_1)---(z_n) <zim>

(1) (55)

This completes the proof.

Theorem 2.2. Forn, r € Ny, x > 0, we have

St (1) (55) =

k=0

=k z 1
(2.2) (kl_ll x—l—k:) Z mylmelmg!. .-

mi1+2ma+3mz+--=r—1

mi ma m3
. (H}lﬁl(x—n) (H}ﬁl(x—m) (Hffjgl@—n)
1 2 3 ’

where HT(LT)(z) is the generalized higher order harmonic numbers.

x+ 2z

Proof. Multiplying the both sides of (2.1) by z, and then let z — oo, we

obtain

(2.3) zn:(—l)"—’f(Z) <x—T—k>r+M:0'

k=0
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By (1.2), (1.3) and (2.1), we have

1 1 1 P
g (le'“*w) 0

n+1 . k r—1r r—1 (k) Zk
=(-1) H il [2" " ] exp E Hn_H(m—l)?

Tk 1
—(—1 n+1 r—1
(=1) (H x+k>$ Z mylmealmg!---

m1+2mo+3maz+---=r—1
mi m2 m3
y (H}}jl(:p—n) (H}ﬁl(x—n) (H,(fj@l(x—n)
1 2 3 ’

This proof is complete. O

3. Applications

Below we obtain some interesting binomial identities including the har-
monic numbers by applying the formulas (2.2).
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Theorem 3.1. Forn,r,M € N, x > —1, we have
(3.1)

S (1) (Bt + 1) - B (@ +1)

k=0

M - 1 n!
=2\ 2 gl

7j=1 mi1+2mo+3mgz+--=r—1
AN\ T 2 . ma 3 . ms3
X <Hn+1(9€+3)> ' <Hr(w21(1’+])> (Héﬁl(x"i_]))
1 2 3

Proof. Letting x — x + 1 in (2.2). We have

(3.2)
" n 1 L 1 n!
Z(_l)k ( ) r H Z 1m0 lmal
k=0 K/ (@t b+ 1)m @t Rt (Bt MMMl

X<Hwaw>m<ﬂﬁam>m<ﬂﬂam>m”.
1 2 3

Applying (3.2) (x — z + j), we get

S (-1 (Z) (H e+ 1) = B @+ 1)

= (T M 1
- _(_1) (k)Z(a:—l—k+j+1)T

=1

<

n

> (-1 (Z) (x+k ij +1)r

1 k=0

I
M=1

[
Il

n

1 n!
Hx+k+j+1> Z my!molmg!---

e

j=1 \k=0 mi+2mo+3ms+---=r—1
- mi H(Z) : ma H(B) . ms3
» Hyi1(z +5) i1 (T +J) i1 (T +7)
1 2 3
This proof is complete. O

Setting z = —1 in (3.1), we easily arrive at
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Corollary 3.2. Forn,r, M € N, we have

53) Y0 (1) (B - )

k=0
M - 1 n!
-2 (Ul D NI

mi+2mo+3ms—+---=r—1

x(mwm—m>m(&ﬁm—u)”(ﬂ%u—n)m”.
1 2 3

Next we give some special cases of the binomial identity above.
Case 1. Taking r = 1 in (3.3), we get the following binomial identities
including the harmonic numbers

n M 1
(3.4) Z(—l)k<k) (Hyvw — Hy) = Z ()

k=0 j=1J

Let M — oo in (3.4). Applying the formula [1,p.19, (2.11)]

— =,
o k()
we obtain the following familiar formula
= n 1
—DFH ) Hy = .
> ()=
Taking M =1 in (3.4), we have

Taking M = n in (3.4), we have
" n - 1
Z(—l)k< ) (Hpar — Hp) =Y ———.
k=0 k =07

Case 2. Taking r = 2 in (3.3), we obtain the following binomial identities
including the harmonic numbers of order 2

n M .
H, -1
65 (1) (@) =S B2l

k=0 j=1 3( j )
Taking M =1 in (3.5), we deduce that

n

n 1 H,,
> (-1f (k:) (k+1)2 nJ:'
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Taking M = n in (3.5), we get the following identity of harmonic number.

S () (12 - ) - o P

Case 3. Taking r = 3 in (3.3), we get the following binomial identities
including the harmonic numbers of order 3

n M 2 . (2) /-
n 3 3 Hon G-+ 750G -1
(36) Y08 () (Hifey — 1Y) = 30 = e
k=0 Jj=1 J( J )
Taking M =1 in (3.6), we get
S0t (3) g~
k/ (k+1)3 2(n+1)

k=0

Taking M = n in (3.6), we have the following identity of harmonic number.

g n 3) 3\ _ <~ H G- +HD G -1)
kzzo(_l)k (k) (H"+k ~ ) =2 25 (") - '

j=1
Case 4. Taking M =1 in (3.3), we deduce that

_1\k n 1 N
>4 () E
m 2 m2 3 m3
1 Z 1 Hy1\™ HT(L421 H7(1+)1 .
n+1 mq!ma!lms! .- 1 2 3

mi1+2mo+3msz+---=r—1
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