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Abstract
In this paper, we introduce a symmetric endomorphism operator &, ,, allows us to obtain a new generating functions involving the

product of generalized Tribonacci and Tricobsthal polynomials with k- Mersenne numbers.
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1. Introduction

Recently, Fibonacci and Lucas numbers have investigated very largely and authors tried to developed and give
some directions to mathematical calculations using these type of special numbers. One of these directions goes
through to the Tribonacci and the Tribonacci-Lucas numbers. In fact Tribonacci numbers have been firstly defined
by M. Feinberg in 1963 and then some important properties over this numbers have been created by [9, 11, 12]. On
the other hand, Tribonacci-Lucas numbers have been introduced and investigated by author in [8, 10]. In addition,
there exists another mathematical term, namely to be incomplete, on Tribonacci and Tribonacci-Lucas numbers. As a
brief background, the incomplete Tribonacci and Tribonacci-Lucas numbers were introduced by authors [15, 16], and
further the generating functions of these numbers were presented by authors.

For n > 3, it is known that while the Tribonacci sequence {T},},cy is defined by

T,=Ty1+Ty2+Ty,3,n>3 1.1)
To=T1=1,T,=2 ’
and the Tribonacci-Lucas sequence {K,},cx is defined by
= >
Kn Kn—l + Kn—2 + Kn—37 nz 3 ] (12)
Ky=3,K1=1,K, =3
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There is also well known that each of the Tribonacci and Tribonaccci-Lucas numbers is actually a linear combi-
nation of

T _ n+r-nn=-2), (m+n-nrn=-2), i+tn-nn-2), (1.3)
! (ri—r)(ri—r) ' (n=r)rn-r) % (n-n)rn-r) '
K,=r{+r]+7}. (1.4
where 7y, r, and r3 are roots of the characteristic equations of (1.1) and (1.2) such that
1 3 ;
o=z 1+(/19+3«/§+C/19—3\/§J = 1.8393,
| .
n=3 [1 +wy19 +3V33 + w19 — 3 V33| = —0.419 64 + 0.606 29i,
1 53 3 .
rs=g|1+w 19+ 3V33 + w19 — 3V33| = —0.419 64 — 0.606 29i,
with w = ‘1%5 Meanwhile we note that equations in (1.3) and (1.4) are called the Binet’s formulas for Tribonacci

and Tribonacci-Lucas numbers, respectively.
In 1973, Hoggatt and Bicknell [10] introduced Tribonacci polynomials. The Tribonacci polynomials {7},(x)},en
are defined by the recurrence relation
T,(x) = szn—l(x) +xTy2(x) + Ty-3(x), n >3
To(x) = 1,T1(x) = %, Ta(x) = x* + x

and property T,(1) = T,. First 10" Tribonacci polynomials are:

To(x) = 1,

Ti(x) = x,

Tr(x) = O x

Ti(x) = x5+2x3°+1,

Ti(x) = x°+3x +3x%,

Ts(x) = x'0+4x7 +6x* +2x,

To(x) = x2+52° +10x°+7x° +1,

To(x) = x"+6x'+15x% +16x° + 642,

Ts(x) = x"0+7x"+21x"%+30x7 + 19x* + 3x,

To(x) = x"3+8x" +28x"%+50x" +45x° +16x° + 1.

Also, in [16], authors defined Tribonacci-Lucas polynomials, incomplete Tribonacci-Lucas numbers and incom-
plete Tribonacci-Lucas polynomials. The Tribonacci-Lucas polynomials are defined by

K,(x) = sznfl(x) + xK,2(x) + K,_3(x), n >3
Ko(x) =3, K (x) = x%, Ko (x) = x* + 2x

Definition 1.1. [18] For n € N, the k- Mersenne numbers, denoted by {M ,}, . defined recursively by

Mk,n = 3kMk,n—1 - 2Mk,n—2 foralln > 2, (1 5)
Mo =0, M) =1 ’ ’
The Binet’s fomula is given by
e
kan =

r—ry

3k—V9k2-8

and rp, = >

such that r; = 3= ¥k=8 ‘29"2_8

are roots of the characteristic equation of the sequence (1.5).
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2. Definitions and Some Properties

In this section, we introduce a new symmetric function and give some properties of this symmetric function. We
also give some more useful definitions from the literature which are used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called alphabets, though we shall mostly use com-
mutative indeterminates for the moment). A symmetric function of an alphabet A is a function of the letters which is
invariant under permutation of the letters of A. Taking an extra indeterminate ¢, one has two fundamental series [2].

1

AZ(A) = HaeA(l + la), O'Z(A) = m,
ae€.

the expansion of which gives the elementary symmetric functions A, (A) and the complete functions S ,,(A):
A(A) = Y AA, 0(A) = D Su(A)".
n=0 n=0

Let us now start at the following definition.

Definition 2.1. Let A and B be any two alphabets, then we give S ,(A — B) by the following form:

Myep(1 —1b)
2 =N S,(A-B¢t"=0.(A-B), 2.1
T 0 ZO (A=B)" = 0:(A = B) @)
with the condition S ,(A — B) =0 forn < 0 [1].
Remark 2.2. Taking A = {0,0,...0} in (2.1) gives
Myep(l = 1b) = ) S,(~B)" = A:(~B). (2.2)
n=0

Further, in the case A = {0, 0, ...0} or B = {0, 0, ...0}, we have

Z S.(A - B)" = 0,(A) X A,(—B). (2.3)
n=0
Thus,
Si(A-B)= Z S 1k (A)S(=B). 2.4
k=0

Definition 2.3. [3] Let g be any function on R”, then we consider the divided difference operator as the following
form

8(xr, -y Xiy X1, + - Xn) = (X1, -+ - Xim1, Xi1 Xiy Xind *** Xp)
aX,’XM (g) = .
Xi = Xit+1
Definition 2.4. [6] Let n be positive integer and A = {aj,a»} are set of given variables, then, the n -th symmetric
function S ,(a; + a») is defined by

n+l _ an+1
S.(A) = S,(ar +ay) = .
ay —a
with
SoA) = Solar+ay) =1,
S1A) = Si(a1+ap) =a; +a,
S2(A) = Sya; +a)=al+aa; +a,
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Definition 2.5. [6] The symmetrizing operator 6’;102 is defined by

d f(a)) - dif (ar)

S5 0 f(ar) = , for all k € N. (2.5)

a) —ap
If f(a1) = a, the operator (2.5) gives us

k+1 _ ak+l

k _ 1 2 _
Oy, (@) = ———— =S (a1 + a2).

a) —ap

If f(ax) = a», the operator (2.5) gives us
a’faz - a’éal

S o f(@) = = a1axSi2(a +az).

ay—a

3. Generalized Tribonacci and Tricobsthal Polynomials

By analogy to general Fibonacci numbers (see for example [12]) let’s consider conditions:

Wix) = a,
Wa(x) = bax® +byx + by, 3.1
Wi(x) = caxt + 63x3 + Xt +oix+ co,

where b,, ci, ¢4 positive integers and others parameters are non negative integers as initial conditions for Tribonacci
polynomials, then we have following definition:

Definition 3.1. The Generalized Tribonacci polynomials are defined by recurrence relation
Wo(x) = ¥*W,_1(x) + xW,_»(x) + W, _3(x) for n > 3, (3.2)
with initial conditions (3.1).

When a = b, = ¢y = ¢4 = 1 and others parameters are zero, then one gets Tribonacci polynomials with
property W,(1) = T,(1) = T,,. When one considers any polynomials related with name Fibonacci should rewrite
them in analog of the Binet’s formula and for considered in this section polynomials one gets following theorem.

Theorem 3.2. The Binet’s formula for the Generalized Tribonacci polynomials defined by (3.2) with initial conditions
(3.1) is
Wa(x) = CLway, ' + CowBy + Cawyy (3.3)

where n is positive integer,

W3(x) = (yw + Bw) Wa(x) + ywBw Wi (x)

Cw (aw —yw)aw — Bw) '
Cow _ W) =~ w + aw)Wa(x) + ywaw Wi(x)

’ Bw —yw)Bw — aw) ’
Caw @ = Ws(x) — (aw + Bw)Wa(x) + awBw W, (x)’

(rw — aw)(yw — Bw)

and avy, Bw, yw are different solutions of characteristic equation y* — x*y* — xy — 1 = 0 of (3.2).

oy - 2 23(=3x—xY , Ow
3 30w 325
~ x_2 . (1+iV3)(-3x—x* - iV3)(=3x — x*)
Pw = 3 23 36 23 664 ’
Yy = x;+ 1 —l\/g)(—3x—x4) a +l\/3;)(—3x—x4)’ 3.4)
23 36w 25 .66y

10
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where

ow = \3/27 +9x3 + 200 + 3 V3 V27 + 1423 + 3x°. (3.5)

We omit dependency from x for parameters aw, Bw, yw, Ow in theorem.

Proof. From [12] one can check that characteristic equation of (3.2) is in the form given in theorem. From Cardano
formula its roots are of the form (3.4) with (3.5). The Binet’s formula will be proved inductively. It’s easy to check
that formula (3.3) is correct for n € {1,2,3}. Let’s assume that (3.3) is fulfilled for any number less or equal » and
let’s show that it is also true for n + 1. From (3.2), properties of roots of characteristic equation and assumption of
induction one can write:

Wos1(®) = o Wo(x) + xWom1 (3) + Wia ()
= Ciwdi (Pad, + xaw + 1)+ Cowfl > (B + xBw + 1)
+C3 WYy (P + xyw + 1)
= Ciway + Cowfy + Cawyy.
So by mathematical induction our statement is truth. U

Corollary 3.3. When a = by = ¢| = ¢4 = 1, then Binet’s formula in theorem 3.1 is the Binet’s formula for Tribonacci
polynomials.

As a result, the terms of the generalized Tribonacci polynomails are seen as the coefficients of the corresponding
generating function.

Theorem 3.4. For n € N, the new generating function of generalized Tribonacci polynomails is given by

© p a+[(b2—a)x2+b1x+b0]t
W, =
; @) 1-x2t—x2 -1

[(04 —b) X +(c3 = b)X3 + (cr — bo)X®> + (¢ —a)x + co] 2

1-x2t—x2 -1

Proof. The ordinary generating function associated is defined by

G(W,, 1) = Z W, (x) 7"
n=0

11
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Using the initial conditions, we get

i W, (x)t"
n=0

Wo (x) + Wy (x) £ + Wa(x)F* + Z W, (x) 1"
n=3

= a+ (bo +bix+ bzxz) t+ (co +cix+ czx2 + C3x3 + C4x4) I

Wy (X) + xWi0 (1) + Waa(0)e"
n=3

(o)
= a+ (bo +bix+ bzxz) t+ (co +cix+ cz)c2 + C3x3 + C4x4) 2+ xztz W, (x) "
n=2

(o8] (o)
Y W (O + £ W, (1"
n=1 n=0
= a+ (bo +bix+ bzxz) t—ax’t+ (co Fox+ox +ox’ + C4x4) £ —axt®

- (bo +bix+ bzxz) 22+ xztz W, (x) 1" + xt* Z W, ()" + 1 Z W, (x) 1"
n=0 n=0 n=0
(ca = bo) x* + (c3 = b1)x* + (c2 — bo)x? } 2

_ _ 2
= a+[(b2 a)x +b1x+b0]f+ +(c1 —a)x + ¢

+x2tz W, (x) " + xt* Z W, ()" + 1 Z W, (x) 1",
n=0 n=0 n=0
which is equivalent to
Z W, ()1 =t =2 =) = a+|(by—a)x® +byx+by|t
n=0

+ [(c4 —by) X + (3 = b)X + (¢2 — bo)x® + (¢ — a)x + c(,] 2,

therefore
a+|(by—a)x® +byx+by|t
0 + [(C4 —b)x* +(c3 —b)xX> + (c2 — b)x* + (¢ —a)x + co] 2
oy 1—x%t—xt>—1t
This completes the proof. O

By analogy to generalized Jacobsthal polynomials [17] and Tribonacci polynomials [12] let’s introduce Tricobsthal
polynomials in the following way:

Definition 3.5. The Tricobsthal polynomials are defined by recurrence formula
IO = I0 () + xID, () + TV (x) for n > 3, (3.6)

with initial conditions:
TP =1, P = Land /P (x) = x + 1. (3.7)

The choice of initial conditions is according to property J,(1) = W, (1) = T, is n’" Tribonacci number, by analogy
to Jacobsthal and Fibonacci polynomials, see [12, 17]. Analogously we can define generalized Tricobsthal polynomi-
als:

Definition 3.6. Generalized Tricobsthal polynomials are defined by recurrence relation
Tn(x) = Jp1 (%) + T2 (x) + 32 J,23(x) for n > 3, (3.8)

12
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with initial conditions:

Jilx) = aq,
J(x) = b,
J3(x) = c1x+co, (3.9)

where parameters c) is positive integers and a, b, ¢y are non-negative integers.

Whena = b = ¢; = ¢y = 1, then one gets Tricobsthal polynomials introduced earlier. First 10" Tricobsthal
polynomials are presented below:

Jix) = 1,

L) = 1,

J3(x) = x+1,

Ji(x) = X +2x+1,

Js(x) = 3x*+3x+1,

Jo(x) = 2xX0 +6x3+4x+1,

Ji(x) = xX*+73+108%2 +5x+1,

Js(x) = 6x*+16x° +15x% +6x + 1,

Jo(x) = 32 +19x* +30x° + 2152 + Tx + 1,
Jio(x) = x®+16x° +45x* +50x° +28x% + 8x + 1.

By analogy to previous section below we present the Binet’s formula for considered polynomials.

Theorem 3.7. The Binet’s formula for generalized Tricobsthal polynomials defined by (3.8) with initial conditions
(3.9) is
Jo(x) = Cp 5 + CoyBy ! + Ci i, (3.10)

where n is positive integer, x + 0 and

J3(x) = (ys + Bp)J2(x) + viBsJ1(x)

Cr (ay —y)a;—B) ’

Cyy : = J3(x) = (yg + ap)a(x) + yya;J1(x)
’ Br=y)Bs—ay) ’

Cyy : = J3(x0) = (ay + B2 (x) + @By (x),

(ys —ap)(ys =By
where «y, B, v; are different solutions of characteristic equation y* — y* — xy — x> = 0 of (3.8).

1 1
8(Bx + )+ oy

“ 37 3, a2t
1 (1+iV3)GBx+ D) (1-iV3)s,
b 3T T e, e
1 (1-iV3)@x+1) (1+iV3)s,
YT 3T T ms, e

where §; = \/27x2 +3V3V27x4 + 14x3 + 322 +9x + 2.

We omit dependency from x for parameters ay, 8, ¥, 8 in theorem. Prove of this theorem goes in the same way
like for the generalized Tribonacci polynomials.

13
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Corollary 3.8. The Binet’s formula in theorem 3.7 is the Binet’s formula for the Tricobsthal polynomials if a = b =
Cl =Cy= 1.

As a result, the terms of the generalized Tricobstal polynomails are seen as the coefficients of the corresponding
generating function.

Theorem 3.9. For n € N, the new generating function of generalized the Tricobstal polynomails is given by

- a+b-a)t+[(c; —a)x+co—b]?
J, () = .
; ) 1 —t—xt> = x*8

Proof. The ordinary generating function associated is defined by
G )= ) Ty (D1".
n=0

Using the initial conditions, we get

i J, () 1"
n=0

Jo () + () 1+ )P+ Y Ty () 1"
n=3

= a+bt+(co+cn)P+ Z(J,H (xX) + 1, (X) + X2 T, 30"
n=3

(o] (o) [ee)

= a+bt+(co+c10)f + IZ J, ()" + xt? Z T, + X1 Z J, ()"
n=2 n=1 n=0

_ 2 2 2

= a+bt+(co+cix)t° —at— bt —axt

+ Z J, () 1" + xt? Z J, (07" + 228 Z J, () 7"
n=0 n=0

n=0
= a+[b—dlt+[(c;—a)x+cy— b

+ Z J, () 1" + xt* Z T, + X218 Z J, (x) 1",
n=0

n=0 n=0
which is equivalent to
ZJn(x)t"(l —t—xt? - =a+[b-alt+[(ci —a)x+co - b] £,
n=0

therefore

- a+[b—alt+[(c; —a)x+co—blt?
J, ()" = .
; < 1—t— x> - x*F

This completes the proof. O

4. Main Results

In this part, we are now in a position to provide theorem. At the mean time we derive the new generating functions
of the products of some known numbers.

Theorem 4.1. Let A and E be two alphabets, respectively, {a;, ay} and {ey, e, e3} ,then we have

14
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3 S (- B, (a5)r"
an (B) S it (A) ' = ——= - .
(Z Sa(=E)a? tn)(z Sn(—E)agt")
n=0 n=0

Proof. Applying the operator (5’; 4, to the series f(ait) = ¥, Sq(E)ajt", we have
n=0

& o (Z S,,(E)ant"]

z S (E)a e = 3 S ()"
n=0

n=0

&% 0, f (a1d)

ap—az

n+k n+k

Z Sn(E)—al —

S50 (E)S s A1
n=0

On the other part, since nZ:O Sw(E)ajt" = m we have

eekl

" 1
hf (10 = 5[W]

eeE
K k
4 )

[T(1=ea;n) ~ [ (1-eazt)
eekl ek

a) —dap
a’f [T (1 = eayt) — ag 1T - ea;t)
_ eeE eeE
(a1 —a)[1 (A —eart) [1 (1 - eart)”
ecE eeE

Using the fact that: 3} S,(=E)ajt" = [] (1 — ea;t), then
n=0 ecE

at 3 S (= E)ait" - ak z S (~E)dt"
& o flan = 10
(ar —a2>(g S,,(—Em;r")(;Osn<—E>a7t")

2 S (- E)alaz dsaj P

ay—a
n=0

(f Sn(—E)agtn) ( 5 S,,(—E)a’]‘t”)
n=0 =

z Sw(=E)dt, ,, ()"

( Z Sn(_E)ag[n) ( Z Sn(—E)a’ft")
n=0 n=0
This completes the proof.

15
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4.1. Ordinary Generating Functions

In this part, we consider theorem 4.1 in order to derive a generating functions of generalized Tribonacci and
Tricobsthal Polynomials if E = {e], es,e3},A = {1,0} and k = 1.

Lemma 4.2. Given an alphabet E = {e, €3, e3}, we have

= 1
S,(E)t" = . 4.1
nzz() (E) (1 —e1t)(1 —ext)(1 —e3t) “.1)
with
(I-e)(1—ext)(1—e3t) = 1—(e;+ex+e3)t+(ejex+ejez+ €2€3)l2 - €|€2€3l3
= 1+S,(~E)t+S,(=E)* +S;(-E)P.
Proposition 4.3. Given an alphabet E = {e1, e3, €3}, we have
iS (E)t" = ! 4.2)
£ T A —an(-en( -esn)’ '
Proof. By applying the operator d,,.,to the identity 3’ et" = (1_—16”), we have
n=0
(o] ; 1
Deyer HZ:; ert = 661621——61[
- t
et = —m——————
Z;) 121 (I—en)(1-ex)
is @reyt = — 4.3)
LR T A —an( - e) '
By applying the operator ¢, ;2(_,3 to the identity (4.3), we have
ial Soi(er+e)t = o — L
e ™ are (1 —e1t)(1 —est)
n=0
= t 1
S._i(e] +ex+et” = 5!
; er+ex+e3) (I—en) 1 —ex
= t 1
Sp-iler +ex+ et = ,
QS ared = G e
therefore
t
Sni(er +ex+ et = .
2 Smter et e =
This completes the proof. O
Proposition 4.4. Given an alphabet E = {e}, 5, e3}, we have
Sua (E)t" = . 44
2 S B = e e @4

16
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Proof. To have formula (4.4), it suffices to apply the operator d,,.,to the identity (4.3), we obtain

N t

ae e Sn— + tn = (96 T —
nz:(; LesS -1 (€1 + €2) o T end =)
iS (e1+ex+e)t" = - 1
L n=2\€1 2 3 = (1 — elt) eres (1 — 62[)
iS (e1+ex+e3)t" = ! !
Ly et T i an (- en( - e
iS (e1+ex+e3)t" = d !
Lo et et = ey (- and - e

2

S- "= .
ZO slertete) (1= ein(1 - ex(1 - ex)

This completes the proof. O

Sl (_E) = _-x29
Setting? S, (—E) = —x, in(4.1),(4.2) and (4.4), we obtain

iS (E)t”—; 4.5)
" Cl-x—x2 -1 ’
- t
St (E)' = ———————, 4.6
; 1(E) 1 -x2t—xt?2 -7 (4-6)
(o9 \ tz
Spo(BE)' = ——————. 4.7
ZJ) 2(E) 1 -x%t—xt?2 -7 @7

Multiplying the equation (4.5) by (a) and adding it from (4.6) multiplying by [bo +bix+(by—a) xz] and adding
it from (4.7) multiplying by [co +(c1—a)x+(ca—bo)x* + (¢35 — b)) x> + (cqa — b3) x4] , we have

i as, (E) +|bo + bix + (by = @) X*| S -1 (E) )
LI\ +[eo+ (1 = @) x + (ca = bo) ¥ + (e3 = b1) X + (c4 — by) x*] S 2 (E)
a+|by+bix+(by —a) x| 1+

|co+ (c1 = @) x + (ca = bo) X + (3 = br) ¥ + (e — by) ¥*| 2

= . 4.8)
1-x?—x> -1

Formula (4.8) is the new generating function of the generalized Tribonacci polynomials. We note that in the

generalized Tribonacci polynomials can be written as

co+(ci—a)x

2
aS, (E) + [bo + bix + (by = a) x*| S 1 (E) + (6 — b)) 4 (s — ) + (ca—by) o

} Sn2(E) = Wy(x).

e Puta =b; =c; =c4 =11in (4.8), we have the following Corollary.
Corollary 4.5. Forn € N, the generating function of Tribonacci polynomials is given by

oo . 1 .
;) T,(x)t" = m, with T,,(x) = S ,(E).

17
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e Puta =3,b, =c4 = land ¢; = 2 in (4.8), we have the following Corollary.

Corollary 4.6. Forn € N, the generating function of Tribonacci Lucas polynomials is given by

= 3 —2x%t — xt?
> K = T With Ky(%) = 38 (E) = 2528 1 (E) - xS, 2(E).
oy 1 — x%t—xt> -t

S1(-E) = -1,
Settingy S, (—-E) =—-x, in(4.1),(4.2) and (4.4), we obtain

S3(_E) = _-x27
D SnB) = 4.9)
n=0
[ . t
> S (B) " = S —yT (4.10)
n=0

Sy (E)f' s ——m . 4.11

nzz(; 2(E) 1—1—x?2 - X2 @.11)

Multiplying the equation (4.9) by (a) and adding it from (4.10) multiplying by (b — @) and adding it from (4.11)
multiplying by [co — b + (c1 — @) x], we have

Z [aS, (E) + (b—a)S,—1 (E) +[co — b+ (c1 —a)x] S 2 (E)] 1"
n=0
a+b-a)t+[co-b+(ci—a)x]F

= i 4.12
1 —t—xt2 — X283 ( )

formula (4.12) is the new generating function of the generalized Tricobsthal polynomials. We note that in the
generalized Tricobsthal polynomials can be written as

aSy(E)+ (b —-a)S-1 (E) +[co— b+ (c1 —a) x] Sz (E) = Ju(x).
Accordingtoa = b = ¢; = ¢ = 1 in (4.12), we conclude the following Corollary.

Corollary 4.7. For n € N, the generating function of Tricobsthal polynomials is given by

> 1
E Oyt — b By
=0 = 1—t— x> — X263’ with J,7(x) = Su(E).

4.2. Generating Functions of Binary Products of Generalized Tibonacci and Tricobsthal Polynomials with Special
Numbers

In this part, we consider theorem (4.1) in order to derive a new generating function for the products of Generalized
Tibonacci and Tricobsthal Polynomials with Special Numbers if k = 0,k = 1 and E = {ey, ez, €3}, A = {a1, —a>}.

Lemma 4.8. Let A = {a;, —ay} and E = {ey, e,, e3} two alphabets, we have

=S1(-E)t - (a1 — a)S2(-E) * = ((a1 — @)* + a1a2)S3 (E) 1
[1(1 = eait) [1(1 + eaxt) ’

ecE ecE

DSBS i (A" = (4.13)
n=0
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Lemma4.9. Let A = {a;, —ax} and E = {ey, 2, e3} two alphabets, we have

- 1 +a1a:S, (-E) > + - a)S3(-E) P
ZS,,(E)SH(A)I” _ a1ayS2 (—E)t° + a1ax(ay — a2)S3 (-E) 4.14)
= [T(1 —eait) [1(1 + east)
n= eckE eeE
Proposition 4.10. Given two alphabets E = {e1, ez, e3} and A = {a;, —ay} we have
> a; —a))t — S (—E) ayaxt* — S35 (—E) a>a2t*
ZSn,l(E)Sn(A)t”z(l 2) 1 (~E)a1az 3(-E)aja; . @.15)
1A = eair) [T + eayt)
n=0 ecE ecE
Proof. Suffices to apply the operator (5[1,1a2to the identity S, (E) a|t" = r[(+:za1r)’ we obtain
n=0 ecE
= at
sl S, 1 (E)d't" = 6!
“m2; LB @ (1= erart) (1 - eaar) (1 - e3ayt)
alt a3t
o0 [T(T—earr) ~ TI(I-eaz)
an—l (E) 61111a2arlltn = = =
a) — ap
n=0
L
o ZOSn( Byt
Su1 (E)Sy(ar +a)" = —
;n1(>muag 0 ea D T —eain
n= eeE ecE
> Si(ay + a)t + ayarS |(~E)? — a>a2S3(-E)t*
ZS,,_l(E)S,,(a1+a2)t” _ (a1 + az) 1a28 1(—E) 1058 3(=E) ’
oy ]—[E(l —eat) 1—1[5(1 — east)
ee ee
by replacing a; by [—a,], we obtien
> a; —a))t — S| (—E) ayaxt* — S5 (—E) a>a>t*
ZSn_l(E)Sn(A)t"z(l 2) 1(~E)aias 3(-E)aja; .
[T —eait) [T(1 + eazt)
n=0 eckE ecE
This completes the proof. O
Proposition 4.11. Let A = {a;, —ay} and E = {ey, €2, e3} two alphabets, we have
= t+aiaxS>(-E) 8 + - a)S;(-E)t*
ZSn_l(E)Sn_l(A)tnz a1a2S2 (E) ajax(a; — az)S3 (-E) . 4.16)
r [T —eait) T[T + eaxt)
n= ecE ecE
Proposition 4.12. Given two alphabets E = {ey, e, e3} and A = {a1, —a,} we have
(a, —a)? — S| (—E)ajaxf® — S5 (—E) a%a%ts' @.17)

;&memmw= 1 = eard) [1(1 + eart)

ecE ecE
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Proof. Suffices to apply the operator d,,4,to the identity 3. S, > (E)ajt" = H(clll—t we obtain

"o il —eayt)
> a*t?
1
Jray ) Sua(BYAE" = Doy =
1az n 1 aa
oy [1(1 - earr)
- ecE
ar ar

i [M(-earry — TI(I-eaxt)
eeE eeE

§ Sn—Z(E)aalazarlltn =

n=0

ay —a

00 2 n_ 2o
Z Sn(_E)ala2_a2al tn+2

R n=0 i
S n2(E)S - +a)t" =
Z 2(E)Sp-1(ar + az) [1(1 = eait) [1(1 - eaxt)
=0 ecE ecE
0 Si(ay + a)t* + a1a:8 1 (—E) — a?a2S3(—E)P
an_z(E)S,,_l(al fayh = 1(a; +ay) 1425 1(=E) 1458 3(—E) 7
> 1A —eat) [1(1 — eaxt)
n= ecE ecE

by substitution a, by [—-a,], we have
(a, —a)? =S| (—E)ajaxt® — S35 (—E) a%a%ts
[TA —eait) [T + east) '

eeE ecE

Z S 1-2(E)S p1 (A" =
n=0

This completes the proof. O

Proposition 4.13. Given two alphabets E = {ey, e, e3} and A = {a;, —a,}, we have

i S, A (E)S (A ((Cll - Clz)z + alaz) - ajax(ay — ap)S 1 (—E) B+ Sy (-E) a%agt“ 4.18)
S [1(1 = earr) [T(1 + eayt) '
n= ecE ecE
Proof. Suffices to apply the operator 6;102 to the identity .S, 2 (E)ajt" = %, we obtain
n=0 ecE
o 2.2
1 o _ <l at
Tho LSBT = S T
n= ecE
N | 1 air’
Su—2(E)o "= 6, ———
Z(; 2( ) alazal aja; H(l —ealt)
n= ecE
&2 a2
Z Sn2(E)S play + a)t" = AR S
n=0 ar—az
- g S (~E) ajay+ayal 142
n=0 " Q=@
Sn-2(E)S + "=
ZO 12(E)S (a1 + a2)z T —ean T =eam)
eeE eeE
i S A(E)S,(ar +m)d = So(a; + (12)2‘2 +ajaxS1(a) + a»)S 1(—E)l‘3 + a%a%S 2(—E)l‘4
Lo R TR = 11 = eart) [1(1 — eaxr) ’
- ecE ecE
replace a, by[—a,] we have
i S, A (E)S (A ((Cll - Clz)z + alag) - ajax(ay — ap)S 1 (—E) 2+ Sy (=E) a%agt“
£y 7 E e [1(1 = earr) [T(1 + eayt) '
- ecE ecE
This completes the proof. O
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Theorem 4.14. For n € N, the new generating function for the combined Generalized Tribonacci polynomials and

k-Fibonacci numbers is given by

a+k(bo+bix+(by - a)x)t
k> (co +(c; —a)x+ (ca—bo) x>+ (c3 — b)) X + (ca — b) x4) )
" + (co +e1x+ X+ e3x® + (cq — a)x3) !
—k(a — cox* = (c1 — a)x* = (c2 = bo)x* = (c3 = b)x° = (¢4 — by)x®)7
+( by + (b1 — co)x + (by — ¢1) x* = (2 — bp) X* )t4
—(c3=b)x* = (ca—bp) X

1—kx2t—x(3 +2+ k)2 — k(2 +x3 +3)B3 —x2 (k2 + 1) 4 + kxt> — 16~

i Wn(x)Fk,ntn =
n=0

Proof. We have
Fin = Sn(ar +[-a2), (see [7]).

We see that
ZWn(x)Fk,ntn
n=0
> n(E b b by — ? n-1(E
_ Z as$ ,( )+( o + 21x+( 2 a)’;)S 1(E) , Sy(ar + [-a D 1"
2, +(c0+(c]—a)x+(cz—b0)x +(c3—-b))x +(C4_b2)x)Sn—2(E)

= @) SuE)S (@ + a1 + (bo+ bix+ by = @) ) D S, 1 (E)Sy (a1 + [~a))
n=0 n=0

+(co+(e1 =@y x+ (c2=bo) ¥ + (e3 = b) ¥ + (ca = b2) x*) " S, a(E)S (a1 + [~aa]) 1.

n=0

21
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Using the formulas (4.14), (4.15) and (4.18) we have

Z ‘/Vn(x)Fk,ntn
n=0

1 — xajaxt* — ayas(a) — ax)t

1 - x*(a; — ax)t — x(aya» (x3 + 2) + (a1 — )P
—(a) - a)(a) — a2)* + ayaz(x® + 3)r
—ajar x> ((al —wm)? + alaz) *+ a%a%(al —a)xpP — a?a;

£6

(a) — at + X*ajart* + d2a’t?
+(bo +bix+ (by - a) %) 12

1 — x*(a; — ax)t — x(aaz (x3 + 2) + (a1 — ar)?)r?
—(a) - a)(a) — @)* + a1ax(x® + 3P

—ajayx? ((a1 —m)* + alaz) *+ a?a%(al —a)xt — afagté
3
( o+ (c1 —a)x + (c2 — by) 2 ) ((m — a2)2 + alaz) 2+ xzalag(al —a)t’ — a%a%xt“
3 4
+(c3=b) X+ (cs— b)) x 1 - x2(a) - ar)t — x(ayaz (x3 + 2) + (a1 — )PP
—(a) — a)((a1 — a2)* + a1ax(xX* + )
—a apx* ((al —w)* + alaz) *+ afa%(al —a)xt — a?agﬁ

a+ (bo +bix+ (b — a)xz) (a; — ap)t
+( (co+ (c1 = @)x+ (c2 = bo) & + (c3 = by) X + (c4 = by) ¥*) (@1 — @2)? ]ﬂ
+aa; (co +e1x+ X + 3 + (cq — a)x4)
—(a1 — ax)ajax(a — cox® = (c1 — @)x’ = (c2 = bo)x* = (¢c3 = b1)xX* — (¢4 — b)x%)F
+a2a2( by + (by — co)x + (by — 1) X* = (c2 — bo) X° )t4
12 —(c3—b)x*—(c4a—b)xX°
1 - x*(a; — ax)t — x(a1a2 (x3 + 2) + (a) — ax)?)r?

—(a1 — a)((a; — a)* + a1ax(X> +3)E — ayapx? ((a1 -+ alaz) *+ a%a%(al —a)xt — a?agté

therefore
a+ k(bo +bix+ (by — a)x2)t
L[ eot e —ax+(c2=bo)® + (3= b)) ¥ + (s = b)) |
+co 4 c1x + X% + c3x3 + (¢4 — a)x?
—k(a — cox* = (c1 — @)x’ = (c2 — bo)x* = (c3 = b)x° — (¢4 — by)x®)
N b + (b — co)x + (by — c1) x* = (c2 — by) x* A
= —(c3=b)x*t —(cs — b)) X°
ZW"(X)F"’"IHZ 2 3 W) 2. .3 3_ 202 5_ 6"
g 1—kx2t—x(B3+2+ k)2 — k(2 +x3+3)2 = x2 (k2 + 1) * + kxt® — ¢
This completes the proof. O

e Seta=by =c; =c4 =11n(4.19), we have the following proposition.
Proposition 4.15. For n € N, the new generating function for the combined Tribonacci polynomials and k-Fibonacci
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numbers is given by

1+ xt* — k£
1—kx2t—x(3 + 2+ k)2 — k(2 +x3 +3)B —x2 (k2 + 1) 4 + kxt5 — 16

D Ta@)Fiat" = (4.20)
n=0

o Leta=3,b,=c4=1,c; =2in (4.19), we have the following proposition.

Proposition 4.16. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and
k-Fibonacci numbers is given by

3 —2k? + (2 - 223 — KA)xt? — k(3 + ¥ — x4
1 —kx2t —x(3 + 2+ kD2 —k(k2 + x3 +3)8 = x2 (k2 + 1) t* + kxt> — 16

D Ka(OF " =

n=0

421

e Put k = 1 in the relationships (4.20) and (4.21), we obtain the following corollaries.

Corollary 4.17. For n € N, the new generating function for the combined Tribonacci polynomials and Fibonacci
numbers is given by

L+ xt2-¢
1 =22t =x(x3+3)2 = (3 + 43 = 2x2t4 + xt5 — 16

D Tu)F" =
n=0
Corollary 4.18. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and Fi-

bonacci numbers is given by

- 3-224+(1-2x)x2 - B3+ - Xt
> KaFt = P SO 2B e
g 1 —x2t—x(x3+3)2 — (B + 4 —2x2t* + xt5 — ¢

Theorem 4.19. For n € N, the new generating function for the combined Generalized Tribonacci polynomials and
k-Pell numbers is given by

(bo +byx+ bzxz)t+ 2(co +epx+ (cy—bo) X2+ (c3— b)) X3 + (cq — bz)x4) 2
+(k( a—box + (cg — bl)x2 + (¢ —192)x3 + (c2 —ho)x4

3
+(c3— b)) X + (¢4 — by) A +aa)t

_ _ 2
B e G- 4] VOB

+ (6‘3 - bl)x3 + (C4 - bz) x4
1= 4021 — x(k (3 + 2) + D2 — 2(4 + k(2 + 3N — ka2 (4 + k) 1% + 2K2x8 — K316

> Wal)Pint" = (4.22)
n=0

Proof. We have
Prn=Sp1(ar +[-az]), (see [7]).

We see that
D WaloPeut"
n=0
> aS (E) + (bo + bix + (by - a) x?) S 1 (E) .
= Z 2 3 4 Sn—l (al + [_a2])t
L\ +(co+ (c1 = @) x+ (c2 = bo) ¥ + (c3 = by) X + (ca — b2) x*) S, 2(E)

= @) SuE)S 1 (a1 + [~ 1" + (bo + bix+ (b = @) %) 3" S, 1(E)S 1 (@ + [~aa D) 1"
n=0 n=0

M

+(co+(cr —@)x+ (ca = bo) X + (c3 = b)) X + (ca = b2) x*) Y S, 2(E)S o (@ + [—aa]) 1"

1l
(=]

n
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Using the formulas (4.13), (4.16) and (4.17) we have

D WalPeat"
n=0

X2t + x(a; — ax)t* + (a1az + (a; — ar)?)E
= a
1 — x%*(a; — ax)t — x(a a4z (x3 + 2) + (a1 — @)*)F?
—(a) — a)(a) — a2)* + ayax(x® + 3P
—ajax* ((a — ap)* + alaz) o+ a%a%(al —a)xt? — a?a%

£

3 4
t—xaiaxt’ — ajax(a; — ap)t
2 142 1a2(ay 2
+(bo + brx + (by — a) ) ; : —
1= x%(a; — ax))t — x(a1ay (x + 2) + (ay — ax)")t
—(a) - a)(a) — a2)* + ayaz(x® + 3)r°
—ajarx* ((al —m)* + alaz) *+ a%a%(al —a)xt — a?agté

(a) — @) + X*ajarf® + a%a%ts

1 — x*(a; — ax)t — x(a1az (x3 + 2) + (a1 — ax)H)t?
—(a1 — a)((a1 — @)* + arap(x® + 3)F
3,346

( co+ (c1 —a) x + (¢ — by) x* )
—a1apx* ((a1 —wm)* + alag) o+ a%a%(al —a)xt — aja,

+(c3 — bl)x3 + (cy — by) X

(bo +b1x+byx?)t + (co +e1x+(co—bo) X2+ (c3—b)) x>+ (ca — by) x4) (a) — ar)?
a—Dbox+ (co—b1) x>+ (c1 — b)) x> + (¢ — bo) x* 2\ 3
+ala; —ay)” |t

+(‘““2( +(c3 = by) X + (g — bo) 9
29 co + (¢1 —a) x + (c2 — by) x* )t5

— _ 2 _ 4
(bo +bix+((by—a)x )alag(al a)t” + aja; F(es — b)) 2 + (ca — by) 2
1 — x*(a; — ax)t — x(ayaz (x3 + 2) +(a; — a))HP?
—(a1 — a)((a1 — @) + a1ax (x> + 3 — ajarx? ((a1 —a) + alaz) *+ a%a%(al —ap))xt’ — a?agté

therefore
(bo +hyx+ b2x2)t+ 2(co + c1x + (ca — b) X2 + (c3 — by) X3 + (cq — by) x4) 2

(k( a—box + (co— b)) x* + (c1 —=by) x> + (co — bo) x* +4a)t3

+(C3 —b])xs +(C4 —bz)xﬁ
co + (c; —a) x + (c2 — by) x* )t5

— _ 2\ 4
2k (bo + byx + (by — a) x*) t* + 4 (2 — b 4 (Cr — by) o

W, ()P t" = .
nz:(; Py, 1—4x2t — x(k (x3 +2) + D)2 = 2(4 + k(x3 + 3B — kx2 (4 + k) t* + 2k2 x5 — k316

This completes the proof.
e Seta = b, =c; =c4 = 11n (4.22), we have the following proposition.

Proposition 4.20. For n € N, the new generating function for the combined Tribonacci polynomials and k-Pell

numbers is given by
2+ 2xt% + (k+ 4)P°
X1+t + k+d) (4.23)

T,(X)Py 1" = .
nZ::{ (P 1 —4x2t — x(k (x3 +2) + 4)2 = 2(4 + k(x3 + 3)3 — ka2 (4 + k) 4 + 2k2x15 — k316
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o Leta=3,b,=c4=1,c; =2in (4.22), we have the following proposition.

Proposition 4.21. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and k-Pell
numbers is given by

X2t + 4xt? + (k(3 + X3) + 12) + 4kx*t* — 4xP°
1= 402t — x(k (3 +2) + D2 = 2(4 + k(X3 + 3B — kx? (4 + k) 14 + 2k2xt5 — k316

D Kn()Pit" = (4.24)
n=0

e Put k = 1 in the relationships (4.23) and (4.24), we obtain the following corollaries.

Corollary 4.22. Forn € N, the new generating function for the combined Tribonacci polynomials and Pell numbers
is given by

- 2t + 2xt% + 5¢°
Z Ta(0)Put" = 2 3 xz x% 3 2 5_ 16
pr 1 —4x2t — x(x3 + 6)2 = 2(x3 + )3 — 5x214 + 2x85 — ¢

Corollary 4.23. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and Pell
numbers is given by

i K, ()P, X2t +4xt? + (3 + 158 + 4x°* — dxd
n\X)pl = .
g 1 —4x2t — x(x3 + 6)2 = 2(x3 + 3 — 5x2¢* + 2xt5 — 16

Theorem 4.24. For n € N, the new generating function for the combined Generalized Tribonacci polynomials and
k-Jacobsthal numbers is given by

(Bo + b1+ bax) 1 + k(o + c1x + (2 = bo) o2+ (c3 = bi) o + (c4 = by) o*) 2
a—box+(Co—b1)x2+(c1—bz)x3+(c2—b0)x4 5\ 5
+(2( +(c3 = b)) X + (cs — ba) x5 +ak” |1

. _ "y — 2
—2k(bo+b1x+(b2—a)x2)l4+4( cot(er—a)x+(e=bo)x )t5

+(c5 = b)) X2+ (ca —by) x*
1—kx2t — x(2 (63 + 2) + k)2 — k(k? + 2(x3 + 3)3 — 2x2 (k2 + 2) 1* + 4kxt5 — 815"

> W) it = (4.25)

n=0

Proof. We have
Jin = Sno1 (a1 + [-az]), (see [7]).

We see that
D Wl it
n=0
= aS w(E) + (bo + bix + (by = @) x*) S -1 (E) .
= Z 5 N 4 Sn-1(ar + [-a2]) ¢
L\ +(co+ (c1 = @) x + (c2 = bo) ¥ + (c3 = by) X + (ca = ) x*) S, 2(E)

= @) SuE)S 1 (a1 + [~ 1"+ (bo + bix+ (b = @) %) 3" S, 1(E)S 1 (ar + [~aa]) 1"
n=0 n=0

+(co+(e1 = @) x+ (2 = bo) ¥ + (c3 = b) ¥ + (ca = ba) ') 3" S, a(E)S o1 (a1 + [~a2]) 7",
n=0
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Using the formulas (4.13), (4.16) and (4.17) we have

i W, (X)Jk,ntn
n=0

X2t + x(a; — ) + (a1az + (a1 — an)?)P
= a

1 — x*(a; — ax)t — x(a1a2 (x3 + 2) + (a) — ax)?)r?
—(a1 — a)((ay — @)* + a1ax(x* + 3)F
—ajasx* ((a1 —w)* + alaz) o+ a%ag(al —a)xt — a%a%t‘5

3 4
t— xaiat° — ajar(a; — a)t
2 1a2 1ax(a; — as
+(bo + brx + (b2 — ) ?) - : —
1 — x“(a; — ax)t — x(aa; (x + 2) + (a1 — ax))t
—(a) — a)(a) — a2)* + ayax(x® + 3P
—ajaxx* ((a1 —w)* + alaz) o+ a%a%(al —a)xt — a?a

3.6
U

( co + (c1 —a)x + (¢ — by) x* ) (a1 — a)* + Payarf® + alasr
+(c3 = b)) + (g = by) x* 1 - x*(a; — ax)t — x(aas (x3 + 2) +(a) — a)Hr?
—(a1 = a)((a1 = @) + a1ax(¥* + 3)P

—ajar x> ((al — @)+ alaz) o+ a%a%(a] —a)xt — a?agﬁ

(bo +bix+ b2x2) t+ (Co +e1x+(ca—bo)x2 + (c3 = b)) x> + (cs — b) x4) (a1 - )
a—box + (co — by) x* + (¢ — by) x> + (ca — by) x* )\ 5
i (“1a2 ( +(c3 — b)) X5 + (C4 — by) x5 +alar - )|t
- —a) 2 o a oo cotci—a)x+(c—bo) X s
) (bo +bix+(by—a)x )alaz(al a)t* + aja; +(cs = by) 2 + (cs — by) x* t
1 - x*a) - ap)t = x(aray (x3 + 2) + (a) — ax)?)r? ’
(a1 - m)((a1 - @) + max(x +3)F - max® (@1 — @) + a1t +

2.2 5_ 336
ajay(ay — a))xt’ — ajayt

therefore
(bO o bzxz)m- k(co +c1x+ (e = bo) X + (c3 — b)) X + (¢ — by) X4) 2

a—box + (co — by) x* + (c1 = by) xX* + (c2 = bo) x* 2| 3

+(2( +(c3 = b)) X5+ (cq — by) x° +ak s

_Zk(b +bix+ (b —a)xz)t4+4 co + (c1 — a) x + (cy — by) x? p

o0 WO T 1" 0T 01 2 +(c3 = by) X + (cq — by) x*

n nl = |
; (), 1— ka2t — x(2 (33 + 2) + k)2 — k(k2 + 2033 + 3))> — 2x2 (k2 + 2) 1* + dkxt> — 810

This completes the proof.
e Seta = b, =c; =c4 = 11n (4.25), we have the following proposition.

Proposition 4.25. Forn € N, the new generating function for the combined Tribonacci polynomials and k-Jacobsthal
numbers is given by

S K2t + kxt® + (2 + k2) A ]
T,(xX)Jpat" = . 4.2
nzz(; et = o (P + D) + )R — k(R 120 1 3P — 22 (R + D) A + dkns —6° (+20)
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o Leta=3,b,=c4=1,c; =2in (4.25), we have the following proposition.

Proposition 4.26. For n € N, the new generating function for the combined Tribonacci- Lucas polynomials and
k-Jacobsthal numbers is given by

X2t + 2kxt? + (6 +2x° + 3k2) £+ 4kx?t* — 4xP
1 —kx2t — x(2 (X3 +2) + k212 — k(K2 + 2(x3 + 33 — 2x2 (k2 + 2) t* + 4kxt> — 816~

i Kn(x)-]k,ntn =

n=0

4.27)

e Put k = 1 in the relationships (4.26) and (4.27), we obtain the following corollaries.

Corollary 4.27. For n € N, the new generating function for the combined Tribonacci polynomials and Jacobcsthal
numbers is given by

= 2t + x> + 38
Z Ta(x)t" = 2 3 f - x% - 3 2 5 6"
g 1 —x2t — x(2x3 + 5)2 — 2x3 + T)3 — 6x21* + 4xt5 — 8¢

Corollary 4.28. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and Jacob-
sthal numbers is given by

© X2t + 2xt* + (9 + 2x3) 1+ 4x%* — 4xP
ZK”(X)J"I” = 2 3 2 3 3 2 5 _ o6
pr 1 —x2t — x(2x3 + 5)2 = (2x3 + )P — 6x2t* + 4xt> — 8¢

Theorem 4.29. For n € N, the new generating function for the combined Generalized Tribonacci polynomials and
k-Mersenne numbers is given by

(b() +b]x+ b2x2)[+ 3k(C() +Cc1x+ (CZ — bo)xz + (C3 _ b])x3 i (C4 _ bz)x4) t2
a=box+(co=b) x>+ (c1 = b2) ¥ + (c2 = bo) x* 2] 3

_(2( +(c3 = b1) X + (e — ba) x8 — 9ak* | t

co + (¢ — a) x + (cy — by) x*

5
+(cs—b) X +(ca—bx* )T

+6k (bo + bix + (by — a) x2) £ + 4(

D WMt = (4.28)
n=0

1= 3kt — (9K = 2 (x + 2))xt? — 3k(9K* = 2(x* + 3))r?
+2(9K% — 2)x26% + 12kxt’ + 81°

Proof. We have
Mpp = Sp-1 (a1 + [—az]), (see [18]).

We see that
D W) Miyt"
n=0
> aS (E) + (bo + bix + (by — a) %) S ,_1 (E) .
= 2 (o cbrs (o= 2)S0ma® St (@ + a1
L\ +(co+ (1 — @) x+(ca—bo) x> + (c3 = by) x> + (e = by) x*) S, 2(E)

= @) SuE)S 1 (a1 + [~ 1" + (bo + bix+ (b = @) %) 3" S, 1 (E)S 1 (a + [~aa D) 1"
n=0 n=0

+(co+(e1 = @) x+ (2 = bo) ¥ + (c3 = b) ¥ + (ca = ba) ') 3" S a(E)S oy (a1 + [~a2]) 7",
n=0
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Using the formulas (4.13), (4.16) and (4.17) we have

i W, (X)Mk,ntn
n=0

X2t + x(a; — ag)t2 + (a1ap + (a; — az)z)t3

1 - x*(a; — ax)t — x(aya» (x3 + 2) + (a1 — )P
—(a) - a)(a) — a2)* + ayaz(x® + 3)r
—ajar x> ((al —wm)? + alaz) *+ a%a%(al —a)xpP — a?a;

£6

t—xa1apf — ayax(ay — a))t*

+ (b + bix + (by — a) x*
( ) 1 — x*(a; — ax)t — x(aaz (x3 + 2) + (a1 — ar)?)r?
—(a) - a)(a) — @)* + a1ax(x® + 3P
#

—ajayx? ((a1 —m)* + alaz) + a?a%(al —a)xt — afagté

( co +(c1 = @) x+ (c2 = by) x° ) (a1 - @) + Xarart’ + ajayr

+(c3 = b1) X + (cy = bo) x* 1 - x*(a; — ax)t — x(a1az (x3 + 2) + (a1 — a)?)P?
~(a1 — a)((a1 — @)’ + a1 (x* + 3)P

t4

—a apx* ((al —w)* + alaz) + afa%(al —a)xt — a?agﬁ

(bo +bix+ ngz)t+ (C() +c1x+ (¢ — b()))C2 + (c3 — b])x3 + (cy — by) x4) (a; — ag)tz
+ a—box + (co— b)) X2+ (c1 — b)) X> + (c2 — by) x*
iz +(c3 = b1) 2 + (ca — by) 1

- —a) 2 a oo cot(cr—a)x+(ca—bo)x* ) 5
(bo+b1x+(bz a)x)alaz(al a)t* + aja; +(cs—by) 2 + (cs — by) x* t

+ala; — a)?*| 7

1= x(ay - ay)t - x(@az (¥ +2) + (a1 — a)*)?

—(a1 — a)(a; — a2)* + a1ax(x® + 3)F — ajar x> ((al — )+ alaz) *+ a%a%(al —a)xt — a?a;tﬁ
therefore
(Bo + brx + bax?) t 4 3k (co + c1x + (2 = bo) ¥ + (c3 = b1) X + (c4 — by) x*) 2
a—box+(co—b)x*+(c1 — b)) x>+ (c; — by) x* 2\ 3
‘(2( +(c3 = b) 3+ (ca — by) x° ~dak)t
+6k (bo + bix+ (by — a)2) it + 4 © e =) (e =bo)at g
S Lo +(es = b))’ +(ca = by *
D WMyt =
e 1= 3kt — (k2 = 2 (x> +2))xr? = 3k(9k* - 2 (x> + 3))r3
+2(9k% — 2)x%1* + 12kxt® + 8¢°
This completes the proof. O

e Seta = b, =c; =c4 =11n (4.28), we have the following proposition.

Proposition 4.30. For n € N, the new generating function for the combined Tribonacci polynomials and k-Mersenne
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numbers is given by

3 T ()M, " = X2t + 3kxt* — (2 - 9k2) P o
; n(O)My 1" = 1 - 3kx%t — (9k% — 2(x3 + 2))xt2 — 3k(9K% — 2<x3 N 3))t3 . (4.29)

+2(9k% — 2)x%1* + 12kxt® + 8¢°

o Leta=3,b,=c4=1,c; =2in (4.28), we have the following proposition.

Proposition 4.31. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and
k-Mersenne numbers is given by

S X2+ 6kxt? = (6 + 2x3 = 27k7) £ = 12kx%t* — 4t
> KMt =

g 1= 3kt — (9K = 2 (o6 + 2))xr® = 3k(OK> = 2(«* +3))>
+2(9K2 = 2)x%* + 12kxt® + 816

(4.30)

e Put k = 1 in the relationships (4.29) and (4.30), we obtain the following corollaries.

Corollary 4.32. For n € N, the new generating function for the combined Tribonacci polynomials and Mersenne
numbers is given by

Xt+3x2+78
1 —3x2t = (5 =2x3)x2 =33 = 2x3)83 + 14x2t* + 12x8° + 810

D T M, =
n=0

Corollary 4.33. For n € N, the new generating function for the combined Tribonacci-Lucas polynomials and
Mersenne numbers is given by

2t 4 6xr? + (21 - 20°) £ = 1224 - s
1 —3x2t— (5 =2x3)x2 = 3(3 = 2x3)3 + 142214 + 12x15 + 816~

Z K, (-x)Mntn =
n=0

Theorem 4.34. For n € N, the new generating function for the combined Generalized Tricobasthal polynomials and
k-Fibonacci numbers is given by

a+k(b—a)t+[k2(c0—b+(c1 —a)x)+c0—a+clx]t2+k(co—b+(c1 —a)x—axz)t3
—(co—b+(c; —b)x) xt*
1—kt — (14 2x+k2x)2 — k(Kx +3x+ 1) xt3 — (k2 + 1) x2¢* + k3P — x*1°

DI F " =
n=0
4.31)

Proof. We have
Fin =S8y (a1 +[-az2]), (see [7]).

We see that

DI @F" = Y (@S (E)+ (b= a) Sy a(E) + (co = b+ (c1 = @) 0) Sy 2(ENS o1 (@ + [~aa ) 1"
n=0 n=0

= @) SuE)S, (@ +[-a) "+ (b=a) Y Sy i(E)S,(ar + [~aa])1"

n=0 n=0

+(co=b+(c1=a)x) Y Sua(E)Sy(a + [-aaD 1",
n=0
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by the formulas (4.14), (4.15) and (4.18) we have

S M
n=0

1 — ajaaxt* — ayax(a; — ax)x*e

1 — x*(a; — ap)t — x(a1a» (x3 + 2) + (a1 — a)?)F?
—(a1 — @)((a1 — a2)* + a1ax(x> + 3)F°
—ayapx* ((a1 — )+ alaz) o+ a%a%(al —a)xt — a?agﬁ

(a1 — at + ajaat* + A?a>x*t?
+(b—-a) L2

1 —(a; —a)t — ((1 +2x) ayaz + (a; — a2)*x)1
—(a; — ap) ((al — )’ x + ajax(1 + 3x)) xB
—aia, ((al - a2)2 + alaz) X2

+a%a§(a1 — )X - a?a%x“ﬁ

ap —ax L a ar 2+ arar(ay — ar £ — a’aixt?
172
+(co=b+(c1 —a)x)

1 —(a; —a)t — ((1 +2x) ayaz + (a; — a2)*x)1
—(a; — ay) ((a1 —w)’x+ajar(1 + 3x)) xt3
—a1a; ((a1 —m)? + alaz) 2t
+a%a%(a1 — @)X - a?a%x“tG

a+ (b—a)a; —ax)t+ [(co —b+(c; —a)x)(a) — @) +aja, (co—a + clx)] 2
+aiar(a; — ap) (co —b+(ci—a)x— axz) &
—a%a% (co—b + (¢ = b) x) xt*

1 — (a1 —a)t — (1 + 2x) ayaz + (a; — az)*x)1*
—(a; — ap) ((al —w)x+aax(1 + 3x)) Xt
3

—a1a; ((al —w)? + alaz) X2t + a%a%(al — )X’ - ala;x“t6

therefore
a+k(b—a)t+[k2(c0—b+(cl —a)x)+c0—a+c1x]t2
© +k(c0—b+(cl—a)x—axz>t3—(co—b+(c1—b)x))cz‘4
Jo () Ft" = .
; DF%, 1=kt — (14 2x+ k202 — k(K2x +3x+ 1) x3 — (k2 + 1) x26* + kX3 — x*©
This completes the proof. O

e Puta=>=c; =cp=1in(4.31) we have the following proposition.

Proposition 4.35. Forn € N, the new generating function for the combined Tricobasthal polynomials and k-Fibonacci
numbers is given by

= 1+ xt? — kx’t?
3 IO OFy, = Xk (432)
n=0

1=kt — (1 +2x+Kk2)2 — k (K2x + 3x + 1) x5 — (k2 + 1) x2t* + kx365 — x40
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e Put k = 1 in the relationships (4.32),we obtain the following corollary.

Corollary 4.36. For n € N, the new generating function for the combined Tricobasthal polynomials and Fibonacci
numbers is given by

- 3) 1+ x> - X1
Zjn (OF, = 2 3 2 35 _ A6
pr 1—t— (143082 - (dx+ 1) x? = 2x2t* + X365 — x*

Theorem 4.37. For n € N, the new generating function for the combined Generalized Tricobasthal polynomials and
k-Pell numbers is given by

bt +2(co—b+cix) >+ (4ax2 + k(co —b+(c,—b)x+ axz))t3
—2(b—a)kx*t* + k% (co— b+ (c] — a) x) X*F

J ()Pt = .
HZ::A) Py, 1 =21 = (k(1+2x) +4x)2 = 2 (4x + k(1 + 3x)) x83 — k (4 + k) X2t* + 2k238 — k3 x416

4.33)

Proof. We have
Prn = Su-1 (a1 + [-a2]), (see [7]).

We see that
DI @P" = Y (@S u(E)+ (b= a) Sy a(E) + (co = b+ (c1 = @) X) S 2(ENS o1 (a1 + [~aa]) 1"
n=0 n=0

= QZ(;Sn(E)Sn—l (a1 + [—a2 ) " + (b - a)Z;Sn_1(E)Sn—1 (@) + [-ax] 1"

+(eo=b+(c1=a)x) Y Sy a(E)S ot (a1 + [-a]) 1",
n=0
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by the formulas (4.13), (4.16) and (4.17) we have

i Jn (X)Pk,ntn
n=0

t+(a; — a)xt® + (a1an + (a; — ax)) X%

= a
1 — x*(a; — ax)t — x(a1a» (x3 + 2) + (a1 — ax)?)t?
—(a1 — a)((a) — @2)* + arax(x* + 3)r°
—ajapx* ((a1 —w)* + alaz) *+ a%a%(al — )P — & a2t6
3 24
t—aiamxt —ajar(a) — ax)xt
tb-a) 142 1a2(a) — a2)

1 —(a; —a)t — (1 +2x) ayaz + (a) — a2)* )1
—(a; — ay) ((a1 —w)?x +aar(l + 3x)) X
—a1a; ((a1 —m)? + alaz) 2

+a%a§(a1 — @)X - a3a?’x4t6

(a1 — @) + ajarf + azagxzts

tleo=brla a7 (@1 — ap)t — (1 +2x) a1 + (@) — az)2 )P

—(a; —ap) ((m —w)?x +aar(l + 3x)) xt
—a1ap ((a1 —m)* + alaz) 2

+a%a§(a1 — @)X - a3a3x4t6

bt+(a)—ar)(co—b+c1x)* + (a(a1 - az)zx +aja (co —-b+(c1—-b)x+ axz)) &
—(b-a)aia(a; — a)x*t* + d? a2 (co—b+ (c; —a)x) x*P

1 — (a1 — a)t — (1 4+ 2x) a1az + (a) — a2)*x)F?
—(a; — ap) ((m —w)x+aax(1 + 3x)) Xt

—aay <(a| —wm)? + alag)x A+ a (a1 — @)X - a3a§x4t6

therefore

bt+2(co—b+c1x)*+ (4ax2 + k(co -b+(ci—-b)x+ axz))t3
i./ b 2 —a)kx*t* + k2 (co— b + (c] — a) x) X*F°
L= :
P 1=2t—(k(1 +2x)+4x)2 =2 (4x + k(1 + 3x) x3 — k(4 + k) x2t* + 2k2x35 — k3 x40

This completes the proof. O
e Puta =>b=c; =cy=1in (4.33) we have the following proposition.

Proposition 4.38. For n € N, the new generating function for the combined Tricobasthal polynomials and k-Pell
numbers is given by

= t+2x% + (4 + k) X2
IO P, = . (434
Z S v k(1 +2x) + 4222 — 2 (4x + k(1 + 32)) x> — k(4 + k) 21% + 202538 — k30 (4.34)
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e Put k = 1 in the relationships (4.34),we obtain the following corollary.
Corollary 4.39. Forn € N, the new generating function for the combined Tricobasthal polynomials and Pell numbers

is given by

o) t+ 2xt% + 5x%°8
Zjn (0P, = 2 3 2 35 6"
24 1= 21— (1 + 602 —2(Tx + D) x> — 5228 + 208 — 21

Theorem 4.40. For n € N, the new generating function for the combined Generalized Tricobasthal polynomials and
k-Jacobsthal numbers is given by

bt + k(co —b+clx)t2+£ak2x2 +2(co—b+(c1 —b)x+ax2))t3
—2(b - a)kx*t* +4(co— b + (c; — a) x) X*F

()i, " = . (435
,,Z::‘) (k. 1=kt — (2(1 +2x) + k202 — k (k2x + 2(1 + 3x)) x13 — 2 (k2 + 2) X214 + 4kx365 — 8x*16 (4.35)

Proof. We have
Jkn = Sp-1 (a1 + [—az2]), (see [7]).

We see that

D D@l = Y (@S u(E)+ (b= a) Sy a(E) + (co = b+ (c1 = @) X) Sy 2(ENS 51 (a1 + [~ax]) 1"
n=0 n=0

= GZ(;Sn(E)Sn—l (a; + [-ax2 D" + (b - a)Z;Sn_1(E)Sn_1 (a1 + [—aa]) "

#(eo=b+(c1=a)0) Y Sua(E)S ot (@1 +[-a)) 7,
n=0
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by the formulas (4.13), (4.16) and (4.17) we have

i Jn(x)Jk,ntn
n=0

t+ (a; — az)xt2 + (a1ap + (a; — az)z)xzt3

= a
1 - x*(a; — ax)t — x(a1a2 (x3 + 2) + (a; — ax)»)r?
—(a) — a)(a) — a2)* + ayaz(x® + 3)
—ajar x> ((al — )+ alaz) o+ a%a%(al —a)xt — a?agt6
3 2.4
t—araxxt® — arax(a; — a)x“t
b 142 1a2(a) — az)

1— (a1 —a)t — (1 +2x) a1az + (a; — a2)*x)1>
—(a; — ap) ((a1 —@m)*x + aay(l + 3x)) Xt
—aas ((a1 —@m)? + alaz) X2t
+a%a§(a1 — @)X — a?agx“té

(a1 — @) + ajanP + a%a%xzts

tleo=brla—a)n)| == (@) — a2)t — (1 + 2x) ayas + (@) — a2)2x)12

—(a; — ap) ((a1 —wm)*x + aar(1 + 3x)) Xt
—a1ay ((a1 —m)? + alaz) 2

2.2 3,5 _ 3/3.4.6
tajay(a) — @)X’ — ajayx't

bt+(a; —ar)(co—b+c1x)* + (a(a1 - )X+ ayaz (C() —-b+(c1—-b)x+ axz)) &

—(b-a)aiax(a; — a)x*t* + a%a% (co— b+ (c; —a)x) xX*P

1—(a; —a)t— (1 +2x)ayas + (a) — a)*x)t*
—(a; — ap) ((al —m)x+aax(1 + 3x)) Xt

—a1a; ((a1 —wm)* + alaz) 2+ a%a%(al — @)X — a?agx“té

therefore

bt+k(co—b+ 1) +(ak®x? +2(co - b+ (c1 = b) x + ax?))
i T O 2(b-a)kx*t* +4(co— b+ (c; —a) x) x*F
t = .
;) w0 1=kt — (2(1 +2x) + k2x)12 — k (K2x + 2(1 + 3x)) xt3 — 2 (k2 + 2) X214 + 4kx315 — 8x416

This completes the proof. O
e Puta =>b=c; =cy=1in (4.35) we have the following proposition.

Proposition 4.41. For n € N, the new generating function for the combined Tricobasthal polynomials and k-
Jacobsthal numbers is given by

S t+kxt® + (k2 + 2) 13 ]
J> Jin = . 4.3
,;1 M = T U 7 20 7 o — k (x + 201 30) 1P — 2 (2 + ) a2 + dkirs — s (430
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e Put k£ = 1 in the relationships (4.36),we obtain the following corollary.

Corollary 4.42. For n € N, the new generating function for the combined Tricobasthal polynomials and Jacobsthal
numbers is given by

O ) t+ xt? + 3%
Z T () = 2 3 2 3 6
pr 1—t—Q+3x0)2 — (Tx +2) x5 — 6x2t* + 4x315 — 8x*¢

Theorem 4.43. For n € N, the new generating function for the combined Generalized Tricobasthal polynomials and
k-Mersenne numbers is given by

bt +3k(co—b +c1x) 1 + (9ak2 2 _ 2(ax2 +(c;—b)x+co— b))t3 + 6k (b — a) X*t*
+4(co - b + (c; — a) x) X*F
1 = 3kt — (9K2x — (2x + 1)) — 3kx(9Kk*x — 2 3x + 1)
F2(9K% — 2)22t* + 12k + 8x*6

4.37)

DI (OMipt" =
n=0

Proof. We have
Mpp = Sp-1 (a1 + [—az]), (see [18]).

We see that

DI @OMt" = Y (@Su(E) + (b= @) S, (E) + (co— b+ (c1 = @) 0 Sy a(ENSot (1 + [-a2) 1"
n=0 n=0

= a ) SuE)Sui (a1 + [~ 7" + (b - a)Z_(;Sn_l(Em_l (a1 + [~a) "

n=0

+(eo=b+(c1=a)0) Y Sua(E)Sor (@ +[-a)) 7",
n=0
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by the formulas (4.13), (4.16) and (4.17) we have

i Jn (X)Mk,ntn
n=0

t+ (a; — az))ct2 + (a1ap + (a; — az)z)x2t3

= a
1 - x%*(a; — ax)t — x(ar1a2 (x3 + 2) + (a1 — a)?)F?
—(a) — a)(a) — a2)* + ayax(x® + 3)
—a1ax% ((al — )+ alaz) o+ a%a%(al —a)xt — a?a;tﬁ
3 24
t— ajaxxt® — ajax(a; — ar)x“t
t(b-a) 142 1a2(a) — az)

1= (a; —a)t — ((1 +2x) ayaz + (a1 — a2)*x)?
—(a; — ap) ((a1 - a2)2x +ajax(1 + 3x)) X

—a1ap ((a1 —w)* + alag) 2t

2.2 3,5 _ 33,46
tajaz(a) — @)X’ — ajay x't

(a1 — a)t* + ajant® + a%a%xzts

+(cog—b+(c; —a)x)

1—(a; —a)t — (1 +2x) a1az + (a; — a2)*x)1>
—(a; — ap) ((a1 — @)’ x +aar(1 + 3x)) xt?
—aas ((al —w)* + alaz) 2t

2.2 3,5 _ 33,46
tajay(a) — @)X’ — ajay x't

bt+(a; —ar)(co—b+c1x)* + (a(al - )2 +ayaz (co —-b+(ci—-b)x+ axz)) I
—(b-a)aiax(a; — a)x** + afa% (co—b+ (¢ —a)x) xX*P

1 —(a; — a)t — (1 4+ 2x) ayas + (a) — ax)* )
—(a1 — ay) ((a1 —w)’x+aar(1+ 3x)) xt?
—a1a; ((a1 —m)* + alaz) 2+ a%a%(al — @)X — a?a§x4t6

therefore
bt + 3k (co — b+ 1) 2 + (9ak?x> = 2 (ax> + (c) = b) x + co — b)) £* + 6k (b — @) x*¢*
> +4(co—b + (¢ci — a) x) 2P
Z I Minl” = 2 : 21 2 3
ra 1 = 3kt — (9K%x — (2x + 1)) — 3kx(9K2x — 2 3x + 1)t
+2(9K% — 2)221* + 12kx365 + 8x*O
This completes the proof. O

e Puta =b=c; =cp=11in(4.37) we have the following proposition.

Proposition 4.44. Forn € N, the new generating function for the combined Tricobasthal polynomials and k-Mersenne
numbers is given by

S t+ 3kxt? + (92 = 2) 27
Zﬁmmﬁ . . . —. (4.38)
T 1 = 3kt — (9K%x — (2x + 1) — 3kx(9k2x — 2 3x + 1)t

+2(9k% = 2)x*t* + 12kx*F + 8x*°
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e Put k = 1 in the relationships (4.38),we obtain the following corollary.

Corollary 4.45. For n € N, the new generating function for the combined Tricobasthal polynomials and Mersenne
numbers is given by

> 13 t+3xt? + 78
Zjn‘ (OM, = 2 3 24 35 6
24 1= 31— (Tx— D2 = 3x(3x = 2)8 + 1427 + 12.00 + 821

5. Conclusion

In this paper, by making use of theorem (4.1), we have derived some new generating functions for generalized
Tribonacci and Tricobsthal polynomials. It would be interesting to apply the methods shown in the paper to families
of other special polynomials.
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