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Abstract

In this paper we introduce new energy of graph that is Euclidean degree energy. We obtain characteristic polynomial of the Eu-
clidean degree of standard graphs and graphs obtained by some graph operations and also we characterize Euclidean hyperenergetic,
nonhyperenergetic and borderenergetic graphs.
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1. Introduction

A graph G is a finite nonempty set of points called vertices, together with a set of unordered pairs of distinct

vertices called edges. Let V(G) be the vertex set and E(G) be an edge set of G. The set of edges may be empty. The
degree of a vertex u, d,(G), is the number of edges incident on u. A graph is a regular graph if all the vertices of the
graph have equal degrees. A graph is considered a complete graph if each pair of vertices is joined by an edge. For
more basic terminologies and notations we referred [12]. Let A(G) = (a;;) be an adjacency matrix of order n of a graph
G. The characteristic polynomial of a graph G is denoted by Ch(A(G), A1) =| AI — A(G) |, where A is an eigenvalue of
a graph G. Hence, by [10], the energy of G is defined as E(G) = 21, | A; | .
Bapat and Pati [2] have proved that if the energy of a graph is rational then it must be an even integer and Pirzada
and Gutman [16] showed that the energy of a graph is never the square root of an odd integer. Initially, the concept
of energy in a graph arose from Huckel theory in which the m-electron energy of a conjugated carbon molecule was
computed, which coincides with the energy of a graph. The Euclidean degree square sum matrix of a graph G is
denoted by EDE(G) = (s;;) and whose elements are defined as
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2. Some basic properties of largest Euclidean degree eigenvalue

Let us define number p as

p=)(d+d)

i<j
Proposition 2.1. The first three coefficient of the polynomial Ch(EDE(G, A)) are as follows
(i) ap =1
(ii) a; =0
(iii) ar = —p

Proof. (i) By the definition of characteristic polynomial we get, ay = 1

(i1) Sum of all principal diagonal entries of Euclidean degree matrix is equal to the trace of EDE(G). Thus,

a; = tr(EDE(G)) =0

(ii1) We have ,

@i i
(-1)’ar = "
IS;Sn dji - 4jj
= Z (aiiajj — ajiaij)
I<i<j<n
=-p
O
Proposition 2.2. If Ay, A, ,..., 4, are the Euclidean degree eigenvalues of EDE(G) then,
n
D=2
i=1
Proof.
n n n
A= aijaji
i=1 i=1 j=1
n
=23 (@) + ) (@)’
i<j i=1
= Z(aij)z
i<j
= 2p
O

Theorem 2.3 ([15]). Let a; and b; be non-negative real numbers, then

n

n n 2 2
Z a; Z b; - (Z aibi] < %(Mle — mymy)* 2.1
=1

i=1 i=1

where, M| = max(a;), M, = max(b;), m; = min(a;) , my = min(b;) wherei = 1,2,...,n
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Theorem 2.4 ([? ]). Let a; and b; be non-negative real numbers, then

n n n

n Z aib; — Z a; Z b| < a(n)(A — a)(B - b) 2.2)

i=1 i=1 i=1

where a, b, A and B are real constants such that a < a; < A and b < b; < B for each i, 1 < i < n. Further,

a(n) = n[2)(1 - 113)).

Theorem 2.5 ([8]). Let a; and b; be non-negative real numbers, then
DI HCIC Y @ <(C1+C) Y aiby 2.3)
i=1 i=1 i=1

where Cy and C, are real constants such that Cia; < b; < Ca; foreachi, 1 <i < n.

Theorem 2.6. Let G be an r-regular graph of order n. Then G has only one positive Euclidean degree eigenvalue

A= \V2r(n-1).

Proof. Let G be a connected r-regular graph of order n and {v, vy, ....,v,} be the vertex set of G. Let d; = r be the
degree of v;, i = 1,2, ...n. Then the characteristic polynomial of EDE(G)

Ch[EDE(G), ] = (A — V2r(n - 1))(A + V2r)*! (2.4)

Therefore, the eigenvalues are \/Er(n —1)and — V2r which repeats (n — 1) times.
O

Theorem 2.7. Let G be any graph of order n and A; be the largest Euclidean degree eigenvalue. Then

PPN )]
n

Proof. By the Cauchy-Schwartz inequality [[? ]] we have
n 2 n n
(Z a,-b,») < Z a[z Z b[2
i=1 i

where a; and b; are non-negative real numbers.
now, substituting a; = 1 and b; = A; ,we have

n 2 n
(Za?] <m-1) A

i=2 i=2
By using propositions 2.1 and 2.2 in above inequality

)P <(-D2p-2D)

/llS M
\} n
/llz‘lw

n

Hence,

Remark 2.8. If G is an regular graph then
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Remark 2.9. Let G be an r-regular graph of order n , then EDE(G) = r*J — r*I. Where J is the the matrix of order n
whose all entries are equal to one and / is an identity matrix of order n.
The characteristic polynomial is given by

Ch[EDE(G), A] = (A = V2r(n - 1))(A + V2r)"!

Hence ,
E[EDEG)] =2 \/Er(n -1 2.5)

Remark 2.10. If G is an r-regular graph , its complement G is (n — 1 — r) regular graph then we have,
ChIEDE(G), 1] = (A= V2(n = D(n =1 =)+ V2(n -1 = r))""!

Thus ,
S[EDE(E)] =2 \/E(n —1-rNn-1) (2.6)

Theorem 2.11. Let G be an graph of order n and size m. Then

2
E[EDE(G)] > \/2np - HZ(' =14 ]2

Proof. Let Ay, Ay, ..., 4, be the eigenvalues of EDE(G). Substituting a; = 1 and b; =| 4; | in the equation (1) We get

n n n 2 2
n
>y |A,-|2—(§ M,-F] < 70al=14,D?
i=1 i=1

i=1

2
2pn — (E[EDE(G)])* < ”Zq =12, )

2
EIEDE(G)] > \/2np - ”ﬂ Al =14 12

Corollary 2.12. If G is an r-regular graph of order n, then

EIEDEG)] = n*8(n— 1) — n?
Theorem 2.13. Let G be an graph of order n, then
\2p < E[EDE(G)] < \2np
Proof. By the Cauchy-Schwartz inequality [[? ]] we have
n 2 n n
(Z a,-b,-] < Z a Z b?
i=1 '

where a; and b; are non-negative real numbers.
Now, substituting a; = 1 and b; = A; we have

n 2 n n
(B S e i
i=1 1 i=1

i=

(EIEDE(G)))?> < 2pn
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Thus,
E[EDE(G)] < +2pn

n n 2
Zu,-ﬁs[Zu,w]
i=1 i=1

2p < (S[EDE(G)])?

and

which implies
E[EDE(G)] = +2p

Theorem 2.14. Let G be a graph of order n and A be the absolute value of the determinant of EDE(G). Then

\2p +n(n - DAT < E[EDEG)] < \2np

Proof.

n 2
(E[EDE(G))? = (Z | A |)
i=1

=ia§+22|ai||aj|
i=1

i<j
=2p+2) 1 A1l 4]
i<j
EEDEGI? =2p+ ) 14114, @7
i#j

Since we know for non-negative numbers , the arithmetic mean is always greater than or equal to the geometric mean

1
1 T
Al ;1= Ai || 4;
Y izj | i 1l 4 [| | LA 1l 4; |]

i#j

1
n(n—1)

_ 1 2D
e
=[Trar

i#]
2
= A n
Therefore,

D14 11A; 12 n(n = DA

i#]

EIEDE(G)] = \2p + n(n — DA:

from equation (7) we have,

Consider a non-negative quantity

n n n n
Y= S04l = 1407 = ) Y 4P +14; P =21 411 4; )
i=1 j=1 =1 j=1

i=1
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n

Y:nil/li|2+n2|/lj|2—2i|/L‘|i|/lj|
i=1 =

i=1 J=1
Y = 4np — 2(E[EDE(G)])*

since

Y >0
4np — 2E[EDE(G)])* > 0
EEDE(G)] £ +/2np

Corollary 2.15. If G is an r-regular graph of order n, then
E[EDEG)] < 2n* Vn—1

Theorem 2.16. Let G be a graph of order n and size m. Let 1y > A, > ... > A, be a non-increasing arrangement
Euclidean degree eigenvalues. Then

E[EDE(G)] 2 \/2np —am)( A1 | =4, )?

where a(n) = n[5](1 - %L%J).

Proof. Let Ay, A3, ..., 4, are the Euclidean degree eigenvalues of G. Substituting a; =| 4; |= b; and a =| 4, |= b,
A =| ) |= B in the equation (2)

<am)( A |-, 1)

n n 2
ny 1P —[Zui |J
i=1 i=1

Since E[EDE(G)] = Y., | i |and 3, | 4; [>= 2p we get the required result. O

Theorem 2.17. Let G be a graph of order n and size m. Let 1 > Ay > ... > A, be a non-increasing arrangement of

Euclidean degree eigenvalues. Then
[l A I n+2p

|/11|+|/ln|

where | Ay | and | A3 | are maximum and minimum of the absolute value of A’s

E[EDE(G)] =

Proof. Let Ay, A3, ..., 4, be Euclidean degree eigenvalues of G. Substituting a; = 1 and b; =| 4; |, C; =| 4, |, C2 =| A1 |

in the equation (3)
DAL+ Y 1<+, |>(Z|A,-|]
i=1 i=1 i=1

Since E[EDE(G)] = Y, | i |and 37, | A; [>= 2p we get the required result. O

Definition 2.18. [12] The line graph L(G) of a graph G is a graph with vertex set as the edge set of G and two vertices
of L(G) are adjacent whenever the corresponding edges in G are adjacent.

The k™ iterated line graph [4, 5, 12] of G is defined as LY(G) = L(L*"'(G)), k = 1,2,3.. where L°(G) = G and
LY(G) = L(G)

Remark 2.19 ([4, 5]). The line graph L(G) of an r-regular graph of G of order n is an r; = (2r — 2)-regular graph of
order n; = 7. Thus, L¥(G) is an ry-regular graph of order ny is given by

k=1
ny = % [[@r-2""+2) and ro=2-2""+2
i=1
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Theorem 2.20. Let G be an r-regular graph of order n and let L*(G) be the ry-regular graph of order ny then Euclidean
degree energy of L*(G)

EIEDE(LNG)] =2 V2r(n—1) where, ro=2-2"42
Proof. The Euclidean degree characteristic polynomial of L¥(G) with vertex set iy ( see remarks 2.9 and 2.18) is
given by
ChIEDE(LF(G)), A] = [A — V2(25r = 21 + 2)(my — DA+ V2(25r = 251 4 2y

Thus,
E[EDE(LNG)] =2 V2ri(ne = 1) where, re=2r=2142

Lemma 2.21 ([18]). If a,b,c and d are real numbers, then the determinant of the form

A+ a)l,, —aly, —cJn xn,
—dJy,xn, a+bl,, -bJ,

has the following characteristic equation,
= (@ +a)" " A+ 0"~ (1 = Dalld = (n2 = Db] = nynacd)]

Definition 2.22 ([12]). The subdivision graph S (G) of a graph G is a graph with vertex set V(G)UE(G) and is obtained
by inserting a new vertex of degree 2 into each edge of G.

Definition 2.23 ([19]). The semitotal line graph T';(G) of a graph G is a graph with vertex set V(G) U E(G) where two
vertices of T(G) are adjacent if and only if they correspond to two adjacent edges of G or one is a vertex of G and
another is an edge G incident with it in G.

Definition 2.24 ([19]). The semitotal point graph 7,(G) of a graph G is a graph with vertex set V(G) U E(G) where
two vertices of 7,(G) are adjacent if and only if they correspond to two adjacent vertices of G or one is a vertex of G
and another is an edge G incident with itin G.

Definition 2.25 ([12]). The total graph T(G) of a graph G is the graph whose vertex set is V(G) U E(G) and two
vertices of T(G) are adjacent if and only if the corresponding elements of G are either adjacent or incident.

Definition 2.26 ([18]). The graph G** is a graph obtained from the graph G by attaching k pendant edges to each
vertex of G. If G is a graph of order n and size m, then G** is graph of order n + nk and size m + nk.

Definition 2.27 ([12]). The union of the graphs G| and G, is a graph G| U G, whose vertex set is V(G| U G;) =
V(G1) U V(G») and the edge set E(G| U G,) = E(G) U E(Gy).

Definition 2.28 ([12]). The join G| + G, of two graphs G| and G, is the graph obtained from G| and G, by joining
every vertex of G to all vertices of G,.

Definition 2.29 ([12]). The product G x H of two graphs G and H is defined as follows
Consider any two points # = (1, u;) and u = (vi,v2) in V = V| X V,. Then u and v are adjacent in G X H whenever
(u; = vy and u, adjacent v;) or (4, = v, and u; adjacent vy).

Definition 2.30 ([12]). The composition G[H] of two graphs G and H is defined as follows: Consider any two points
u=(u,up)andv = (v;,»)in V = V; x V,. Then u and v are adjacent in G[H] whenever [u; adj v; ] or [4; = v; and
uy adjacent v;].

Definition 2.31 ([12]). The corona G o H of graphs G and H is a graph obtained from G and H by taking one copy
of G and | V(G) | copies of H and then joining by an edge each vertex of the i copy of H is named (H, i) with the i
vertex of G.

Definition 2.32 ([? ]). The jump graph J(G) of a graph G is defined as a graph with vertex set as E(G) where the two
vertices of J(G) are adjacent if and only if they correspond to two nonadjacent edges of G.
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3. Characteristic polynomials of different graph structures

Theorem 3.1. Let G be an r- regular graph of order n and size m. Then,
ChIEDE(S(G)] = (1 + V2" 'A+2V2)5 ' [22 - (2 \/E(g — D+ V2r(n - 1)
2
+4r(n — 1)(% ~1- %(r2 +4)]

Proof. The subdivision graph of an r-regular graph has two types of vertices. The n vertices with degree r and %
vertices with degree 2. Hence

EDE[S(G)] = [ VAt =) @2+ 4)J”X"2’} :

V2 + T gn 2V2(Jx — 1)

Ch[EDE(S(G))] =| Al — EDE(S(G)) |

A+ 201, — \2rJ, NNy
= 2 .
N+ D A2V —2V2)y
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.2. Let G be an r- regular graph of order n and size m. Then,
ChlEDE(Ty(G))] = (A +2V2r)" "1+ 2V2)T 'A% -2 «/5((% —D+rn-1)a
+8r(n — 1)(”{ — 1) =2n%r(* + 1))]

Proof. The semitotal point graph of a r-regular graph has two types of vertices. The n vertices with degree 2r and
vertices with degree 2. Hence

- 2 nr
EDE(TZ):[zx/Er(Jn I,) 2\/r+1JnX2].

2V + W 2V2(J — 1)
ChIEDE(T>)] =| Al - EDE(T»(G)) |

(A+2V2P)1L, = 2V2rJ, 2V + U
2V gy (A+2V2)Iy —2V2Jy

Now by using Lemma 2.21, we get the desired result. O

Theorem 3.3. Let G be an r- regular graph of order n and size m. Then,
5n%r3
2

Proof. The semitotal line graph of an r-regular graph has two types of vertices. The n vertices with degree r and %
vertices with degree 2r. Hence

Ch[EDE(T))] = (A + V2r)"' (A +2V2n) 5122 - r\/§(2(g D+ (- 1))A+4r(n - 1)(”{ -1)- ]

EDE(Ty) = {\/zr(J” A )] :

V5T 2V2r(Jy = Iy

ChlEDE(T,)] =| Al - EDE(T(G)) |

_ @+ v2n1, - VarJ, —r V5
B —r V5] (A+2N21)1z = 2\2rl
Now by using Lemma 2.21, we get the desired result. O
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Theorem 3.4. Let G be an r- regular graph of order n and size m. Then,
Ch[EDE(T(G))] = (1 -2 V2r(n + %’ —1))A+2V2ry+E-!

Proof. The total graph T(G) of an r-regular graph G is a regular graph of degree 2r with n + 7 vertices. Hence the
result follows from equation (4).
O

Theorem 3.5. Let G be an r- regular graph of order n and size m. Then,
ChEDEG*™)] = (A + V2(r + b)Y (A + V2)*1[22 = (V2(nk - 1) + V2(r + k)(n — 1))A
+2(r + k)(n — D(nk — 1) = n?k(1 + (r + b)*)]

Proof. The graph G** of an r-regular graph of degree n + nk has two types of vertices, with n vertices having degree
r + k and nk vertices having degree 1. Hence

EDEGH) - [ V20 + ) = 1) N+ 02 + 1)Jmk]

(r+ 52 + DJyioen V2(Ji = L)
ChlEDE(G*"))] =| Al - EDE(G**) |

A+ V20 + kDL, — V2(r + k), =N+ k2 + D
VO + 8 + Dk A+ VDl = V2
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.6. Let G be an r- regular graph of order n and size m. Then,
Ch[EDE(G U H)] = Ch(EDE(G))Ch(EDE(H)) — (A + V2r))" ' (A + V2r)""'niny (72 + 12)

Proof. The graph G U H of order n; +n, has two types of vertices, with n; vertices having degree r; and the remaining

n vertices having degree r,. Hence
EDE(G) VO + 2,
EDE(GUH) = .
A /(rf + 1)y, EDE(H)

_ \/Erl(Jnl _Inl) \’(r%"'r%)Jnlxnz
O+ DD, V212, = 1)
Ch[EDE(GU H)] =| Al - EDE(GUH) |

Q@+ N2L = N2 =0 4D,

- \[(V% + rZ)Zanxnl A+ \/ErZ)Inz - \/eran

Now by using Lemma 2.21, we get
CHIEDE(G U H)] = (1 + V2r)" ' (A + V2r)" ' [(A = (ny = 1) V2r)(A = (n2 = 1) V2r2) = o (1} + 13)]
as G and H are regular graphs of order n; and n; and degree r| and r, respectively ,by equation (4) we have
Ch[EDE(G)] = (1 = V2ri(n; — D)4 + V2r )"

and
Ch[EDE(H)] = (1 — \/E”Z(nz — 1))+ \/Erz)nz—l

Hence the result follows. O
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Theorem 3.7. Let G be an r- regular graph of order n and size m. Then,
Ch[EDE(G + H)] = (A + V2R)" ' (A1 + V2R '[A% = (V2R>(n> — 1) + V2R:(n1 = 1))A
+2R Ry(ny = 1)(ny = 1) = mima(RT + R3)]

Proof. If G is an r - regular graph of order n; and H is an r-regular graph of order n, then G + H is a graph of order
n; + ny has two types of vertices, the n; vertices with degree R; = r; + ny and n, vertices with degree R, = r; + nj.

Hence
V2R (= 1)) AJ(R2 + R,
EDEG + H) = )
R + R, 2Ry, — 1)
ChlEDE(G + H)] =| Al - EDE(G + H) |
A+ V2ROL, = V2R Dy, = )RS + R,
—JR AR, (A4 2R, — N2RoT,,|
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.8. Let G be an ry- regular graph of order ny and H be r, regular graph of order n,. Then,
ChIEDE(G x H)] = (A = V2(ry + ra)(mny — D) + V2(ry + )y}

Proof. Let G be an r- regular graph of order n; and H be r, regular graph of order n,. Then G X H is an (r] + rp)-
regular graph with n;n, vertices. Hence the result follows from equation (4) . O

Theorem 3.9. Let G be an ry- regular graph of order ny and H be r, regular graph of order n,. Then,
CHIEDE(GIHD] = (A + V2(nory + )"~ (A = V2(nory + ra)(mina = 1))

Proof. Let G be an r- regular graph of order n; and H be r, regular graph of order n,. Then G[H] is an (nyr| + r2)-
regular graph with nn, vertices. Hence the result follows from equation (4) . O

Theorem 3.10. Let G be an r- regular graph of order n and size m. Then,
CH[EDE(G o H)] = (A + V2R)Y" "' (1 + V2R,)>'[22 = (V2Ry(mina — 1) + V2R (n; — 1))A
+2R Ry (n — D)(nyny — 1) — nina(R? + R3)]

Proof. 1f G is an r; - regular graph of order n; and H is an rp-regular graph of order n, then G o H is a graph of order
ny + niny has two types of vertices, the n; vertices with degree R; = r| + n, and remaining nn, vertices with degree

R, = r, + 1. Hence
\/ERI(JnI - In]) (R% + R%)memnz
EDE(G o H) = \

R + R sy V2Ro(Jnyny = Tymy)

ChlEDE(G o H)] =| Al - EDE(G o H) |

|+ N2R)L, ~ V2R, — R + Ry,
- ,/(R% + R%)Jnlnpml A+ \/ERZ)Inlnz - ‘/ERZJnmz

Now by using Lemma 2.21, we get the desired result. O
Theorem 3.11. If W, is a wheel graph, then
CH[EDE(W,)] = (A +3V2)" 2[A> =3V2(n - 2)A— (n = 1)(9 + (n — 1)?)]
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Proof. The graph W, of order n has two types of vertices namely, n — 1 rim vertices are of degree 3 and central vertex
has degree n — 1. Hence,

EDE(W,) = { 3V2(Juot = L) O+ (- 1)2)J(n_1)xl}
! O+ (= D) 11y V2=, -1) |

Ch[EDE(W,)] =| Al - EDE(W,) |

_|@+3V2)L =3V20, ~VO+ (=T
~NVO+n = D)y A+ V20— 1L = V2 — 1Dy
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.12. If F3 is a friendship graph, then
Ch[EDE(F)] = (1 +2V2)* '[22 = 2V2(21 - A - 21(4 + (20)%)]

Proof. The graph F? of order 27 + 1 has two types of vertices namely, 2¢ vertices of degree 2 and one vertex of degree

2t. Hence,
EDE(F?) = [ 2V2(Uu— L) 4+ (2t)2)Jztxl}
NG @D e 2V2e - )
Ch[F?] =| Al - EDE(F?) |
_|@+2VD)h - 2V2h = NE + o)
-V@+ Q) (A+2V201 = 2V210 |
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.13. If H, — c is a helm without central vertex, then
ChlEDE(H,, — ¢)] = (A +3V2)"2(A + V2)'2[A® = 4V2(n — 2)A + 6(n — 2)* — 10(n — 1)

Proof. The graph H,, —c of order 2(n—1) has two types of vertices namely, n— 1 vertices are of degree 3 and remaining
(n — 1) vertices has degree 1. Hence,

EDE(H, —c¢) = [3 V2ot = Ie) ml(n—l)x(n—l) }

VI0Jpe ety V2(Jnet = In-1)

Ch[EDE(H, —c)] =| Al - EDE(H,, - ¢) |

_|@a+3 V2o = 3V20, ~V10J o 1ycn-1
~ V10J (- 1yx(n-1 A+ V2o — V20,4
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.14. If H, — c is a closed helm without central vertex, then
Ch[EDE(H, - ¢)] = (1—-3V2@2n - 3))(1 + 3V2)»"3

Proof. The closed helm without central vertex H, —c is 3-regular graph with 2(n— 1) vertices. Hence the result follows
from equation (4). U

Theorem 3.15. If S F,, — c is a sun flower graph without central vertex, then
CH[EDE(SF, — )] = (1 +3V2)" 21+ 2 V2" 2[22 = 5V2(n = 2)A + 12(n - 2)* — 13(n — 1)?]
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Proof. The sun flower graph S F,, — ¢ without central vertex is a graph of order 2(n — 1), which has two types of
vertices. The (n — 1) vertices have degree 3 and the remaining (n — 1) vertices have degree 2. Hence,

EDE(SFn _ C) — 3 \/E(Jn—l - In—l) \/ﬁj(n—l)x(n—l) :| .

VI3Jo ity 2V2(Juot = L)

Chl[EDE(SF, —c)] =| Ml —EDE(SF, —o¢) |

_|(1+3 V2)l,-1 = 3V2J,4 ~ VI3J - -1y
—V13J - yxtn-1 A+2V2)Ly = 2V2J,|
Now by using Lemma 2.21, we get the desired result. U

Theorem 3.16. If DC, is a double cone, then,
CH[EDE(Cy)] = (A + 4 V2" " (A + V2n)[2> = (V2n + 4V2(n — 1)A + 8n(n — 1) — 40n]

Proof. The double cone is a graph of of order (n + 2) has two types of vertices. The n vertices have degree 4 and the
remaining 2 vertices have degree n. Hence,

EDE(DC,) - [4«5<Jn—1n) 2V3 0 ]

2V5)xn  nN2(J2 - D)

Ch[EDE(DC,)] =| Al - EDE(DC,) |

|+ 4V2)1, - 420, 257,
2V A+nNDh =nV2h|
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.17. If B, is a book graph, then
ChIEDE(B,)] = (A+2 V22" "+ V2(b + D)2 = (V2(b+ 1) +2V22b - 1)A+4Q2b— 1)(b + 1) — 4b(4 + (b + 1)?)]

Proof. The Book graph B, of order (2b + 2) has two types of vertices. The 2b vertices with degree 2 and 2 vertices
are with degree (b + 1). Hence,

EDE(B) =

2V2(Jap — Iop) V4 + b+ 1)212bx2]
Vaé+ b+ D20 200+ D -1)|

Ch[EDE(By)] =| Al - EDE(By) |

| +2v2)n, -2V20y, —VA4+ b+ 1) I
—VA+ b+ D2y (A+ V2(b+ 1) = V2(b+ )|
Now by using Lemma 2.21, we get the desired result. U

Theorem 3.18. If B; is a book with triangular pages, then

ChIEDE(B)] = (A +2V2)'(A+ V2t + 1) = (V2(t + D+ 2V2(t = D)A+ 41— Dt + 1) = 2t(4 + (1 + 1)D)]

100



Shanthakumari, Smitha and Lokesha /| Montes Taurus J. Pure Appl. Math. 3 (1), 89-105, 2021

Proof. The book B, with triangular pages of order (# + 2) has two types of vertices. The ¢ vertices have degree 2 and
the remaining 2 vertices have degree (¢ + 1). Hence,

2V2(J, - I) N/ 1)2th2}
Va4 + (1 + 12T V2(t+ D)), - b)|

Ch[EDE(B,)] =| Al - EDE(B,) |

EDE(B,) =

|a+2v2)r -2+v2y, VAt + 120
A+ B+ D2 A+ N2(t+ 1) — V2(t+ D Jo|
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.19. If L, is a ladder graph, then
Ch[EDE(L,)] = (A +3V2)* 51+ 2V2)’[22 = 3V2(2n = 5) + 6 V2)A + 36(2n — 5) — 52(2n — 4)

Proof. The ladder graph L, is a graph of order 2n and has two types of vertices. The four vertices of degree 2 and
(2n — 4) vertices of degree 3. Hence,

3V2(Jones = honea)  V13J2n-ayxa

EDE(L,) = .
(L) [ V13Jssan-1) 2V2(Jy - Iy)

Ch[EDE(L,)] =| Al - EDE(L,,) |

_|(+3 V24 = 9J2n s ~V13J 2 _4yxa
- \/EJ4><(2,1_4) 1+ 2 \/5)14 -2 \/§J4 '
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.20. If Pr, is a prism graph, then
Ch[EDE(Pry)] = (1+3V2)* (1 -=3V2(2n - 1))

Proof. The prism Pr, is 3-regular graph with 2n vertices. Hence, the result follows from equation (4).

Theorem 3.21. If T, is a triangular snake, then
ChIEDE(T,)] = (A + 2 V2)" (A + 4 V2)"3[2%2 = (4V2(n = 3) + 2 V2n)A + 16n(n — 3) = 20(n + 1)(n — 2)]

Proof. The triangular snake T, of order (2n — 1) has two types of vertices. The (n + 1) vertices have degree 2 and the
remaining (n — 2) vertices have degree 4. Hence,

EDE(T,) = [2 V2(Juit = s1)  2V5J i tyxn-2) ]

2 \/g-l(n72)><(n+l) 4N2(Jps — In2)

CH[EDE(T,)] =| Al — EDE(T,) |

_|(a+2 V21 =2 V200 -2 \/g*](n+1)><(n—2)
-2 V5Ju-2pnr 1) A+4V2) L, —4V2J, 0|
Now by using Lemma 2.21, we get the desired result. U

Theorem 3.22. If Q, is a quadrilateral snake, then
ChIEDE(Q,)] = (1 + 2 V2" {4 + 4V2)"3[A% = (4 V2(n - 3) + 2V2(2n — 1))A + 16(2n — 1)(n — 3) — 40n(n — 2)]
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Proof. The quadrilateral snake Q, of order 3n — 2 has two types of vertices. The 2n vertices have degree 2 and the
remaining (n — 2) vertices have degree 4. Hence,

EDE(0,) = [2 V2(Jon = b)) 2V5Jonxn2) } .

2V5Jexany 4 V2(Jna = Iha)

ChlEDE(Q,)] =| Al — EDE(Qy) |

_|@a+2 V)b, = 2V21y, ~2V5Jaun-2)
-2 \/gj(;l—Z)X(Zn) (A+4V2),y —4V2J,5|
Now by using Lemma 2.21, we get the desired result. U

Theorem 3.23. If G is an r-regular graph of order n, then

(n—dr
2

+1

Ch[EDE(J(G)] = (A + \/Erl(% — 1)) = V2r)ED where, 1 =

Proof. The jump graph J(G) is r-regular graph is r| = (# + I)-regular graph with 7 vertices. Hence, the result

follows from equation (4). O
Theorem 3.24. If S, is a Star graph, then

— _1)\2
Ch[EDE(S,,)]:(/1+1)n—2[/12_(n_2)/l_(n 1)(11(;1 1) )]

Proof. The graph S,, of order n has two types of vertices namely, (n — 1) vertices are of degree 1 and central vertex
has degree (n — 1). Hence,

EDE(S,) = V2(Jy1 = Ine) Vi+(n- l)z-l(n—l)xl]
V1+ (=D ixe-1 V2(n - )y - 1)
Ch[EDE(S )] =| Al — EDE(S,) |
_ ’(/l + \/E)In_l - \/EJn_l - \/1 +((n— 1)2J(n_1)><1
V=D A+ V20— DL = V2= D[
Now by using Lemma 2.21, we get the desired result. O

Theorem 3.25. If'S, , is a double star graph, then
CH[EDE(S ,,)] = (A + V2)* 3 + V2n)[A2 = (V221 = 3) + n V2)A + 2n(2n — 3) — 4(n — 1)(n* + 1)]

Proof. The graph S, , of order 2n has two types of vertices namely, (2n — 1) vertices are of degree 1 and remaining

two of degree n. Hence,
V2(Jana = huz)  Vn2 + 1J(2n2)><2}
Vi? + 1Jox2n-2) V2n(J, - )
Ch[EDE(S ,,)] =| AI — EDE(S ,,,) |

A+ V2)hpo — V202 s —m2+ DJanap
- (n2 + l)sz(zn_z) A+ \/El’l)lg - \/ii’l.lz

Now by using Lemma 2.21, we get the desired result. O

EDE(S ;) = [
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Theorem 3.26. If K, , is a complete bipartite graph, then
Ch[EDE(K,,,)] = (A + V2n)" ' (A + V2m)" ' [22 = (V2m(n - 1) + V2n(m - 1)A
+2(m - 1)(n — )mn — mn(m2 + nz)]

Proof. The graph K,,,, of order (m + n) has two types of vertices namely, m vertices are of degree n and n vertices of

degree m. Hence,
2n(Jy = 1) Nm2 + 0%
V2 + 2y N2m(J, - 1) |
Chl[EDE(K,;2)] =| Al — EDE(K,, ) |

A+ 2L, — V2nJ, —Vm2 + n2J
—Vm2 + n2J A+ V2m)I, — \V2mJ,

Now by using Lemma 2.21, we get the desired result. O

EDE(K,,,) = [

Theorem 3.27. If P, is a path graph, then
CH[EDE(P,)] = (1 +2V2)" (1 + V2)[22 = 2V2(n = 3) + V2)A + 4(n—3) — 10(n — 2)]

Proof. The graph P, of order n has two types of vertices namely, (n — 2) vertices are of degree 2 and remaining two
end vertices of degree 1. Hence,

EDE(P,) = [2 V2(Jp2 = 1) ‘/gf(n—z)xz }

V5% u-2) V2(J2 - )

Ch[EDE(P,)] =| Al - EDE(P,,) |

_|@+2 V2)l,0 = 2V2J,5 ~V5J o2y
- ‘/§J2x(n—2) A+ V)L, — V20|
Now by using Lemma 2.21, we get the desired result. O

A dumbbell is the graph obtained from two disjoint cycles by joining them by a path.

Theorem 3.28. If D, , is a dumbbell graph, then
ChlEDE(D,,,)] = (1 +2V2)*"3 (A + 3V2)[2> = 2 V2(2n - 3) + 3V2)A + 12(2n — 3) - 52(n — 1)]

Proof. The graph D, , of order 2n has two types of vertices namely, 2n — 2 vertices are of degree 2 and remaining two
of degree 3. Hence,

EDE(D,,) = [2 V2(Jan2 = Ty2) \/EJ(Zn—Z)XZ] '

V13Jax@n-2) 3V2(J2 - I)

ChlEDE(Dy )] =| AI — EDE(Dy,,) |

_ @+ 2V =2 V20502 ~V13Jan-2p2
~V13J2x2n2) (A+3V2)L - 3V24|
Now by using Lemma 2.21, we get the desired result. O
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4. Hyperenergetic graphs

A graph G with n vertices is said to be hyperenergetic [11] if &G) > 2n — 2, and to be nonhyperenergetic if
&(G) £ 2n — 2. A noncomplete graph whose energy is equal to (2n — 2) is called borderenergetic [9].

Definition 4.1. A graph G of order n is said to be Euclidean degree hyperenergetic if EDE(G) > 2V2(n — 1)%.
Definition 4.2. A graph G of order n is said to be Euclidean degree nonhyperenergetic if EDE(G) < 2 V2(n — 1)2.

Definition 4.3. A noncomplete graph of order n whose energy is equal to 2 V2(n — 1)? is called Euclidean degree
borderenergetic.

Definition 4.4. Two graphs G; and G, are said to be Euclidean degree equienergetic if they have same Euclidean
degree energy. That is, S[EDE(G,)] = E[EDE(G,)].

Theorem 4.5. If G is an r-regular graph of order n, then G is
(i) Euclidean degree borderenergetic for r = 0,
(ii) Euclidean degree nonhyperenergetic for r > 1.
Proof. The graph G is (n — 1 — r)-regular graph.
Ch[EDEG),A] = (A - V2(n - D(n =1 =)+ V2(n -1 - )"

Thus ,
S[EDE(E)] =2 \/E(n —1-rNn-1)

From Definition 4.1, the graph G is Euclidean degree hyperenergetic if E(G) > 2 V2(n — 1)2.

That is, if 2 \/E(n -1-rnn-1) >2 \/E(n — 1)2. This inequality does not hold for any value of r, whereas the
two quantities are equal when r = 0. Hence, G is Euclidean degree borderenergetic for » = 0 and Euclidean degree
nonhyperenergetic for r > 1. O

Theorem 4.6. The graph L(K),) is Euclidean degree borderenergetic for n = 2,3 and Euclidean degree nonhyperen-
ergetic forn > 4.

Proof. The complete graph K, is an (n — 1)-regular graph of order n. Thus,
ChlEDE(K,),A] = (1 — V2(n - D))+ V2(n - 1))y*!

The line graph of K, is L(K,) is an (2n — 4)-regular graph of order n; = % and,
CHEDE(K,). A1 = (=2 V2(n = 2)(5 = D)(A +2¥2(n - 2%

Hence,
E[EDE(L(K,))] =2 \/E(n - 2)(nr-2)

Clearly, E[EDE(L(K,))] < 2V2("% — 1)? for n > 4 and equality holds for n = 2,3.
Hence, L(K;), L(K3) are Euclidean degree borderenergetic and L(K,) is Euclidean degree nonhyperenergetic for
n>4. O

Theorem 4.7. If G is an r-regular graph of order n, then J(G) is
(i) Euclidean degree borderenergetic for r = 1,

(ii) Euclidean degree nonhyperenergetic for r > 2.
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Proof. The jump graph J(G) of the r-regular graph G is r| = (# + 1)-regular graph with - vertices.

CHIEDE(J(G))] = (A + \/Erl(%r —1))A= V2r)EY where, 1 = (”_TLW +1
Hence,
EIEDEJ(G)] = 2 w/irl(%r -1
= V2(n-4r+2)(5 - 1)
EIEDE(J(G))] < 2V2(% — 1)* for r > 2 and equality holds for r = 1. O

Theorem 4.8. If G is an r-regular graph of order n, then T(G) is Euclidean degree nonhyperenergetic.

Proof. The total graph T(G) of an r-regular graph G is a regular graph of degree 2r with n + 7 vertices. Then,
ChIEDE(T(G))] = (A - 2V2r(n + g — 1) +2 V25!

Hence,
E(EDE(T(G)) =4 \/Er(n + % -1

E[EDE(T(G))] < 2V2(n + 5= 1)? for all r. Thus T(G) is Euclidean degree nonhyperenergetic. O

5. Conclusion

We conclude with the following observations.
In this paper, we have obtained the characteristic polynomial of the Euclidean degree matrix of graphs obtained by
some graphs operations. Also, bounds for both largest Euclidean degree eigenvalue and Euclidean degree energy of
graphs are established. we have characterized Euclidean degree hyperenergetic, borderenergetic and equienergetic of
some graphs.
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