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Abstract

Faulhaber’s formula expresses sums of powers of consecutive integers in terms of Bernoulli polynomials. Here we would like to
find analogous ones to the Faulhaber’s formula for poly-Bernoulli and type 2 poly-Bernoulli polynomials.
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1. Introduction

As is well known, the Bernoulli polynomials are defined by

t
et − 1

ext =

∞∑
n=0

Bn(x)
tn

n!
, (see [5, 6, 7, 8, 10]). (1.1)

When x = 0, Bn = Bn(0), (n ≥ 0), are called the Bernoulli numbers.

From (1.1), we note that

n−1∑
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1

et − 1
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) tm
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,

(1.2)

where n is the positive integer.
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On the other hand,
n−1∑
k=0

ekt =

∞∑
m=0

( n−1∑
k=0

km
) tm

m!
, (n ∈ N). (1.3)

By (1.2) and (1.3), we get

n−1∑
k=0

km =
1

m + 1
(
Bm+1(n) − Bm+1

)
, (see [1, 2, 5, 9, 11, 12]), (1.4)

where m ∈ N ∪ {0} and n ∈ N.

The equation (1.4) is equivalent to the Faulhaber’s formula which is given by

n∑
k=1

km =
1

m + 1

m∑
j=0

(−1) j
(
m + 1

j

)
B jnm+1− j,

where m ∈ N.

For k ∈ Z, the polylogarithm functions are defined as

Lik(z) =

∞∑
n=1

zn

nk , (see [3]). (1.5)

Note that Li1(z) = − log(1 − z).

In terms of the polylogarithm functions in (1.5), the poly-Bernoulli polynomials are defined by

Lik(1 − e−t)
et − 1

ext =

∞∑
n=0

B(k)
n (x)

tn

n!
, (see [3, 4, 7]). (1.6)

Note that B(1)
n (x) = Bn(x), (n ≥ 0).

When x = 0, B(k)
n = B(k)

n (0), (n ≥ 0), are called the poly-Bernoulli numbers.

The modified Hardy’s polyexponential functions are defined by

Eik(z) =

∞∑
n=1

zn

(n − 1)!nk , (k ∈ Z), (see [4, 6, 8]). (1.7)

Note that Ei1(z) = ez − 1.
Recently, the type 2 poly-Bernoulli polynomials are defined by using the modified Hardy’s polyexponential func-

tions as
Eik(log(1 + t))

et − 1
ext =

∞∑
n=0

β(k)
n (x)

tn

n!
, (see [4]). (1.8)

Note that β(1)
n (x) = Bn(x), (n ≥ 0).

When x = 0, β(k)
n = β(k)

n (0) are called the type 2 poly-Bernoulli numbers.

In light of (1.4), we may ask the following natural question.

Question 1.1. What are analogous formulas to (1.4) for the poly-Bernoulli and the type 2 poly-Bernoulli polynomials?

The aim of this paper is to answer to the above question. Indeed, we will find an analogue of the Faulhaber’s
formula for the poly-Bernoulli polynomials in Theorem 2 and that for the type 2 poly-Bernoulli polynomials in
Theorem 4.
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2. Analogues of Faulhaber’s formula

From (1.6), we note that

Lik(1 − e−t) =
Lik(1 − e−t)

et − 1
et −

Lik(1 − e−t)
et − 1

=

∞∑
n=0

(
B(k)

n (1) − B(k)
n

) tn

n!
.

(2.1)

By (2.1),we get
n∑

m=1

(−1)n−mm!
mk S 2(n,m) = B(k)

n (1) − B(k)
n , (n ∈ N), (2.2)

where S 2(n,m) are the Stirling numbers of the second kind.
When k = 1, we note

n∑
m=1

(−1)n−m(m − 1)!S 2(n,m) = δn,1, (n ∈ N), (2.3)

where δn,1 is the Kronecker’s symbol.
For x ∈ N, we observe that
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(2.4)

On the other hand,

x−1∑
i=0

eitLik(1 − e−t) =
Lik(1 − e−t)

et − 1
(ext − 1)

=
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n
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=
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) tn
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(2.5)

Therefore, by (2.4) and (2.5), we obtain the following analogue of the Faulhaber’s formula for the poly-Bernoulli
polynomials.

Theorem 2.1. For n, x ∈ N, we have

x−1∑
i=0

n∑
m=1

m∑
j=1

(
n
m

)
( j − 1)!

jk−1 (−1)m− jS 2(m, j)in−m = B(k)
n (x) − B(k)

n , (2.6)

where S 2(m, j) are the Stirling numbers of the second kind.
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By taking k = 1 in Theorem 2 and making use of (2.3), we obtain the following corollary.

Corollary 2.2. For n, x ∈ N, we have

x−1∑
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in−1 =
1
n
(
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)
. (2.7)

From (1.6), we note that
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(2.8)

Thus, by (1.6) and (2.8), we have

B(k)
n (1) =
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where n is a nonnegative integer.
For x ∈ N, we note that
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On the other hand,
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where S 1(n, l) are the Stirling numbers of the first kind.
Therefore, by (2.9) and (2.10), we obtain the following analogue of the Faulhaber’s formula for the type 2 poly-

Bernoulli polynomials.
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Theorem 2.3. For n, x ∈ N, we have

x−1∑
i=0
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l=1
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m=1

(
n
l

)
S 1(l,m)

mk−1 in−l = β(k)
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where S 1(l,m) are the Stirling numbers of the first kind.

Now, we observe that

Eik(log(1 + t)) =
Eik(log(1 + t))

et − 1
et −

Eik(log(1 + t))
et − 1

=
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On the other hand,
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(2.12)

Thus, by (2.11) and (2.12), we get

β(k)
n (1) − β(k)

n =

n∑
m=1

1
mk−1 S 1(n,m).

When k = 1, we have

n∑
m=1

S 1(n,m) = β(1)
n (1) − β(1)

n

= Bn(1) − Bn

= δn,1, (n ∈ N).

(2.13)

From Theorem 4 and (2.13), we note that

β(1)
n (x) − β(1)

n = n
x−1∑
i=0

in−1, (n, x ∈ N).

Acknowledgments

The authors would like to thank Jangjeon Research Institute for Mathematical Sciences for the support of this
research.

Competing interests

The authors declare no conflict of interest.

5



Kim, Kim and Kwon / Montes Taurus J. Pure Appl. Math. 3 (1), 1–6, 2021

Consent for publication

All authors agreed to publish this paper in this journal.

References

[1] C. Adiga, N. A. S. Bulkhali, D. Ranganatha and H. M. Srivastava, Some new modular relations for the Rogers-Ramanujan type functions of
order eleven with applications to partitions, J. Number Theory 158, 281–297, 2016.

[2] G. E. Andrews, The Theory of Partitions, Cambridge University Press, Cambridge, London and New York, 1998.
[3] J. Ewell, On sums of consecutive k-th powers, k = 1, 2, Math. Mag. 48 (4), 203-207, 1975.
[4] C. Ho, G. Mellblom, M. Frodyma, On the Sum of Powers of Consecutive Integers, College Math. J. 51 (4), 295-301, 2020.
[5] M. Kaneko, Poly-Bernoulli numbers, J. Théor. Nombres Bordeaux 9 (1), 221-228, 1997.
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