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Abstract
There are a lot of interesting results on dominator chromatic number χd (G) of a graph G, along with certain open problems in
the recent literature. In this paper, an attempt is made to answer partially to some of the open problems. We study the effect on
dominator chromatic number of graphs on removal (addition) of some edges in some classes of graphs. We also exhibit some
non-isomorphic graphs having same dominator chromatic number and present some graphs such that χd (G) = χ(G), χd (G) = γ(G)
and χd (µ(G)) = χd (G) + 2, where µ(G) is the Mycielskian of the graph G.
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1. Introduction
The graphs G = (V, E) considered in the paper are simple graphs with vertex set V and edge set E. The order and
size of the graph are | V |= n and | E |= m respectively. Neighbors of the vertex v of G are all those vertices which
are adjacent to v in G and non-neighbors of the vertex v of G are all those vertices which are non-adjacent to v in G.
The complement of the graph G denoted by G is the graph in which if two vertices are adjacent in G, then they are
non-adjacent in G and vice-versa. Removal of vertex from a graph is a result obtained by removing the vertex and all
the edges incident to the vertex from the graph. Removal of edge from a graph is result of removing the edges but not
its end vertices from the graph. Two or more edges are said to be independent if they do not have common vertices.
For more details on definitions and other terminologies we refer to [3, 5, 9].
Domination and coloring are the two important and interesting areas in graph theory. Domination has rich applications
in computer science, communication networks and so on. Graph coloring has applications in scheduling, register
allocations, pattern matching and so on (for more details refer [2]).
A subset S of V is said to be a dominating set of G if every vertex in V − S is adjacent to some vertex in S . The
minimum cardinality of dominating set of the graph G is said to be the domination number of the graph and is denoted
by γ(G). For more information on domination, one can refer [10, 11].
A proper coloring of a graph G is an assignment of colors to the vertices of G such that no two adjacent vertices
receive same color. The minimum number of colors required for proper coloring of the graph G is said to be the
chromatic number of G and is denoted by χ(G). The partition of the vertices of G into disjoint sets such that no two
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vertices in the same set has same color is said to be the color partiton of V(G) and the partitioned sets are said to be
the color classes.
The dominator coloring of graph G is the proper coloring of G in such a way that every vertex of G dominates every
vertex of atleast one color class. The minimum number of colors required for dominator coloring of the graph G is
said to be the dominator chromatic number and is denoted by χd (G). The dominator coloring of the graph G using
χd −colors is said to be the χd −coloring of G. For more results on dominator coloring of graphs we refer to [1, 7, 8].
The open neighborhood and closed neighborhood of the vertex v of G are N(v) = {u ∈ V(G) : uv ∈ E(G)} and
N[v] = N(v) ∪ {v} respectively. The vertex v of G with respect to the coloring C is said to be solitary if {v} ∈ C and
N(v) does not contain any color class. Let C = {V1 , V2 , ..., Vk } be the coloring of G. The color class Vi , (1 ≤ i ≤ k) is
said to be the spare color class with respect to C if every vertex v ∈ V(G) dominates some color class V j , j , i, of C
in G. We need the following theorems to prove our main results.
Theorem 1.1. [7]. Let G be a connected graph of order n. Then χd (G) = n if and only if G is complete graph Kn .
Theorem 1.2.





χd (Cn ) =




[7]. For the cycle Cn , we have
if n = 4
d 3n e,
d n3 e + 1, if n = 5
d n3 e + 2, otherwise.

Theorem(1.3. [8]. For the path Pn , we have
d n3 e + 1, if n = 2, 3, 4, 5, 7
χd (Pn ) =
d 3n e + 2, otherwise.
Theorem 1.4.
( [7]. The wheel W1,n has
3, if n is even
χd (W1,n ) =
4, if n is odd.
Theorem 1.5. [1]. For any graph G, χd (G) + 1 ≤ χd (µ(G)) ≤ χd (G) + 2. Further if there exists a χd -coloring C of G
in which every vertex v dominates a color class Vi with v < Vi , then χd (µ(G)) = χd (G) + 1.
Theorem 1.6. [12]. Given a graph G, χd (µ(G)) = χd (G) + 1 if and only if for some χd −coloring C of G:
(i) each vertex v dominates some color class Vi with v < Vi ;
(ii) a vertex v is a solitary vertex and C contains a spare color class Vi which does not contain any vertex of N(v).
Mycielski [13] introduced a graph transformation called Mycielskian of a graph G denoted by µ(G), which is
helpful for the construction of triangle free graphs and to increase the chromatic number of any graph by one. For
more results on Mycielskian of a graph we refer to [4, 6].
In this paper, we study the effect on dominator chromatic number of graphs on removal (addition) of some edges in
some classes of graphs. We also exhibit some non-isomorphic graphs having same dominator chromatic number and
present some graphs such that χd (G) = χ(G), χd (G) = γ(G) and χd (µ(G)) = χd (G) + 2.
2. Effect of Dominator Chromatic Number of Some Graphs on Removal or Addition of Some Edges
In this section, we study the change in dominator chromatic number of graphs like complete graph, complete
bipartite graph, wheel, cycle on removal or addition of some edges.
Theorem 2.1. Let Kn (n ≥ 3) be the complete graph on n vertices. Removal of k edges (1 ≤ k ≤ n − 2) incident to a
vertex v of Kn will decrease the dominator chromatic number of Kn by 1.
Proof. It is very trivial to observe that χ(Kn − {e1 , e2 , e3 , · · · , ek }) = χd (Kn − {e1 , e2 , e3 , · · · , ek }) = n − 1.
Theorem 2.2. Let k be the number of independent edges in Kn . Then removal of m (1 ≤ m ≤ k) independent edges
from Kn decreases the dominator chromatic number of Kn by m.
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Proof. The graph obtained by removal of m independent edges {e01 , e02 , e03 , · · · , e0m } from Kn will still have Kn−m has
subgraph. So n − m colors are required to color the subgraph Kn−m . Clearly the removal of each independent edge
will give a pair of non-adjacent vertices out of which one vertex will be in Kn−m . Since each independent edge e0i
(1 ≤ i ≤ m) has one vertex in subgraph Kn−m say v, then the other vertex can also be colored with color of v on
removal of e0i . This coloring will be the dominator coloring of Kn − {e01 , e02 , e03 , · · · , e0m }. Therefore n − m colors are the
minimum number of colors required for proper coloring as well as dominator coloring of Kn − {e01 , e02 , e03 , · · · , e0m }.
Hence χ(Kn − {e01 , e02 , e03 , · · · , e0m }) = χd (Kn − {e01 , e02 , e03 , · · · , e0m }) = n − m.
Corollary 2.3. Let (Kn×2 ) be the cocktail party graph on 2n vertices. Then χd (Kn×2 ) = n.
Proof. Since Kn×2 is obtained from K2n by removal of any n independent edges.
By Theorem 2.2, χd (Kn×2 ) = 2n − n = n.
Theorem 2.4. Let Km,n (m, n ≥ 2) be the complete bipartite graph. Removal of k edges {e1 , e2 , e3 , · · · , ek } (1 ≤ k ≤ m
or 1 ≤ k ≤ n ) incident to a vertex v of Km,n increases the dominator chromatic number of Km,n by 1.
Proof. Two colors are sufficient for proper coloring of Km,n − {e1 , e2 , e3 , · · · , ek }, but it is not the dominator coloring
since the vertex v does not dominate any color class. Therefore vertex v has to be given a third color which will turn
out to be the χd −coloring of Km,n − {e1 , e2 , e3 , · · · , ek }. Hence χd (Km,n − {e1 , e2 , e3 , · · · , ek }) = 3.
Theorem 2.5. Dominator chromatic number of the complement of a n− cycle (n ≥ 5) is d 2n e.
Proof. Let v1 v2 v3 · · · vn−1 vn v1 be the n− cycle Cn (n ≥ 5) whose complement is denoted by Cn . Clearly v1 and v2 are
non-adjacent in Cn and can receive the same color. If v1 and v2 have same color, then no other vertex of Cn can have
the color of v1 and v2 since every vertex other than v1 and v2 is adjacent to either v1 or v2 . Similarly v3 and v4 can
have same color other than that of v1 and v2 . Therefore the coloring {{v1 , v2 }, {v3 , v4 }, . . . , {vn−1 , vn }} (if n is even) and
{{v1 , v2 }, {v3 , v4 }, . . . , {vn−2 , vn−1 }, {vn }} (if n is odd) will be the proper coloring as well as dominator coloring of Cn . So
χd (Cn ) ≤ d n2 e. It is easy to observe that maximum two vertices can be given same color in Cn since no three vertices
are non-adjacent to each other. Hence χd (Cn ) ≥ d n2 e and χ(Cn ) = χd (Cn ) = d n2 e.
Theorem 2.6. Let W1,n be the wheel graph on n + 1 vertices and {e1 , e2 , e3 , · · · , en } be the edges of the cycle Cn on
W1,n . Then
(
3, if (1 ≤ k ≤ n − 1);
χd (W1,n − {e1 , e2 , e3 , · · · , ek }) =
2, if k = n.
Proof. Since the removal of an edge ei (1 ≤ i ≤ n − 1) from W1,n will still have K3 as a subgraph. So the minimum
three colors are required for proper coloring of (W1,n − {e1 , e2 , e3 , · · · , ek }) (1 ≤ k ≤ n − 1). Color the central vertex
by color 1 and the other two vertices of K3 by color 2 and 3. The vertices of cycle Cn can be colored with either color
2 or 3. This coloring will be dominator coloring of (W1,n − {e1 , e2 , e3 , · · · , ek }) and the minimum number of colors
required for proper coloring as well as dominator coloring of (W1,n − {e1 , e2 , e3 , · · · , ek }) (1 ≤ k ≤ n − 1) is 3. On the
removal of all the edges of Cn on W1,n , graph will be K1,n whose dominator chromatic number is 2.
Theorem 2.7. Let W1,n be the wheel graph on n + 1 vertices and v ∈ V(W1,n ). For n even, joining v to all its
non-neighbors increases the dominator chromatic number of W1,n by 1.
Proof. We know that χd (W1,n ) = 3, for n is even (by the Theorem 1.4).
The central vertex can be colored 1 and vertices of cycle Cn are consecutively colored with colors 2 and 3. Let
v ∈ V(W1,n ) such that color of v is 2, then v is non-adjacent to vertices with color 2 or 3. Changing the color of
non-neighbors of v to color 4 and then joining v to all its non-neighbors will result to dominator coloring of the new
graph. So the minimum number of colors used for dominator coloring is 4.
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3. Construction of Some Graphs with χ d (G1 ) = χ d (G2 ), χ d (G) = γ(G) and χ d (G) = γ(G) + 1
In this section we exhibit some non-isomorphic graphs with same dominator chromatic number, dominator
chromatic number of a graph equal to the domination number of the graph or domination number plus one.
Theorem 3.1. For n ≥ 2, χd (K2n − {e01 , e02 , e03 , · · · , e0n }) = χd (K2n−1 − {e01 , e02 , e03 , · · · , e0n−1 }),
where e0i (1 ≤ i ≤ n) are the independent edges.
Proof. Clearly for n ≥ 2, K2n has n independent edges and K2n−1 has n − 1 independent edges. By the Theorem 2.2,
χd (K2n − {e01 , e02 , e03 , · · · , e0n }) = 2n − n = n and
χd (K2n−1 − {e01 , e02 , e03 , · · · , e0n−1 }) = 2n − 1 − (n − 1) = n.
Theorem 3.2. Let W1,n be the wheel graph on n + 1 vertices and v ∈ V(W1,n ). For n odd, let H be the graph obtained
by joining v to all its non-neighbors. Then χd (W1,n ) = χd (H).
Proof. We know that χd (W1,n ) = 4, for odd n (by the Theorem 1.4). The central vertex can be colored 1 and vertices
on the cycle Cn are consecutively colored with colors 2 and 3 and remaining one vertex with color 4. Let v ∈ V(W1,n )
be such that the color of v is 2. Then v is non-adjacent to vertices with color 2, 3 or 4. The non-neighbor vertex
of v with color 2 can be changed by color 4 and then we can join v to all its non-neighbors which will result to the
dominator coloring of H. The same process can be carried for the vertex with color 3. Now the vertex with color 4 is
non-adjacent to the vertices of color 2 or 3 which will be dominator coloring even after joining vertex of color 4 to all
its non-neighbors in W1,n . So the minimum number of colors required for dominator coloring of H is 4.
Theorem 3.3. Let G be a graph with complete graph Kr as subgraph and {1, 2, 3, · · · , r} be the colors asssociated
to the vertices {v1 , v2 , v3 , · · · , vr } respectively of Kr in G. Let H be the graph obtained by adding a vertex v to G and
joining it to every vertex of subgraph Kr in G. Let there exists a vertex v0 in G such that color of v0 < {1, 2, 3, · · · , r}
and suppose v0 dominates any color class {k}(1 ≤ k ≤ r). Then,
χd (G) = χd (H).
Proof. H is obtained from G by adding a vertex v and joining it to every vertex of Kr in G. Since the vertices of Kr are
colored with colors {1, 2, 3, · · · , r}, the vertex v cannot be colored with color i(1 ≤ i ≤ r). Since there exists a vertex v0
in G such that color of v0 < {1, 2, 3, · · · , r} and v0 dominates any color class {k}(1 ≤ k ≤ r), the vertex v can be colored
with the color of vertex v0 which will lead to dominator coloring of graph H.
Theorem 3.4. Let G be the disjoint union of complete bipartite graphs. Then χd (G) = γ(G).
Proof. Suppose G = ∪Gi (1 ≤ i ≤ k) be the disjoint union of k complete bipartite graphs Gi . Since G has k
components and any two vertices from each component are required for domination. Therefore, γ(G) = 2k. Now
for proper coloring of G, only two colors are sufficient but for the dominating coloring of G every component of G
requires two new colors. Therefore χd (G) = 2k
Theorem 3.5. Let cn be the n−centipede graph on 2n vertices. Then χd (cn ) = γ(cn ) + 1.
Proof. Since the n−centipede graph on 2n vertices is obtained by joining the bottoms of n copies of path P2 , so atleast
one vertex from every path P2 is required for domination.
Therefore γ(cn ) = n.
The minimum number of colors required for dominator coloring of cn is n + 1. i.e the pendant vertices can be colored
with color 1 and the vertices adjacent to pendant vertices with n distinct colors. The following figure shows the
χd −coloring of cn .
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From the above figure it is clear that χd (cn ) = γ(cn ) + 1.
Theorem 3.6. Let W1,n be the wheel graph on n + 1 vertices and V(W1,n ) = {v0 , v1 , v2 , · · · , vn } with v0 as the central
vertex. For n even, let H be the graph obtained from W1,n by adding two vertices x and y, joining x to {v2i } (1 ≤ i ≤ n2 )
and y to {v2i−1 } (1 ≤ i ≤ 2n ) and joining x and y. Then χd (W1,n ) = χd (H) and χd (H) = γ(H) + 1.
Proof. For n even, χd (W1,n ) = 3 (by the Theorem 1.4). i.e color the vertex v0 with color 1, {v2i } (1 ≤ i ≤ n2 ) with color
2 and {v2i−1 } (1 ≤ i ≤ 2n ) with color 3. Now consider the graph H. Since x is adjacent to the vertices with color 2, x
can be colored with color 3 and similarly y can be colored with color 2. Since x and y are adjacent in H, x dominates
color class 2 and y dominates color class 3. Hence χd (H) = 3.
No vertex of H is adjacent to all other vertices of H. So γ(H) > 1. Now {x, v0 } will be the dominating set of H.
Therefore γ(H) = 2 and hence χd (H) = γ(H) + 1.
4. On the Dominator Chromatic Number of Mycielskian of Some Graphs
In [1] it is proved that if there exists a χd −coloring of G such that every vertex v dominates a color class Vi
with v < Vi , then χd (µ(G)) = χd (G) + 1, where µ(G) is the Mycielskian of the graph G.
From results in previous sections, it is clear for graphs such as complete graph, complete bipartite graph, cocktail party
graph, complement of n− cycle, wheel that there exists a χd -coloring such that every vertex v dominates a color class
Vi such that v < Vi . So dominator chromatic number Mycielskian of above mentioned graphs is dominator chromatic
number of respective graph plus one.
Motivated by conclusion and scope in [1], we have proved some results to characterize the dominator chromatic
number of Mycielskian of cycles.
Lemma 4.1. χd (µ(C7 )) = χd (C7 ) + 1.
Proof. we know that χd (C7 ) = 5 (by the Theorem 1.2). Consider the χd − coloring of C7 has shown in the following
figure.
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Since every vertex of C7 dominates a color class other than itself. By the Theorem 1.5 , χd (µ(C7 )) = χd (C7 )+1.
Theorem 4.2. Let Cn (n ≥ 8) be the cycle on n vertices. Then for every χd −coloring of Cn , there exists a solitary
vertex v.
Proof. Let v1 v2 v3 · · · vn−1 vn v1 be the cycle on n vertices. Suppose there exists a χd −coloring of Cn (n ≥ 8) such that
every vertex dominates a color class other than itself. Let S be the minimum dominating set of Cn . Clearly | S |= d n3 e.
The dominator coloring of Cn such that every vertex dominates a color class other than itself can be done using altleast
2d 3n e colors. i.e, coloring the vertices of S with colors 1, 2, 3, · · · , d n3 e and the vertices adjacent to vertex of color i
(1 ≤ i ≤ d n3 e) with color d n3 e + i. Then the vertex with color i dominates color class d n3 e + i and the vertices with
color d n3 e + i dominates color class i. Therefore, the minimum number of colors required for dominator coloring of
Cn such that every vertex dominates a color class other than itself is atleast 2d 3n e which is greater than the dominator
chromatic number of Cn for n ≥ 8 (by the Theorem 1.2). So the dominator coloring of Cn with atleast 2d 3n e colors is
not χd −coloring of Cn which leads to a contradiction to our supposition. Therefore for every χd −coloring of Cn , there
exists a solitary vertex v.
Theorem 4.3. For every χd −coloring of C of Cn (n ≥ 8) and a solitary vertex v, there exists no spare color class
which does not contain any vertex of N(v).
Proof. The solitary vertices with respect to the χd −coloring of C of Cn cannot be the spare color classes since they
dominate themselves. Suppose the coloring C has the spare color class Vi which does not contain any vertex of
N(v), then the vertices of Vi should not be adjacent to any of the solitary vertex which will contradict the fact that
χd (Cn ) = d 3n e + 2. Hence for every χd −coloring of Cn , there exists no spare color class which does not contain any
vertex of N(v) .
In [1], S. Arumugam et al. demonstrated the dominator chromatic number of Mycielskian of cycles C5 , C6 and
have posed the following question,
For which cycles Cn , χd (µ(Cn )) = χd (Cn ) + 2 ?
The following result will characterize the dominator chromatic number of Mycielskian of cycles.
Theorem 4.4. χd (µ(Cn )) = χd (Cn ) + 2 for n ≥ 8.
Proof. By the Theorem 4.2 and 4.3, it follows that for every χd −coloring of Cn (n ≥ 8), there exists a vertex v such
that v dominates itself and for every solitary vertex v, there exists no spare color class which does not contain any
vertex of N(v) which is contrapositive to Theorem 1.6. Therefore χd (µ(Cn )) = χd (Cn ) + 2, for n ≥ 8.
5. Scope for Further Research.
The following are some interesting questions to carry out research in dominator coloring of graphs,
Problem 5.1. Characterize graphs G such that there exists a solitary vertex for every χd −coloring of G.
Problem 5.2. Find graphs G such that χd (µ(G)) = χd (G) + 2.
Problem 5.3. Find graphs G such that χd (µ(G)) = χd (G) + 1.
Problem 5.4. Study the effect of change in dominator chromatic number on removal of cycles (or paths, complete
graph etc) from the given graph.
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