
Montes Taurus J. Pure Appl. Math. 4 (3), 25–32, 2022

MTJPAM
ISSN: 2687-4814

On Some Classes of Fredholm-Volterra Integral Equations in Two
Variables
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Abstract

Let a, b, c ∈ R2, ai < ci < bi, i ∈ {1, 2}, [a, b] := [a1, b1] × [a2, b2], let (B, | · |) be a (real or complex) Banach space, K ∈
C([a, b] × [a, c] × B,B), H ∈ C([a, b] × [a, b] × B,B) and g ∈ C([a, b],B). In this paper we study the following integral equation

u(x) =

∫
[a,c]

K(x, s, u(s))ds +

∫
[a,x]

H(x, s, u(s))ds + g(x), x = (x1, x2) ∈ [a, b].

Using the Fibre Contraction Principle we give existence and uniqueness results, and we prove the convergence of the successive
approximations. By the weakly Picard operator theory (in the framework of the ordered Banach space B) we give Gronwall lemma
type results and comparison theorems. Some other similar type of Fredholm-Volterra integral equations are also studied.
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1. Introduction

Let a, b, c ∈ R2, ai < ci < bi, i ∈ {1, 2}, [a, b] := [a1, b1]× [a2, b2], let (B, | · |) be a (real or complex) Banach space,
K ∈ C([a, b] × [a, c] × B,B), H ∈ C([a, b] × [a, b] × B,B) and g ∈ C([a, b],B). In this paper we study the following
integral equation of mixed type

u(x) =

∫
[a,c]

K(x, s, u(s))ds +

∫
[a,x]

H(x, s, u(s))ds + g(x), x = (x1, x2) ∈ [a, b].

Using the Fibre Contraction Principle we give existence and uniqueness results, and we prove the convergence of
the successive approximations. By the weakly Picard operator theory (in the framework of the ordered Banach space
B) we give Gronwall lemma type results and comparison theorems. Some other similar type of Fredholm-Volterra
integral equations are also studied.
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2. Preliminaries

2.1. Weakly Picard operators

Let (X,→) be an L-space, where X is a nonempty set and → is a convergence structure, in the sense of Fréchet,

defined on X. Usual examples of L-spaces are: metric spaces (X, d), where→:=
d
→; topological spaces (X, τ), where

→:=
τ
→; normed spaces (X, ‖ · ‖), where→:=

‖·‖
→ or→:=⇀; and many others.

Let us consider A : X → X a given operator. Then, we denote by FA the fixed point set of A, i.e., FA := {x ∈
X : x = A(x)}. In this context, A : X → X is said to be weakly Picard operator (briefly WPO) if, for all x ∈ X, the
sequence (An(x))n∈N of Picard iterates converges in (X,→) and the limit (which may depend on x) is a fixed point of
A.

If A is WPO and FA = {x∗}, then by definition A is called a Picard operator (PO).
If A : X → X is a WPO, then we define the operator A∞ : X → X, by A∞(x) := lim

n→∞
An(x). It is obvious that

A∞(X) = FA, i.e., A∞ is a set retraction of X on FA.
In our next considerations, let us consider the case of an ordered L-space, i.e., an L-space endowed with a partial

ordering ”�” which is closed with respect to→.

Abstract Gronwall Lemma. Let (X,→,�) be an ordered L-space and A : X → X be an operator. We suppose that:

(1) A is increasing with respect to �;

(2) A is WPO with respect to→.

Then:

(i) x � A(x)⇒ x � A∞(x);

(ii) x � A(x)⇒ x � A∞(x).

Abstract Comparison Lemma. Let (X,→,�) be an ordered L-space and A, B,C : X → X three operators having the
following properties:

(1) A � B � C;

(2) the operators A, B,C are WPO with respect to→;

(3) the operator B is increasing with respect to �.

Then:
x � y � z⇒ A∞(x) � B∞(y) � C∞(z).

For the abstract Gronawall Lemma and the abstract comparison principle see [9], [10], [12], [13], [14].

2.2. Generalized fibre contraction theorem

The following result is know as the Fiber Contraction Principle.

Fiber Contraction Principle. Let (X,→) be an L-space, (Y, ρ) be a metric space, B : X → X, C : X × Y → Y and
A : X × Y → X × Y , A(x, y) := (B(x),C(x, y)). We suppose that:

(1) (Y, ρ) is complete;

(2) B is WPO with respect to→;

(3) C(x, ·) : Y → Y is an α-contraction, for all x ∈ X;

(4) C : X × Y → Y is continuous.
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Then, A is WPO. Moreover, if B is a PO, then A is a PO.

In order to obtain our main results, we need the following extension of the above theorem.
Generalized Fiber Contraction Principle. Let (X0,→) be an L-space, m ≥ 1 and (Xk, dk), k ∈ {1, · · · ,m} be metric

spaces. For k ∈ {0, 1, · · · ,m} let us consider Ak :
k∏

i=0

Xi → Xk. We suppose that:

(1) for each k ∈ {1, 2, · · · ,m} the metric spaces (Xk, dk) are complete;

(2) A0 is a WPO;

(3) for each k ∈ {1, 2, · · · ,m} the operators Ak(x0, . . . , xk−1, ·) : Xk → Xk are αi-contractions;

(4) for each k ∈ {1, 2, · · · ,m} the operators Ak are continuous.

Then, the operator A :
m∏

k=0

Xk →

m∏
k=0

Xk, defined by,

A(x0, . . . , xm) := (A0(x0), A1(x0, x1), . . . , Am(x0, . . . , xm))

is a WPO. Moreover, if A0 is a PO, then A is a PO too.
For the fibre contraction principle, its generalization and applications see also [12], [13], [14], [16], [17].

3. Main results

Let a, b, c ∈ R2, ai < ci < bi, i ∈ {1, 2}, let (B, | · |) be a (real or complex) Banach space. We shall use the following
notations:

I := [a1, b1] × [a2, b2],
I1 := [a1, c1] × [a2, c2], I2 := [c1, b1] × [a2, c2],
I3 := [a1, c1] × [c2, b2], I4 := [c1, b1] × [c2, b2],
Γ12 := I1 ∩ I2, Γ13 := I1 ∩ I3, Γ24 := I2 ∩ I4.
We also consider the following L-spaces:

X :=
(
C(I,B),

uni f
−→

)
, Xi =

(
C(Ii,B),

uni f
−→

)
, i ∈ {1, 2, 3, 4}.

Let R : X →
4∏

i=1

Xi, u 7→ (u|I1 , u|I2 , u|I3 , u|I4 ) and

U :=

u ∈
4∏

i=1

Xi | u1|Γ12 = u2|Γ12 , u1|Γ13 = u3|Γ13 , u1|Γ14 = u4|Γ14 , u3|Γ34 = u4|Γ34

 .
It is clear that u ∈ X ⇔ R(u) ∈ U and R : X → U is a bijection.

Moreover, R :
(
X,

uni f
−→

)
→

(
U,

uni f
−→

)
is homeomorphism.

For K ∈ C(I× I1×B,B), H ∈ C(I× I×B,B) and g ∈ C(I,B) we consider the following Fredholm-Volterra integral
equation

u(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (3.1)

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I.
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Let A : X → X be defined by

A(u)(x1, x2) :=
∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I. (3.2)

From the definition (3.2) of the operator A we observe that:

A(u)(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (3.3)

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I1

A(u)(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (3.4)

+

∫ c1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

c1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I2

A(u)(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (3.5)

+

∫ x1

a1

∫ c2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

a1

∫ x2

c2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I3

A(u)(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (3.6)

+

∫ c1

a1

∫ c2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

c1

∫ c2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ c1

a1

∫ x2

c2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

c1

∫ x2

c2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I4.
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From (3.3) − (3.6), the operator A induces the following operators:

T1 : X1 → X1, T1(u1)(x1, x2) := second part of (3.3),
T2 : X1 × X2 → X2, T2(u1, u2)(x1, x2) := second part of (3.4),
T3 : X1 × X2 × X3 → X3, T3(u1, u2, u3)(x1, x2) := second part of (3.5),
T4 : X1 × X2 × X3 → X4, T4(u1, u2, u3, u4)(x1, x2) := second part of (3.6),

and

T :
4∏

i=1

Xi →

4∏
i=1

Xi, T := (T1,T2,T3,T4),

i.e.
T (u1, u2, u3, u4) := (T1(u1),T2(u1, u2),T3(u1, u2, u3),T4(u1, u2, u3, u4)).

Remark 3.1. From the definition of T and R we have that A = R−1TR and An = R−1T nR. So we have the following
equivalence:

A :
(
X,

uni f
−→

)
→

(
X,

uni f
−→

)
is a PO

if and only if

T :

 4∏
i=1

Xi,
uni f
−→

→
 4∏

i=1

Xi,
uni f
−→

 is a PO.

Now we present our first existence, uniqueness and approximation result for the equation (3.1).

Theorem 3.2. We suppose that:
(1) there exists L1 > 0 such that:

|K(x1, x2, s1, s2, η1) − K(x1, x2, s1, s2, η2)| ≤ L1|η1 − η2|,

for all (x1, x2) ∈ I, (s1, s2) ∈ I1 and η1, η2 ∈ B;
(2) there exists L2 > 0 such that:

|H(x1, x2, s1, s2, η1) − H(x1, x2, s1, s2, η2)| ≤ L2|η1 − η2|,

for all (x1, x2), (s1, s2) ∈ I and η1, η2 ∈ B;
(3) (L1 + L2)(c1 − a1)(c2 − a2) < 1.

Then:
(i) the equation (3.1) has a unique solution u∗ ∈ C(I,B);
(ii) for each u0 ∈ C(I,B) the sequence {un}n∈N of successive approximations, defined by

un+1(x1, x2) =

∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, un(s1, s2))ds1ds2

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, un(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I,

converges with respect to the uniform convergence on I to u∗.

Proof. To prove the theorem is equivalent to prove that A is Picard operator. For to prove that A is a PO, by Remark
3.1, we shall prove that the operator T is Picard. Since the operator T is triangular, the conclusion will follow by
applying the Generalized Fibre Contraction Principle with m = 4.

Let us consider:
a) on X1 the norm max

I1
|u1(x1, x2)|;
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b) on X2 the norm max
I2

(
|u2(x1, x2)|e−τ2(x2−a2)

)
;

c) on X3 the norm max
I3

(
|u3(x1, x2)|e−τ1(x1−a1)

)
;

d) on X4 the norm max
I4

(
|u4(x1, x2)|e−τ(x1+x2−a1−a2)

)
.

We remark that in the condition (3) and for a suitable chosen of the constants τ1, τ2, τ > 0 the operators T1,
T2(u1, ·), T3(u1, u2, ·), T4(u1, u2, u3, ·) are contractions. From the Generalized Fibre Contraction Principle we have that
T is a PO. From Remark 3.1 the proof is complete.

Remark 3.3. In the case that B := Rp or B := Cp and | · | a norm on Rp or on Cp, Theorem 3.2 is a result for a system
of p integral equations of Fredholm-Volterra type.

Remark 3.4. B ⊂ s(R) or B ⊂ s(C) is a Banach space

(l2(R), l2(C),m(R),m(C),C0(R),C0(C), . . .)

then Theorem 3.2 is a result for an infinite system of integral equations of Fredholm-Volterra type.

Remark 3.5. Let us consider the equation (3.1) in the conditions (1) and (2) of Theorem 3.2. We consider on C(I,B)
the max-norm. If

L1(c1 − a1)(c2 − a2) + L2(b1 − a1)(b2 − a2) < 1,

then A is a PO. Notice that the condition (3) is less restrictive than the above condition.

Remark 3.6. In a similar way we can study the following integral equation

u(x1, x2) =

∫ c1

b1

∫ c2

b2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

b1

∫ x2

b2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), x1 ∈ [a1, b1], x2 ∈ [a2, b2].

Remark 3.7. For the fixed point techniques in the integral equation theory see, for example, the following works:
[1]–[11], [13], [14].

4. Gronwall lemma type result

Let (B, | · |,�) be an ordered Banach space, I := [a1, b1] × [a2, b2], I1 := [a1, c1] × [a2, c2] and the following
inequation

u(x1, x2) �
∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (4.1)

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), x1, x2 ∈ I.

Then we have the following Gronwall lemma type result for our integral equation of mixed type.

Theorem 4.1. Let us consider the integral equation (3.1). We suppose that:
(1) K, H and g are as in Theorem 3.2;
(2) the functions K(x1, x2, s1, s2, ·) : B→ B, H(x1, x2, s1, s2, ·) : B→ B are increasing.
Let u∗ be the unique solution of equation (3.1) and u ∈ C(I,B) be a solution of inequation (4.1).
Then we have that u � u∗.
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Proof. The conclusion follows by applying the Abstract Gronawall Lemma for the Picard operator A : X → X be
defined by

A(u)(x1, x2) :=
∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2), (x1, x2) ∈ I,

where X := (C(I,B),
uni f
−→).

By a similar approach one can prove the following result.

Remark 4.2. If u is a solution of

u(x1, x2) �
∫ c1

a1

∫ c2

a2

K(x1, x2, s1, s2, u(s1, s2))ds1ds2 (4.2)

+

∫ x1

a1

∫ x2

a2

H(x1, x2, s1, s2, u(s1, s2))ds1ds2

+ g(x1, x2),

and K, h, g are as in Theorem 4.1, then u � u∗.

For abstract Gronwall lemma see also [12], [13], [15].

5. Comparison theorems

Let (B, | · |,�) be an ordered Banach space, I := [a1, b1]×[a2, b2] and I1 := [a1, c1]×[a2, c2]. Using the main results
in Section 3 and the Abstract Comparison Lemma we can obtain a comparison theorem for our integral equation of
mixed type. More exactly, we have the following theorem.

Theorem 5.1. Let us consider the integral equation (3.1). We will consider, for i ∈ {1, 2, 3}, the operators Ki, Hi, gi

as in Theorem 3.2 and the corresponding equation (Ei), for i ∈ {1, 2, 3}.
In addition, we suppose that:
(i) K1 � K2 � K3, H1 � H2 � H3, g1 � g2 � g3;
(ii) K2(x1, x2, s1, s2, ·), H2(x1, x2, s1, s2, ·) are increasing.
Then, if u∗i is the unique solution of (Ei) for i ∈ {1, 2, 3}, we have that u∗1 � u∗2 � u∗3.

For abstract comparison lemma see [12], [13], [15].
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