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1. Introduction

For the two indeterminates q and z with |q| < 1, the q-shifted factorial of infinite order is defined by

(z; q)∞ =
∞∏

k=0

(
1 − zqk

)
= (1 − z) (1 − zq) · · · (1 − zqn) · · · .

We have

(z; q)∞ =
(
z, zq; q2

)
∞
, (1.1)(

z2; q2
)
∞
= (z; q)∞ (−z; q)∞ . (1.2)

We adopt the following compact notations for the multiple q-shifted factorial:

(z1, z2, . . . , zm; q)∞ = (z1; q)∞ (z2; q)∞ · · · (zm; q)∞ .

Jacobi triple product identity is given by [7, Theorem 1.3.3, p. 10]

∞∑
n=−∞

znqn2
=

∞∏
n=1

(
1 + zq2n−1

) (
1 + q2n−1/z

) (
1 − q2n

)
=
(
−zq,−q/z, q2; q2

)
∞
, z , 0. (1.3)
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Definition 1.1. The m-dissection of the power series P =
∑∞

n=0 anqn is the presentation of as P = P0 +P1 + · · ·+Pm−1,
where Pk =

∑∞
n=0 amn+kqmn+k, k = 0, 1, . . . ,m − 1.

The celebrated Rogers-Ramanujan continued fraction is defined as [3, p. 153]

R(q) :=
1

1+
q

1+
q2

1+
q3

1+
· · · =

(
q, q4; q5

)
∞(

q2, q3; q5)
∞

. (1.4)

On page 365 of his Lost Notebook [22], Ramanujan wrote five identities which shows the relation between R(q)
and five continued fractions R(−q), R

(
q2
)
,R
(
q3
)
,R
(
q4
)
, and R

(
q5
)
. Rogers [25] found the identity relating R(q) with

R (qn) for n = 2, 3, 5 and 11. The identity (1.4) was first established by Rogers [24]. Ramanujan [22] gave 2-dissections
of R(q) and its reciprocal, and these were first proved by Andrews [2]. Ramanujan [22] gave 5-dissections of R(q)
and its reciprocal, and these results were improved upon and proved by Hirschhorn [15], Hirschhorn conjectured
formulas for 4-dissections of R(q) and its reciprocal, and these were first proved by Lewis and Liu [18]. Hirschhorn
[14] also gave an elementary proof of his conjecture. Recently, Hirschhorn [13] gave the 2- and 4-dissections of the
Rogers-Ramanujan functions which the 2-dissections lead to Gordon’s formulas.

On page 366 of his Lost Notebook [22], Ramanujan investigated the continued fraction (now call Ramanujan
cubic continued fraction) [3, p. 154]

G(q) :=
1

1+
q + q2

1+
q2 + q4

1+
q3 + q6

1+
· · · =

(
q, q5; q6

)
∞(

q3, q3; q6)
∞

, (1.5)

and claimed that there are many results of G(q). This identity was first established by Ramanujan [22]. The 2- and
4-dissections of 1/G(q) were first given by Srivastava [30]. Hirschhorn and Roselin [16] also obtained the 2-, 3-, 4-
and 6-dissections of Ramanujan cubic continued fraction and its reciprocal.

On page 299 of his Second Notebook [21], Ramanujan recorded another continued fraction (now call Ramanujan-
Göllnitz-Gordon continued fraction)

H(q) :=
1

1 + q+
q2

1 + q3+

q4

1 + q5+

q6

1 + q7+
· · · =

(
q, q7; q8

)
∞(

q3, q5; q8)
∞

. (1.6)

This identity was first established by Ramanujan [21]. Without any knowledge of Ramanujan’s work, Göllnitz [10]
and Gordon [11] rediscovered and proved (1.6) independently. On page 44 of his Lost Notebook [22], Ramanujan
also stated

H(q) =
1

1+
q + q2

1+
q4

1+
q3 + q6

1+
q8

1+
· · · =

(
q, q7; q8

)
∞(

q3, q5; q8)
∞

, (1.7)

which first proved by Selberg [28, Eq. (53)], [29, p. 18-19]. Hirschhorn [12] established 8-dissections of H(q) and its
reciprocal, thereby demonstrating the periodicity of the sign of the coefficients in expansions of H(q) and its reciprocal,
and in particular that certain coefficients are zero, a phenomenon first observed and shown by Richmond and Szekeres
[23]. Alladi and Gordon [1], Andrews and Bressoud [5] and Chan and Yesilyurt [9] generalized these themes. Vasuki
and Srivasta Kumar [31] obtained certain identities for Ramanujan-Göllnitz-Gordan continued fraction. Xia and Yao
[32, 34] proved the 8-dissection of the Ramanujan-Göllnitz-Gordon continued fraction by an iterative method.

The Ramanujan-Selberg continued fraction is defined by [3, p. 150], [29]

T (q) :=
1

1+
q

1+
q + q2

1+
q3

1+
q2 + q4

1+
· · · . (1.8)

Independently, Ramanujan and Selberg studied this interesting continued fraction. Ramanujan asserted in his
notebook [21, p. 290] that

T (q) =

(
−q2; q2

)
∞(

−q; q2)
∞

=

(
q; q2
)
∞(

q2, q2; q4)
∞

. (1.9)
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It was A. Selberg, unaware of Ramanujan’s assertion at the time of writing, who gave the first proof of (1.9) in print
[28]. Other proofs were discovered by Ramanathan [20], Andrews, Berndt, Jacobsen and Lamphere [4], and Zhang
[36]. See also the paper by Baruah and Saikia [6] for a penetrating study of T (q) (and related continued fractions).
Zhang [35, 37, 38] investigated the Ramanujan-Selberg continued fractions and given some explicit evaluations of
two Ramanujan-Selberg continued fractions. Chan [8] obtained a modular equation of the Ramanujan-Selberg con-
tinued fraction to give a proof of the celebrated Jacobian identity. Saikia [26] showed two theta-function identities
for the Ramanujan-Selberg continued fraction lead to some modular equations of T (q). Lee and Park [17] studied
the modularity of the Ramanujan-Selberg continued fraction. Saikia and Boruah [27] gave some new explicit val-
ues of Ramanujan-Selberg continued fraction. Nevertheless it seem not to consider by people on the dissections of
Ramanujan-Selberg continued fraction.

Motivated by the above works, especially by the wonderful ideas and methods of Hirschhorn ([12] and [13]), we
will investigate the 2-dissection and 4-dissection for Ramanujan-Selberg continued fraction and its reciprocal based
on Jacobi triple product identity and a result of Hirschhorn.

In the Section 2 of this paper, we establish the 2-dissection and 4-dissection for 1/T (q) with Jacobi triple product
identity. We also show an eight-terms expansion of 1/T (q) based on Hirschhorn’s result [13, p. 231]. In the Section
3, we establish the 2-dissection of T (q) and 4-dissection for (q2; q4)3

∞T (q). In the last section, we give some remarks,
and suggest two open problems and conjectures on the dissections of Ramanujan-Selberg continued fraction.

2. 2-dissection and 4-dissection of 1/T(q)

In this section, we will establish the 2-dissection and 4-dissection of the reciprocal of Ramanujan-Selberg contin-
ued fraction.

Theorem 2.1. The following 2-dissection of 1/T (q) holds

∞∑
n=0

a2nqn =

(
q, q7, q8; q8

)
∞

(
q6, q10; q16

)
∞(

q2; q2)
∞

, (2.1)

∞∑
n=0

a2n+1qn =

(
q3, q5, q8; q8

)
∞

(
q2, q14; q16

)
∞(

q2; q2)
∞

. (2.2)

Proof. Let 1/T (q) =
∑∞

n=0 anqn. Write

∞∑
n=0

anqn =

∞∑
n=0

a2nq2n +

∞∑
n=0

a2n+1q2n+1. (2.3)

On the other hand, we have, from (1.9)

1/T (q) =

(
q2, q2; q4

)
∞(

q; q2)
∞

=

(
q2, q2; q4

)
∞(

q, q3; q4)
∞

=

(
q2, q2; q4

)
∞∏∞

n=1
(
1 − q4n−3) (1 − q4n−1)

=

(
q2, q2; q4

)
∞

∏∞
n=1

(
1 + q4n−3

) (
1 + q4n−1

) (
1 − q4n

)
∏∞

n=1
(
1 − q8n−6) (1 − q8n−2) (1 − q4n)

=

(
q2; q4

)
∞

∏∞
n=1

(
1 + q4n−3

) (
1 + q4n−1

) (
1 − q4n

)
(
q4; q4)

∞

. (2.4)

Let q 7−→ q2 and then set z = q in (1.3), we have

∞∏
n=1

(
1 + q4n−1

) (
1 + q4n−3

) (
1 − q4n

)
=

∞∑
n=−∞

q2n2+n. (2.5)
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Replace (2.5) into (2.4), becomes

1/T (q) =

(
q2; q4

)
∞(

q4; q4)
∞

∞∑
n=−∞

q2n2+n

=

(
q2; q4

)
∞(

q4; q4)
∞

 ∞∑
n=−∞

q8n2+2n + q
∞∑

n=−∞

q8n2−6n

 . (2.6)

Let q 7−→ q8 and then take z = q2 and z = q−6 in (1.3), respectively, we get
∞∑

n=−∞

q8n2+2n =
(
−q6,−q10, q16; q16

)
∞
, (2.7)

∞∑
n=−∞

q8n2−6n =
(
−q2,−q14, q16; q16

)
∞
. (2.8)

Substitute (2.7) and (2.8) into (2.6) and use (1.1) and (1.2), we obtain

1/T (q) =

(
q2; q4

)
∞(

q4; q4)
∞

{(
−q6,−q10, q16; q16

)
∞
+ q
(
−q2,−q14, q16; q16

)
∞

}
=

(
q2; q4

)
∞(

q4; q4)
∞


(
q12, q20; q32

)
∞

(
q16; q16

)
∞(

q6, q10; q16)
∞

+ q

(
q4, q28; q32

)
∞

(
q16; q16

)
∞(

q2, q14; q16)
∞

 . (2.9)

Hence, by (2.3) and (2.9), we find that

∞∑
n=0

a2nq2n =

(
q2; q4

)
∞

(
q12, q20; q32

)
∞

(
q16; q16

)
∞(

q4; q4)
∞

(
q6, q10; q16)

∞

,

∞∑
n=0

a2n+1q2n =

(
q2; q4

)
∞

(
q4, q28; q32

)
∞

(
q16; q16

)
∞(

q4; q4)
∞

(
q2, q14; q16)

∞

.

Replace q by q
1
2 in the above identities, we obtain Theorem 2.1. This proof is completed. □

Theorem 2.2. The following 4-dissection of 1/T (q) holds

∞∑
n=0

a4nqn =

(
q3, q13, q16; q16

)
∞

(
q10, q22; q32

)
∞

(q; q)∞
, (2.10)

∞∑
n=0

a4n+1qn =

(
q, q15, q16; q16

)
∞

(
q14, q18; q32

)
∞

(q; q)∞
, (2.11)

∞∑
n=0

a4n+2qn = −

(
q5, q11, q16; q16

)
∞

(
q6, q26; q32

)
∞

(q; q)∞
, (2.12)

∞∑
n=0

a4n+3qn = −q

(
q7, q9, q16; q16

)
∞

(
q2, q30; q32

)
∞

(q; q)∞
. (2.13)

Proof. From (2.3) write
∞∑

n=0

a2nq2n =

∞∑
n=0

a4nq4n +

∞∑
n=0

a4n+2q4n+2,

∞∑
n=0

a2n+1q2n+1 =

∞∑
n=0

a4n+1q4n+1 +

∞∑
n=0

a4n+3q4n+3.
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By (2.1), we have

∞∑
n=0

a2nqn =

(
q, q7, q8; q8

)
∞

(
q6, q10; q16

)
∞(

q2; q2)
∞

=

(
q6, q10; q16

)
∞

∏∞
n=1

(
1 − q8n−7

) (
1 − q8n−1

) (
1 − q8n

)
(
q2; q2)

∞

. (2.14)

Let q 7−→ −q4 and then set z = q3 in (1.3), we have
∞∏

n=1

(
1 − q8n−7

) (
1 − q8n−1

) (
1 − q8n

)
=

∞∑
n=−∞

(−1)nq4n2+3n. (2.15)

Then (2.14) becomes

∞∑
n=0

a2nqn =

(
q6, q10; q16

)
∞(

q2; q2)
∞

∞∑
n=−∞

(−1)nq4n2+3n

=

(
q6, q10; q16

)
∞(

q2; q2)
∞

 ∞∑
n=−∞

q16n2+6n − q
∞∑

n=−∞

q16n2−10n

 . (2.16)

Let q 7−→ q16 and then take z = q6 and z = q−10 in (1.3), respectively, we deduce that
∞∑

n=−∞

q16n2+6n =
(
−q10,−q22, q32; q32

)
∞
, (2.17)

∞∑
n=−∞

q16n2−10n =
(
−q6,−q26, q32; q32

)
∞
. (2.18)

Therefore, by (1.2) we obtain

∞∑
n=0

a4nq2n =

(
q6, q10; q16

)
∞

(
q20, q32, q44, q64; q64

)
∞(

q2; q2)
∞

(
q10, q22; q32)

∞

,

∞∑
n=0

a4n+2q2n = −

(
q6, q10; q16

)
∞

(
q12, q32, q52, q64; q64

)
∞(

q2; q2)
∞

(
q6, q26; q32)

∞

.

Replace q by q
1
2 in the above identities, we get

∞∑
n=0

a4nqn =

(
q3, q13, q16; q16

)
∞

(
q10, q22; q32

)
∞

(q; q)∞
,

∞∑
n=0

a4n+2qn = −

(
q5, q11, q16; q16

)
∞

(
q6, q26; q32

)
∞

(q; q)∞
.

In the same manner, we can obtain

∞∑
n=0

a4n+1qn =

(
q, q15, q16; q16

)
∞

(
q14, q18; q32

)
∞

(q; q)∞
,

∞∑
n=0

a4n+3qn = −q

(
q7, q9, q16; q16

)
∞

(
q2, q30; q32

)
∞

(q; q)∞
.

This completes our proof. □
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We below give an eight-terms expansion of 1/T (q). We need the following lemma.

Lemma 2.3 (cf. Hirschhorn [13, p. 231]).

1
(q; q)∞

=
1(

q2; q2)2
∞


(
q12, q16, q20, q32; q32

)
∞(

q6, q10; q16)
∞

+ q

(
q4, q16, q28, q32; q32

)
∞(

q2, q14; q16)
∞

 . (2.19)

Theorem 2.4. We have

1/T (q) =

(
q12, q52, q64; q64

)
∞

(
q48, q40, q64, q80, q88, q128; q128

)
∞(

q8; q8)2
∞

(
q24, q40; q64)

∞

+ q

(
q4, q60, q64; q64

)
∞

(
q48, q56, q64, q72, q80, q128; q128

)
∞(

q8; q8)2
∞

(
q24, q40; q64)

∞

− q2

(
q20, q44, q64; q64

)
∞

(
q24, q48, q64, q80, q104, q128; q128

)
∞(

q8; q8)2
∞

(
q24, q40; q64)

∞

+ q4

(
q12, q52, q64; q64

)
∞

(
q16, q40q64, q88, q112, q128; q128

)
∞(

q8; q8)2
∞

(
q8, q56; q64)

∞

+ q5

(
q4, q60, q64; q64

)
∞

(
q16, q56, q64, q72, q112, q128; q128

)
∞(

q8; q8)2
∞

(
q8, q56; q64)

∞

− q6

(
q20, q44, q64; q64

)
∞

(
q16, q24, q64, q108, q112, q128; q128

)
∞(

q8; q8)2
∞

(
q8, q56; q64)

∞

− q7

(
q28, q36, q64; q64

)
∞

(
q8, q48, q64, q80, q120, q128; q128

)
∞(

q8; q8)2
∞

(
q24, q40; q64)

∞

− q11

(
q28, q36, q64; q64

)
∞

(
q8, q16, q64, q112, q120, q128; q128

)
∞(

q8; q8)2
∞

(
q8, q56; q64)

∞

.

Proof. Applying (2.19) to Theorem 2.2, we obtain

∞∑
n=0

a4nqn =

(
q3, q13, q16; q16

)
∞

(
q12, q10, q16, q20, q22, q32; q32

)
∞(

q2; q2)2
∞

(
q6, q10; q16)

∞

+ q

(
q3, q13, q16; q16

)
∞

(
q4, q10q16, q22, q28, q32; q32

)
∞(

q2; q2)2
∞

(
q2, q14; q16)

∞

,

∞∑
n=0

a4n+1qn =

(
q, q15, q16; q16

)
∞

(
q12, q14, q16, q18, q20, q32; q32

)
∞(

q2; q2)2
∞

(
q6, q10; q16)

∞

+ q

(
q, q15, q16; q16

)
∞

(
q4, q14, q16, q18, q28, q32; q32

)
∞(

q2; q2)2
∞

(
q2, q14; q16)

∞

,

∞∑
n=0

a4n+2qn = −

(
q5, q11, q16; q16

)
∞

(
q6, q12, q16, q20, q26, q32; q32

)
∞(

q2; q2)2
∞

(
q6, q10; q16)

∞

− q

(
q5, q11, q16; q16

)
∞

(
q4, q6q16, q26, q28, q32; q32

)
∞(

q2; q2)2
∞

(
q2, q14; q16)

∞

,
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∞∑
n=0

a4n+3qn = − q

(
q7, q9, q16; q16

)
∞

(
q2, q12, q16, q20, q30, q32; q32

)
∞(

q2; q2)2
∞

(
q6, q10; q16)

∞

− q2

(
q7, q9, q16; q16

)
∞

(
q2, q4, q16, q28, q30, q32; q32

)
∞(

q2; q2)2
∞

(
q2, q14; q16)

∞

.

It follows that Theorem 2.4. The proof is completed. □

3. 2-dissection of T(q) and 4-dissection of
(
q2; q4

)3
∞

T(q)

In this section, we establish the 2-dissection of Ramanujan-Selberg continued fraction and 4-dissection of
(
q2; q4

)3
∞

T (q).

Theorem 3.1. The following 2-dissection of T (q) holds

∞∑
n=0

b2nqn =

(
q, q7, q8; q8

)
∞

(
q6, q10; q16

)
∞(

q2; q2)
∞

(
q; q2)3

∞

, (3.1)

∞∑
n=0

b2n+1qn = −

(
q3, q5, q8; q8

)
∞

(
q2, q14; q16

)
∞(

q2; q2)
∞

(
q; q2)3

∞

. (3.2)

Proof. Let T (q) =
∑∞

n=0 bnqn. Write

∞∑
n=0

bnqn =

∞∑
n=0

b2nq2n +

∞∑
n=0

b2n+1q2n+1. (3.3)

On the other hand, we have, from (1.9)

T (q) =

(
q; q2
)
∞(

q2, q2; q4)
∞

=

(
q, q3; q4

)
∞(

q2, q2; q4)
∞

=

∏∞
n=1

(
1 − q4n−3

) (
1 − q4n−1

) (
1 − q4n

)
(
q2, q2, q4; q4)

∞

. (3.4)

Let q 7−→ q2 and then set z = −q in (1.3), we have

∞∏
n=1

(
1 − q4n−1

) (
1 − q4n−3

) (
1 − q4n

)
=

∞∑
n=−∞

(−1)nq2n2+n. (3.5)

Replace (3.5) into (3.4), becomes

T (q) =
∑∞

n=−∞(−1)nq2n2+n(
q2, q2, q4; q4)

∞

=
1(

q2, q2, q4; q4)
∞

 ∞∑
n=−∞

q8n2+2n − q
∞∑

n=−∞

q8n2−6n

 . (3.6)

Let q 7−→ q8 and then take z = q2 and z = q−6 in (1.3), respectively, we get

∞∑
n=−∞

q8n2+2n =
(
−q6,−q10, q16; q16

)
∞
, (3.7)

∞∑
n=−∞

q8n2−6n =
(
−q2,−q14, q16; q16

)
∞
. (3.8)
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Substitute (3.7) and (3.8) into (3.6) and use (1.1) and (1.2), we obtain

T (q) =
1(

q2, q2, q4; q4)
∞

[(
−q6,−q10, q16; q16

)
∞
− q
(
−q2,−q14, q16; q16

)
∞

]
=

1(
q2, q2, q4; q4)

∞


(
q12, q20; q32

)
∞

(
q16; q16

)
∞(

q6, q10; q16)
∞

− q

(
q4, q28; q32

)
∞

(
q16; q16

)
∞(

q2, q14; q16)
∞

 . (3.9)

Hence, by (3.3) and (3.9), we find that

∞∑
n=0

b2nq2n =

(
q16; q16

)
∞

(
q12, q20; q32

)
∞(

q2, q2, q4; q4)
∞

(
q6, q10; q16)

∞

,

∞∑
n=0

b2n+1q2n = −

(
q16; q16

)
∞

(
q4, q28; q32

)
∞(

q2, q2, q4; q4)
∞

(
q2, q14; q16)

∞

.

Replace q by q
1
2 in the above identities after using

(
q2; q4

)
∞
=
(
q2, q6, q10, q14; q16

)
∞

, we obtain Theorem 3.1. This
proof is completed. □

Theorem 3.2. The following 4-dissection of
(
q2; q4

)3
∞

T (q) holds

∞∑
n=0

c4nqn =

(
q3, q13, q16; q16

)
∞

(
q10, q22; q32

)
∞

(q; q)∞
, (3.10)

∞∑
n=0

c4n+1qn = −

(
q, q15, q16; q16

)
∞

(
q14, q18; q32

)
∞

(q; q)∞
, (3.11)

∞∑
n=0

c4n+2qn = −

(
q5, q11, q16; q16

)
∞

(
q6, q26; q32

)
∞

(q; q)∞
, (3.12)

∞∑
n=0

c4n+3qn = q

(
q7, q9, q16; q16

)
∞

(
q2, q30; q32

)
∞

(q; q)∞
. (3.13)

Proof. Let
(
q2; q4

)3
∞

T (q) =
∑∞

n=0 cnqn. Write

∞∑
n=0

cnqn =

∞∑
n=0

c4nq4n +

∞∑
n=0

c4n+1q4n+1 +

∞∑
n=0

c4n+2q4n+2 +

∞∑
n=0

c4n+3q4n+3. (3.14)

On the other hand, we write, from (3.3)
∞∑

n=0

b2nq2n =

∞∑
n=0

b4nq4n +

∞∑
n=0

b4n+2q4n+2, (3.15)

∞∑
n=0

b2n+1q2n+1 =

∞∑
n=0

b4n+1q4n+1 +

∞∑
n=0

b4n+3q4n+3. (3.16)

It is easily seen that, from Theorem 2.1 and Theorem 3.1

∞∑
n=0

b2nqn =
1(

q; q2)3
∞

∞∑
n=0

a2nqn, (3.17)

∞∑
n=0

b2n+1qn = −
1(

q; q2)3
∞

∞∑
n=0

a2n+1qn. (3.18)
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Applying Theorem 2.2 and combining (3.15) and (3.16), we obtain

∞∑
n=0

b4nqn =

(
q3, q13, q16; q16

)
∞

(
q10, q22; q32

)
∞(

q
1
2 ; q
)3
∞

(q; q)∞
, (3.19)

∞∑
n=0

b4n+1qn = −

(
q, q15, q16; q16

)
∞

(
q14, q18; q32

)
∞(

q
1
2 ; q
)3
∞

(q; q)∞
, (3.20)

∞∑
n=0

b4n+2qn = −

(
q5, q11, q16; q16

)
∞

(
q6, q26; q32

)
∞(

q
1
2 ; q
)3
∞

(q; q)∞
, (3.21)

∞∑
n=0

b4n+3qn = q

(
q7, q9, q16; q16

)
∞

(
q2, q30; q32

)
∞(

q
1
2 ; q
)3
∞

(q; q)∞
. (3.22)

Multiplying both sides of the above identities by
(
q

1
2 ; q
)
∞

, noting that (3.14), we complete the proof of Theorem 3.2.
□

By Theorem 2.2 and Theorem 3.2, we easily get the following relations between their coefficients an and cn.

Conjecture 3.3. We have, for n ≥ 0

a4n = c4n, a4n+1 = −c4n+1,

a4n+2 = c4n+2, a4n+3 = −c4n+3.

4. Remarks, two open problems and conjectures

In this section, we give some remarks and suggest two open problems and conjectures open the dissections of the
Ramanujan-Selberg continued fraction.

Remark 4.1. We can give the second proof the 2-dissection of 1/T (q) using Hirschhorn’s result. If we rewrite the
representation of 1/T (q) as

1/T (q) =

(
q2, q2; q4

)
∞

(
q2; q2

)
∞

(q; q)∞
.

Applying (2.19), Theorem 2.1 follows.

Remark 4.2. In fact, our Theorem 3.2 give the 4-dissection of (q;q)2
∞

(q4;q4)∞
:

(q; q)2
∞(

q4; q4)
∞

=
(
q3, q13, q16; q16

)
∞

(
q10, q22; q32

)
∞
− q
(
q, q15, q16; q16

)
∞

(
q14, q18; q32

)
∞

− q2
(
q5, q11, q16; q16

)
∞

(
q6, q26; q32

)
∞
+ q7
(
q7, q9, q16; q16

)
∞

(
q2, q30; q32

)
∞
.

Hirschhorn [16] gave more dissections of q-infinite products, the following are two analogue forms (q2;q2)∞
(q;q)∞

and
(q;q)∞

(q2;q2)∞
on the 3-dissection as:(

q2; q2
)
∞

(q; q)∞
=

(
q6; q6

)
∞(

q3; q3)2
∞

[(
−q12,−q15, q27; q27

)
∞
+ q
(
−q6,−q21, q27; q27

)
∞
+ q2
(
−q3,−q24, q27; q27

)
∞

]
,

(q; q)∞(
q2; q2)

∞

=

(
q3; q3

)
∞(

q6; q6)2
∞

[(
q21, q33, q54; q54

)
∞
− q
(
q15, q39, q54; q54

)
∞
− q5
(
q3, q51, q54; q54

)
∞

]
.
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Remark 4.3. We can prove that Theorem 2.2 is equivalent to the result of Xia and Yao [33, Eq. (1.7), p. 2036] which
has a typing error in the last term.

Open Problem 4.4. How do we establish the 4-dissection of Ramanujan-Selberg continued fraction T (q)?

Conjecture 4.5. Let T (q) =
∑∞

n=0 bnqn. If the 4-dissection of T (q) exists and can be found, then the sign of each of bn

is periodic with period 4, for n ≥ 0

b4n > 0, b4n+1 < 0, b4n+2 < 0, b4n+3 > 0.

Open Problem 4.6. How do we find the 8-dissection of 1/T (q)?

Conjecture 4.7. Let 1/T (q) =
∑∞

n=0 anqn. If the 8-dissection of 1/T (q) exists and can be found, then the sign of each
of an is periodic with period 8, for n ≥ 0

a8n > 0, a8n+1 > 0, a8n+2 < 0, a8n+3 < 0,
a8n+4 > 0, a8n+5 > 0, a8n+6 < 0, a8n+7 < 0.
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