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Abstract

This paper introduces a novel type of generalized complex Szdsz-Kantorovich operators. Subsequently, we establish quantitative
estimates within Voronovskajais theorem, determining precise orders for approximating analytic functions. Notably, our approach
eliminates the need for imposing exponential growth conditions on compact disks when considering these operators.
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1. Introduction

Complex approximation refers to the process of estimating a complex function by using simpler or more manage-
able functions. Complex approximation is often employed when dealing with complex numbers or functions defined
in the complex plane. The goal is to find simpler functions that closely mimic the behavior of the complex function,
making it easier to analyze or compute. Various methods and operators, such as Szdsz—Mirakjan operators or gener-
alized complex Szasz-Kantorovich operators, may be used in complex approximation to achieve the desired level of
accuracy in representing complex functions. This field is particularly relevant in complex analysis, where understand-
ing the behavior of complex functions and finding effective ways to approximate them is a key aspect of mathematical
research and applications.

For ¢ : [0, 0) — R and n € N, the Szdsz—Mirakjan operators of real variable is defined as

Sy (50 = "”‘ZW 2], (10

where the convergence of S, (; x) to ¢ (x), under the exponential growth condition on i, that is [y (x)| < C exp (Bx),
for all x € [0, o), with C, B > 0, was established in [1]. In [10], Totik proved that lS W x) — w(x)l C for all

€ [0,0) and n € N, by adding some additional assumptions to . In [3], Gal acquired quantitative estimates
for the convergence within compact disks, for complex Szasz-Mirakjan operators attached to analytic functions that
satisfying some suitable exponential-type growth condition. Two years later, Gal [4] obtained a quantitative estimate
in Voronovskaja’s theorem and determined the exact orders for the approximation of analytic functions within a disk
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of radius R and center at 0, all without imposing exponential growth conditions. In [7], authors, introduced Szasz-
Kantorovich operatos in a compact disks and investigated the order of approximation and quantitative estimates for
these operators. Approximation properties of the g-Szasz-Kantorovich operators are studied in [5]. Moreover, all the
findings in this current paper are derived without imposing exponential growth conditions on the analytic function
within the disk. In this paper, we introduce the new type generalized complex Szdsz-Kantorovich operators, defined
as follows (see for real variable in [9])

1 1
> k
Kiwis) = > puts) f f w(%)dn...dn, (12)
k=0 0 0

where [ € Z.

If ¢ is bounded on [0, co) then it is clear that K,li (¥; ¢) are well defined for all ¢ € C.

Let Dg be a disc Dy := {¢ € C: |¢] < R} in the complex plane C. The space of all analytic functions on Dy is
denoted by H (D). For ¢ € H (Dg) we assume that ¢ (¢) = Z;‘;O aﬁgﬁ .

The rest of this study is structured as follows. In Section 3, Section 4, and Section 5, we derive auxiliary results,
quantitative estimates of convergence, and Voronovskaja-type outcomes for new operators associated with analytic
functions on compact disks, respectively.

It’s worth mentioning that certain findings from this paper were showcased during the 7th International Conference
COIA [6].

2. Auxiliary results

To establish the main theorems in the subsequent sections, it is necessary to utilize the following auxiliary lemmas
in the proofs.

Lemma 2.1. Letl € Z*. Foralln € N, B € NU{0} and ¢ € C, we have

K S = g ) njn n(€jysS). 2.1
pews)= (jo,...,j, (;7+l)/3(j1+1)...(j;+1)S](e]° 2 @D

Jo++ji=B

Proof. By direct calculation,

eﬂs’

k:
—nci(m‘)j ( )f fk"]f“ f"
= e
= ! seeea i (77+l)ﬁ
e PN ns‘)"()
Z (J'O,-'-7J'l)(77+l)ﬁ(j1+1)---(j1+1) kz(; !

( p )” S e ).
jO?"‘?JZ (T] )ﬁ nEhn

K, (es:5)

=

Jo++ji=B

g

Jo++ji=B

Lemma 2.2. Letl € Z*. For all ¢ € C, we have

'K,l7 (eﬁ; g)' <@rp, BeN.

120



Kara and Mahmudov / Montes Taurus J. Pure Appl. Math. 6 (3), 119-130, 2024

Proof. Using the inequality |S,, (e 5 g)| < 2rY (cf [2, p. 115]), we get the following result:

. B ,]jo -
afess) < 2 (jo,---,jz)(n+l)5(j1+1)...(j,+1)|S"(e’°’g)|

Jo+-+ji=B
i B
n+1+---+1
< — IS, (ep:6)| < @r)f.
O
Lemma 2.3. We have
K} (eo:s) = 1,
n
Kl (e1:c) = T
MEHY) 20+ D) 77+lg’
1B+ 1) (+1 2
K} (e2:6) = P
12+1)° @m+1D n+D
3% +1 n-1 ?
Kl — 2; = +
(1= xe0s6) = 7y (77+l)2g ey
Lemma 2.4. Letl € Z*. Foralln,B e N, ¢ € C, we have
Kl (€ﬁ+1;§) = SK/l(e/;, )+§'K (6[3, ) ]
" n " (n+1f
B+1 ) n’ { 1 Jo }
X . N ; - S, less). (2.2)
: Z (]0,---»]1 i+ DG+ D {n+l B+1Dn ”(‘m )
Jo+-+ji=B+1
0<jo<p+1

Proof. Taking the derivative of K,l] (eﬁ; g) and by the substitution S ,] (e oS g) =-nS, (e o> g) + gS " (e o+ 13 g) (see [2, p.
115])

’ 1 ﬁ 77./0
K!(e 'y — ( ) ; ;
n(ﬁ ) (,7+1)/3'j0+_”+j’=ﬁ Jore- s i) Gr+ D (i + 1)

(—nSn(ejo;g) + gSn(ejon;g)

n_ 1 ( B ) U
S’(n+l)ﬁj0+m+jl_ﬁ Jos---s i) G+ D).

(jl + 1)S77 (e./0+1 ; g)

(2 el
(n+l)ﬁ,++ﬂ_ﬁjo,-.-,11 Gra D G T’

Srls) = o 2 ( ; ) 5, (e4i6) - Kol
T m+1f . Jo— Vi i) Gia D G 1y 1\ §) = sKales:
Jot-+j=p+1
1<jo<B+1
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If K,’7 (e[m; g) is added to both sides in the above equality, the following result is obtained

Kylepmis) = S, (esi0) + oKy (esie) ¢ iy ) (BH )(jl+1)7.]f0.<j1+1)s"(e"°;9)

(n+l)ﬁ+1j0+---+jl=ﬁ+l jO""’j/
1 B ) njo—l
EE— . = - Sqlejss).
m+10° P %: g1 (10—1,...,], Gi+D...Gi+ 1D "(f° )
oty =
1<jo<p+1
g ’
Kl (eperis) = EKW’(eﬁ;§)+§K,’7(eﬁ;g)
1 B+1 ) nlo
T . = - Sylej:s
(n + P! i+ g‘ g+l (Jo,--.,Jz Gir+D...(i+ 1D "("’ )
0+t ) =
Jo=0
1 B+1 ) n” { 1 Jo }
t— . N b - - S, lei;s
(n+ 1y P _'_Zj_ﬁ_{_l(ﬂ),...,jl Gir+D...(i+ D \n+l @B+1Dn "<’° )
o d et =
I1<jo<p+1
g ’
= EKnl(eﬁ;g)+gKf]<eﬁ;g)
1 B+1 ) nk { 1 Jo }
+ . = - - S, leiss).
(n+ 1y o +ZJ: BH(JO,...,JI Gi+D...Gi+ D \n+l B+Dn n(¢3:5)
0 1=
0<jo<p+1

Also, for the above result, we need the following identity

( B _( B+1 Jo
j0_17j19--~7j] jO’jlv-“?jl (ﬂ"‘l)

Define
(82 + B - 1) - 2IBg) !
2(n+ 1D

Eyp(s) =K. (ep:5) — e (<) -
Lemma 2.5. Letl € Z*. For all n,B € N, we have

l

, / : 1B-1 I
E;p(s) = %{(K,/ (eﬂ_l;g)—eﬁ-l;(g)) +<S‘81)}+§Enﬁ—l (s) + n(fﬁl))fﬁfl " s
1 B nk Jo . Jo
1= 2012 s (eiis).
+(77+l)5 , Z (j0,~~-sjl)(jl+1)--~(jl+1){ B :377} n(em g)
Jot -+ =8
0<jo<pB

Proof. It is obvious that E,z(s) is a polynomial and deg (E,],ﬁ (g‘)) < B . Additionally, E, o () = 0.
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Using the formula (2.2), we get
S 1
Eyp(s) = EK" (ep-13) + oK} (ep-15 )

1 B 1o 1 Jo
PR —=—3S -
Tar T Z (jo,-..,jz)(jl+1)...(j1+1){77+l ﬁn} 1 (enss)
Jot-+i=8

0<jo<B
(8> +BU—1)-2ps) ,
- 2+ 1) ¢
¢ (( C (B-1D+@-DU-1D-2(B-Dis)s*!
= {(K,,] (ep-136) — eprs (g)) +(¢*) } +SEpp1(6) + 20D
1 B n’ 1 Jo
I — _Z\lg e
e DY (jo,...,jl)(jl+1>...<jl+1>{n+l ﬁn} 1[enis)
Jo+--+ji=p
0<jo<p
(8> +BU—1) - 2ip5) .
- 2 +1) '

Evp(s) = % {(K;zl (eﬁ—l; 5‘) —eg1; (5‘))/} +6E, 51 () + ﬁ%gﬂ—l
(B-12+@-1U-1)-26- D)~ (B + B - 1) - 218g))

’ 200+ 1)
1 B n’ 1 Jo
Yo Z, (jo,...,j,)(jl+1>...(jz+1>{n+l ,377} 1 (en:5)
Jot -+ ii=p
0<jo<p

S N ) B=1,4, B=-1D’-B-(-1) 4 !
- n(K" (e5-1:5) = 5-1:(5)) +6Epat () + O 2(“ T e

- %{(Knl (eﬂ—l;g)_eﬂ—l;(g)) +(5ﬂ_1)/} +sEp (94 Zlg (nfr ) Sﬂ 1 (’7+I)Sﬁ

1 B 1’ 1 Jo
— > — RS, (e
+(r]+l)ﬂ_1 . ) (jo,-.-,jz)(jl+1)---(j1+1) {77+l ,377} n(ejo g)
Jot-+i=8

0<jo<p

- § 1 So) ) D 4 l -1 l
= n{(K" (e-1:5) eﬁ-1,(§))}+§En,ﬁ-1(§)+ (”)sﬁ 2(7]+l)§ﬁ +(n+l)§ﬁ

i B e Jo _ o
1-=-1=:S,lej:s)-
T _Z. (jo,~--,jz)(j1+1)-~(j1+1){ 5 ﬁ} r{ewis)

which is the desired recurrence formula. O

3. Upper estimates

In the following theorem, we examine the quantitative estimates of convergence for K,l] associated with an analytic
function within a disk of radius R > 1 and centered at 0.
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Theorem 3.1. Let ¢ € H (D), | € Z*and y : [R,00) UDg — C be bounded on [0,). If r € [1,%), then for all
ls| < rand n € N we have

3 (o)
K, :6) -0 (s)| < a ; les| BB+ D 2r).

Proof. Using the recurrence formula (2.2), we get:

K (esi5) —es(s) = %K;,’(e/;_1;§)+€(1( (es-1:6) = €51 (5) 3.1
- B n” _Jo_,Jo .
e DY (jo,...,jl)m+1>...<j,+1>{1 B lﬁn}s”(e"‘”g)'
Jot -+ =8
0<jo<p

We can easily guess what is the sum in the above formula

1 B 1’0 Jo Jo
> 1- 212248, (e
m+10° . (jo,...,jz)(jl+1)-..(j1+1){ B ﬁn} ”(e"’ g)
Jot -+ i=8

'Sn (ej;g)|

1 B-1 nlo ‘ Jjo
< (7]+])B . Z ( jO?"‘7jl )ﬂ(Jl"'l) (]l+1)
Jot+-+ji=B-1

0<jo<p-1
al
+(77Tl)ﬁsn(€ﬁ,§)
2@+ 0+l
: n+1f erf

Qrp. 3.2)

S2B+l

It is a recognized fact that through a linear transformation, the Bernstein inequality within the closed unit disk under-
goes a modification.

Ph@| < B[] foral i< r21,
where Pg (¢) is a complex polynomial and deg(P; ()) < . From the formula (3.1), we get

28+1

le, (eg:5) - es (§)| |K (ep-136 )| K} (ep:5) — €51 (g)‘ @ Y
;ﬂ_ eﬁ 56 ” +l’| (Eﬁ—1,§>—€ﬁ 1(5‘)’
E=L o+ 2 a4 oK, (eﬁ l,g)—ew(c)\

3ﬁ+l (2)3

<r ’Kn (ep-1:6) — ep1 (S‘)‘
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Forp=1,2,..., we get

'K; (e5:6) — e (g‘)' < (zr)ﬁ GB+1-1)+ r(zrzﬁ—' GEB-D+1-1)+7? (2?; - + 5] (27;) G+l-1)
_ 3(ﬁ+ﬁ— I+---+1)+B81- 1)(2r)ﬁ
n
< BB+D Q. (3.3)
2n
Since K, (¥; ¢) is analytic in Dg, we can write
K, (Ws¢) = i;aﬁl(,’] (eg:5), < €Dp,
B=
which, together with estimation(3.3) immediately implies for all |[¢] < r
KL i) - u(s)| < (}ﬂk (esi5) - es ()| < 5 }]ﬂﬁw+M%f
B=
O

4. Voronovskaja’s theorem

Voronovskaja’s theorem is a result in approximation theory, specifically dealing with the convergence properties
of certain approximation operators. The theorem provides an estimate for the rate of convergence of a sequence
of approximation operators to a given function. Named after the Soviet mathematician Tamara Voronovskaja, the
theorem often involves expressing the difference between the function being approximated and its approximation in
terms of a remainder term.

In this section, we study a Voronovskaja type result in a compact disk, for K,’I attached to analytic function in Dg,
R € [1, 00) and center 0.

Theorem 4.1. Let € H(Dg), | € Z*and ¢ : [R,0) U m — C be bounded on [0,). If r € [1, §), then for all
ls| < rand n € N we have

L la=29)
n W 6) =¥ (s) 200 H)tﬁ()

2(n+l)wﬁ( )‘ Z|aﬁ| 100B-1+D(B-1>@r’.

Proof. If we use the recurrence formula (2.2) after doing a simple calculation, we get the following relationship.

, ' 1(B-1
E,p(¢) = %{(Knl(eﬁ—l;g)_eﬁ—l;(g))}+gEn,ﬁ—l(S‘) ((ﬂ+l))s.31 2(n+l)5ﬁ1 (n+l)5ﬁ
1 ﬁ T]]" ]0
1-=-1& e
+(77+l)ﬁ . Z (jo,...,jz)(h+1)...(j;+1){ ﬁ Bn } '7(610 g)
Jo+ 4 i =p
0<jo<B
sl(x ' D 4 s
= 5{(Knl(eﬁ1;5‘)—6,31;(5‘))}+5‘E,,,51(g)+ 77+l)g6 2(;7+l)g51
l l ig [ 5 ) i - .
s e () a8 07 S"(‘fﬁ—l’g)*—z( 5" Sulesris)
1 B njo
Y 1———l Solei;
+(77+l)ﬁ . Z (jo,-..,jl)(j1+1)...(j1+1){ B Bn } (efo g)
Jo+ =2
0<jo<p-2
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Eyp(e) = % {(K;]l (6571;5‘) - 6;31;(5‘)),} +SEu5-1(5) + i~ i))S'B_ ! — (eﬁ;g)

l
_n—JrlS,](eﬁ;g) 0 +l)gﬁl (n+l)gﬁ (77+l)ﬁ)78 S (eﬁ g)

l ~ ) ; 1
_2(,7_,_1);3 B-Dnf Sn(eﬁ—1;§)+ 2(17—+l)ﬁnﬂ S,](eﬁ_l;g‘)+ msn(eﬁ—ﬁg)— msn(eﬁ—l;g')

1 B njo ]0 jo -
+(’7+I)B : Z (jo ----- jz)(j1+1)...(jz+1){l B 1,3} ”(eﬂvg)'
o+ ji=B-2
0<jo<B-2
’ ' 1
Ep(o) = %{(Knl(gﬁl;g)—eﬁ1;(;))}+gE,,ﬁl ©) + (n+l)) b1
sl (1 ) e
n+l! LAY/ 1+ P 58S
I . / _
sy B DT Sulemis) + 5o (Saleiis) - 67)
__ ! (1 ! ) o(e5-1:9)
2+ 1) (+ 0! AL
; ﬁ Ujo _Jo Jo B
+(7]+l)ﬁ . Z (]0 ..... j])(]1+1)(]1+1){1 B lﬂ} ”(ejo’§>
Jot o+ =2
0<jo<p-2
9
= Z[k,
k=1
where
_ -1
13_77(77+l)
;7+l(g8 S (eﬁ;g))

el e

! §
Is= 56 H)ﬁ(ﬂ—l)rf %S, (ep-136)
I = 2(’7+l) (S‘ﬁ_ 77(63—1;5‘))

1 7!
= 1- -
f 2(n+1)( (n+1yf—) r(e5-139)

! B n’ Jo L Jo
=— 1-=-1=—3S,lei;s).
m+0F Z (jo ..... jl)(j1+1)...(j,+1){ B /3,7} ’7(610 g)
Jot-e 4 =B =2
0<jo<p-2

From the proof of Theorem 1.8.4 of [2], we have

o=y < 2 .
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It follows that

61(B—1)2rP!
|14|<—';3 Sy (es:6)| < —(ﬁn(n):l)r)ﬁ

_ 31(B-2)2rF2
|§ﬂl (eﬁ 15 §‘)l T—l—l)r

| <
|7|_2(’7+1)

Applying the inequality

we have

! 7 oL 1B-D
o= (1 IR l)ﬂ-l)'s”(eﬁ’g)' e O

! - ! .
IIs| < (1 (nZBl)ﬁ‘)| (€ﬁ71;§)| Eﬂ 1)2( 2l

For Iy we have

1 ﬁ njo jO jO
I (L F i P
o] < ( +I)B Z (]0 ..... ]l)(]1+1)(]1+1){ B ﬂn} 'l(ejo §')
Jot - +j=B-2
0<jo<p-2
! B-2\_ BB-Dn» Jo
Y 1———l Sylei:
<(77+l)ﬁ . Z (JO ..... jz)(j1+1)...(jl+l) B Bn (efo g)
Jot-tii=B-2
0<jo<pB-2

J2ABB-D D s L 2B 1) .
= m+1y @rf (n+ 1) @y

Thus
r|(K (eﬁ 1 S‘)—eﬁ 1(§))‘+F|E 51(6)| + B-D) -
n (n+l)
61(B—1)@2rP! 1(/3—1) l(ﬁ 1 X
* nn+0 (77+l)2( P 1)2( e
3MB-2)@2rF?  1(B-1) - 21;3(5 D g
2r
ETCEY) +2(n 1)2( 2 T+ ? @y
-13(B-1 1+1
%ﬁr ® )2(5 D 0rf kB (6] +
—_ 12 (B — — 12 (B —
20— 1)* (B 1+l)(2r)ﬁ+8l(ﬁ D (ﬂ2 ”l)(zr)ﬁ
n n+D
2
101(ﬁ—1+21)(ﬁ—1) orp.
n

IA

|Enﬁ (9)|

IA

8B - 1)
2
+ 1)’ @y

IA

IA

r|En.ﬁ—1 (§)| +

Therefore, we have

100(8—1+D(B— 1)
1y ()] < r|Eypn ()] + LB ;)(ﬂ " 2nf .
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As a consequence, we get

100B-1+D(B-1)°
1, 0)] < 2P ;)w " o

Note that since y/¥ = 22’3":4 agBB-1)(B-2)(B-3) ¢#~* and the series is absolutely convergent for all || < R, it
easily follows the finiteness of the involved constants in the statement. O

5. Exact estimates
The following lower estimate holds.

Theorem 5.1. Lety € H (Dg) and ¢ : [R, o0) U }DTR — C be bounded on [0, ). If r € [1, g) and if  is not a constant
function then the estimate

1
K, W) -, = SCW). neN.
holds, where the constant C, () depends on rand  but not depends on n.

Proof. For all ¢ € Dg and 7 € N we get

ntd-2¢) .
2(+1)

Id-2¢)

L g @) — () = +
K, (4 ¢) W(S‘)—n{ 2 +1)

v(s) + w(g)+ n(Klwf §) =y () - v'(s) - nd/’(g))}

1(1-29) , , [(1-29) ¢ . = P(1-2)
7]{ W(s)+ ¢(§)+ U(K(dfg) ¥ (s) - 20+ )l//() l!/() ) +l)l//())}
We apply
IF + Gll, 2 IlFll, = Gl = 1FIl = G,
to get
; L)L =2ey) el 2 ( ; o A =2e) . e //_12(1—29) ) }
I @) - u]], = {H—w “ay R T A1) IS

Given the assumption that y is a non-constant polynomial in Dg, we get ||@gb’ -3¢, > 0.
Indeed, supposing the contrary it follows that

a zg)lﬂ( )+ o lﬂ”(g‘) 0 for all [¢]<r.

Denoting y(¢) = ¢’(s), seeking y(¢) in the form bis*, and replacing in the above differential equation, we easily
k=0

getby =0forall k=0,1,.... (We can apply analogous reasoning in this context as in the work of [7]). Thus, we get
that ¥/(¢) is a constant function, which is a contradiction.
Now, by Theorem 4.1 we have

2wt ). A-2¢) . = ¢ _L
(K;;(W,S’) Y(s) - 2(+l)lﬁ() l!/() 2(+l)d/())

1d-2¢)

* K, -
W59) =y (s) 2+ 1)

w()——w (5) +||12<1—29)w||

<10 |ag| 1008 = 1+ (B - 1) @rf + |2 (1 =200/,
B=2
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Consequently, there exists 77; (i, r) such that for all > 1; we have

[a-2) 1 Lo 1 =2e) e s P(1-29)
H 77 (Kn('l/) ¥ 2(’7"'1)[!/ 2nl// 2n(n+1) )
lHl(l_zel)l///"'e—zll//
which implies
1 |[1(1-2 , "
||Kfz(¢)_'ﬁ||,——"w¢ +%¢/ , forallnp >mn.

Forn € {mo+1,....m}, we get |[K; @) -y, = +B, () with B, () = n.|[K, @) -y, > 0, which implies that
KL @) -y, = # for all n > no, with

which proves the theorem. O

1(1-2
Cr<‘ﬁ>=min{3rm+l W) B 05 |5+

Theorem 5.2. Let y € H (Dg) and ¢ : [R, 00) U]DTR — C be bounded on [0, ). Ifr € [1, §) and y is not a polynomial
of degree < 1 then for all 1 € N, we have

1Ky @) =y, ~ =

where the constants in the equivalence rely on Y and r but remain independent of 1.

6. Conclusion

This paper introduced a novel category of generalized complex Szasz-Kantorovich operators. Subsequently, we
established quantitative estimates within Voronovskaja’s theorem, determining precise orders for approximating an-
alytic functions. Notably, our approach eliminated the need for imposing exponential growth conditions on compact
disks when considering these operators.
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