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Abstract
The significance of the (i, j, k)-variants of atom-bond connectivity (ABC) indices lies in the fact that their special privilege, for
suitably-picked potential gains of the variants i, j and k, concur with a long shot a large portion of as of late considered atom-bond
accessibility-related indices. In this paper, we obtain some mathematical inequalities based on the sign of the variants (i, j, k) in
terms of degree, order and size, characterizations, and within comparisons, along with some bounds in terms of existing descriptors.
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1. Introduction

The graphs in this article are simple, non-empty, and finite with |V(G)| = p and |E(G)| = q denoting the cardinality
of the vertex set and edge set of a graph G = (V, E), respectively. As a vertex has degree (or valency) dG(u), that vertex
is in the neighborhood set u. Also, dG(e) = dG(u) + dG(v) − 2 is the degree of an edge e = uv in G.

A molecular (chemical) graph is a graph wherein the vertices compare to the particles and the edges to the obli-
gations of a molecule. The unique value that can be computed from the molecular graph and used to portray some
property of the invisible particle is supposed to be a molecular structure descriptor (topological index). These are
applicable to investigate their connections with chemical documentation, structure-property relationships, isomer dis-
crimination, structure-activity interactions, pharmaceutical drug design, and many other topics that are possible to use.
The basic definitions and terminology for graph theory and chemical graph theory follow Harary [27] and Trinajstic
[45], respectively. For more explanations of the above matters in terms of Mathematical properties and their chemical
applicability, we refer to [6, 8, 22, 25, 31, 33, 34, 44, 46].

As described in [14], Estrada et al. introduced the ABC index of a graph G and it is defined as

ABC(G) =
∑

uv∈E(G)

√
dG(e)

dG(u)dG(v)
.
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This descriptor is a valuable predictive index in the study of the heat of formation of alkanes [13] and [17]. For more
information about ABC-related indices, we refer to [1, 4, 7], [9]-[12], [19]-[21], [23, 24, 28], [36]-[38], [41, 47, 49,
50].

2. (i, j, k)-ABC indices

Let x = dG(u), y = dG(v) and z = dG(e) with uv ∈ E(G). Then, we define the different types of (i, j, k)-ABC related
valency descriptors (indices) of a connected graph G = (V, E) as

(i) ABC1
(i, j,k)(G) =

∑
uv∈E(G)

(
[xi + yi][z j]

)k

(ii) ABC2
(i, j,k)(G) =

∑
uv∈E(G)

(
[xi + yi] + z j

)k

(iii) ABC3
(i, j,k)(G) =

∑
uv∈E(G)

(
xi yi z j

)k

(iv) ABC4
(i, j,k)(G) =

∑
uv∈E(G)

(
[xi yi] + z j

)k

(v) ABC5
(i, j,k)(G) =

∑
uv∈E(G)

(
z j

xi + yi

)k

(vi) ABC6
(i, j,k)(G) =

∑
uv∈E(G)

(
z j

xi yi

)k

,

where i, j, k ∈ R (Set of real numbers).
In general, for any i, j, k ∈ R and k, an (i, j, k)-ABC related valency descriptors of a connected graph G is defined

as
ABCt

(i, j,k)(G) =
∑

uv∈E(G)

(
[xi ∗ yi]o z j

)k
,

where x = dG(u), y = dG(v) and z = dG(e) with uv ∈ E(G), where ∗ and o the two binary compositions.

2.1. The particular values of i, j and k in (i, j, k)-ABC indices:

For specific values of the i, j, k ∈ R, the majority of previously investigated degree-based topological indices are
special cases of the (i, j, k)-ABC indices as in the Table 1.

3. Special classes of graphs

Theorem 3.1. Let G be a regular graph with p ≥ 2 and deg(v) = r : ∀v ∈ V(G). Then

(i) ABC1
(i, j,k)(G) = q2(i+ j)k

[
ri(r − 1) j

]k

(ii) ABC2
(i, j,k)(G) = q

[
2ri + (2(r − 1)) j

]k

(iii) ABC3
(i, j,k)(G) = q2 jkr2ik(r − 1) jk

(iv) ABC4
(i, j,k)(G) = q

[
r2i + 2 j(r − 1) j

]k

(v) ABC5
(i, j,k)(G) = q2( j−i)k

[
(r − 1) j

ri

]k

132



Sarveshkumar, Chaluvaraju and Lokesha / Montes Taurus J. Pure Appl. Math. 6 (3), 131–145, 2024

(vi) ABC6
(i, j,k)(G) = q2 jk

[
(r − 1) j

r2i

]k

,

where i, j, k ∈ R.

Proof. Let G be a regular graph with p ≥ 2 and i, j, k ∈ R. If dG(v) = r : ∀v ∈ V(G) and 2q = pr, then the desired
results (i)-(vi) follows.

The particular values of i, j, k in (i, j, k)-ABC indices
ABC1

(1,0,1)(G) = M1(G), the first Zagreb index, [26].
ABC3

(1,0,1)(G) = M2(G), the second Zagreb index, [26].
ABC1

(−1,0,1)(G) = ReM1(G), the redefined first Zagreb index, [40].
ABC1

(−1,0,−1)(G) = ReM1(G), the redefined second Zagreb index, [40].
ABC1

(2,0,1)(G) = F(G), the Forgotten index, [16].
ABC1

(1,0, −1
2 )

(G) = χ(G), the sum connectivity index, [52].

ABC1
(1,0,2)(G) = HM1(G), the first hyper Zagreb index, [43].

ABC3
(−1,1, 12 )

(G) = ABC(G), the ABC-index, [14].

ABC3
(1,0,2)(G) = HM2(G), the second hyper Zagreb index, [48]

2ABC1
(1,0,−1)(G) = H(G), the Harmonic index, [15].

ABC3
(1,0, −1

2 )
(G) = R(G), the Randic index, [39].

ABC3
(1,0, 12 )

(G) = RR(G), the reciprocal Randic index, [39].

ABC3
(1,−1,3)(G) = AZI(G), the Augmented Zagreb index, [18].

ABC3
(1,0,−1)(G) = MM2(G), the Modified Zagreb index, [18].

ABC3
(1,0,b)(G) = Rb(G), the general Randic index, [5].

ABC1
(a−1,0,1)(G) = Ma

1(G), the general first Zagreb index, [35].
ABC1

(0,1,1)(G) = IPl(G), the Platt number, [3].
ABC3

(1,−1, 12 )
(G) = RABC(G), the Reciprocal ABC, [2].

1
2 ABC1

(1,0,1)(G) = S K(G), the SK index, [42].
ABC1

(a,0,b)(G) = KA1
(a,b)(G) the first (a, b)-KA indices, [32].

1
2 ABC3

(1,0,1)(G) = S K1(G), the first SK index, [42].
1
4 ABC1

(1,0,2)(G) = S K2(G), the second SK index, [42].
ABC1

(a,0,b)(G) = KA1
(a,b)(G) the second (a, b)-KA indices, [32].

ABC1
(−2,0, 12 )

(G) = BS O(G), the Banhatti Sombor index, [30].

ABC1
(1,0,b)(G) = χb(G), the general sum Connectivity index, [51].

ABC1
(1,0,1)(G) + ABC3

(1,0,1)(G) = GO1(G), the first Gaurava index, [29].

Table 1. The particular values of i, j, k in (i, j, k)-ABC indices to other valency based topological indices (molecular descriptors)

By Theorem 3.1, we have the particular values of the cycle Cp; p ≥ 3 with r = 2 and the complete graph Kp; p ≥ 2
with r = p − 1.

Theorem 3.2. Let Km,n be a complete bipartite graph. Then

(i) ABC1
(i, j,k)(Km,n) = mn

[
(mi + ni)(m + n − 2) j

]k

(ii) ABC2
(i, j,k)(Km,n) = mn

[
(mi + ni) + (m + n − 2) j

]k

(iii) ABC3
(i, j,k)(Km,n) = (mn)ik+1(m + n − 2) jk

(iv) ABC4
(i, j,k)(Km,n) = mn

[
(mn)i + (m + n − 2) j

]k
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(v) ABC5
(i, j,k)(Km,n) = mn

[
(m + n − 2) j

(mi + ni)k

]
(vi) ABC6

(i, j,k)(Km,n) = (mn)1−ik(m + n − 2) jk,

where i, j, k ∈ R.

Proof. Let Km,n be a complete bipartite graph with m, n vertex partitions and i, j, k ∈ R. Since p = m + n and q = mn
for all edge uv ∈ E(G) and by the definitions of (i, j, k)-ABC indices with x = m = dG(u), y = n = dG(v) and
z = dG(e) = m + n − 2. Hence, the results (i)-(vi) follows.

By Theorem 3.2, we have the particular values of the star K1,p−1; p ≥ 2 with m = 1 and n = p − 1.
Further, for any three positive real numbers i, j, and k, we have

0 ≤ ABCt
(i, j,k)(Km,n) ≤ mn

[
(mi ∗ ni)o(m + n − 2) j

]k
,

where ∗ and o are binary composition with respected to addition (+) or multiplication (×) and 1 ≤ t ≤ 6.

4. Inequalities in terms of size and degree

Theorem 4.1. Let G be any connected graph with p ≥ 3 vertices. Then the value of ABC1
(i, j,k)(G) lies between

q2k(1+ j)
[
δ(G)i(δ(G) − 1) j

]k
and q2k(1+ j)

[
∆(G)i(∆(G) − 1) j

]k
or q2k(1+ j)

[
δ(G)i(∆(G) − 1) j

]k
and q2k(1+ j)

[
∆(G)i(δ(G) − 1) j

]k
.

Further, the equality holds if and only if the graph G is regular.

We present the following claims before proving the preceding theorem.

Claim 4.2. If i, j, k ≥ 0 or i, j, k ≤ 0, then

q2k(1+ j)
[
δ(G)i(δ(G) − 1) j

]k
≤ ABC1

(i, j,k)(G) ≤ q2k(1+ j)
[
∆(G)i(∆(G) − 1) j

]k
.

Proof. We know that δ(G) ≤ x, y ≤ ∆(G) and 2δ(G) − 2 ≤ z ≤ 2∆(G) − 2.

Case 1. When i, j, k ≥ 0, for any i, j ≥ 0, the above inequalities becomes

δ(G)i ≤
{
xi, yi

}
≤ ∆(G)i, (2δ(G) − 2) j ≤ z j ≤ (2∆(G) − 2) j

2δ(G)i ≤ xi + yi ≤ 2∆(G)i, 2 j(δ(G) − 1) j ≤ z j ≤ 2 j(∆(G) − 1) j.

Every term in the above inequality is non-negative. By taking the product of those inequalities, we have

2δ(G)i2 j(δ(G) − 1) j ≤ (xi + yi)z j ≤ 2∆(G)i2 j(∆(G) − 1) j.

For any non-negative value of k, the above inequality becomes[
21+ jδ(G)i(δ(G) − 1) j

]k
≤

[(
xi + yi

)
z j
]k
≤

[
21+ j∆(G)i(∆(G) − 1) j

]k

2k(1+ j)
[
δ(G)i (δ(G) − 1) j

]k
≤

[(
xi + yi

)
z j
]k
≤ 2k(1+ j)

[
∆(G)i(∆(G) − 1) j

]k
.

Case 2. When i, j, k ≤ 0, we have for any i, j ≤ 0,

∆(G)i ≤ xi, yi ≤ δ(G)i, (2∆(G) − 2) j ≤ z j ≤ (2δ(G) − 2) j

2∆(G)i ≤ xi + yi ≤ 2δ(G)i, 2 j(∆(G) − 1) j ≤ z j ≤ 2 j(δ(G) − 1) j.

134



Sarveshkumar, Chaluvaraju and Lokesha / Montes Taurus J. Pure Appl. Math. 6 (3), 131–145, 2024

Since each term in the above inequalities is non-negative. Hence the product of those inequalities are

2∆(G)i2 j(∆(G) − 1) j ≤
(
xi + yi

)
z j ≤ 2δ(G)i2 j (δ(G) − 1) j

21+ j∆(G)i(∆(G) − 1) j ≤
(
xi + yi

)
z j ≤ 21+ jδ(G)i(δ(G) − 1) j.

The above inequity can be rewritten for any non-positive value of k.

2k(1+ j)[δ(G)i(δ(G) − 1) j]k ≤
[(

xi + yi
)

z j
]k
≤ 2k(1+ j)

[
∆(G)i(∆(G) − 1) j

]k
.

By Case 1 and Case 2, the inequality satisfies for each uv ∈ E(G). By taking the sum of those inequalities, we have

q2k(1+ j)[δ(G)i(δ(G) − 1) j]k ≤ ABC1
(i, j,k)(G) ≤ q2k(1+ j)[∆(G)i(∆(G) − 1) j]k.

This completes the proof.

Similarly, we have the following claims for changing the values of real numbers i, j, k and omitting the proofs.

Claim 4.3. If i, j ≤ 0, k ≥ 0 or i, j ≥ 0, k ≤ 0, then

q2k(1+ j)
[
∆(G)i(∆(G) − 1) j

]k
≤ ABC1

(i, j,k)(G) ≤ q2k(1+ j)
[
δ(G)i(δ(G) − 1) j

]k
.

Claim 4.4. If i, k ≥ 0, j ≤ 0 or i, k ≤ 0, j ≥ 0,

q2k(1+ j)
[
δ(G)i(∆(G) − 1) j

]k
≤ ABC1

(i, j,k)(G) ≤ q2k(1+ j)
[
∆(G)i(δ(G) − 1) j

]k
.

Claim 4.5. If i ≥ 0, j, k ≤ 0 or i ≤ 0, j, k ≥ 0, then

q2k(1+ j)
[
∆(G)i(δ(G) − 1) j

]k
≤ ABC1

(i, j,k)(G) ≤ q2k(1+ j)
[
δ(G)i(∆(G) − 1) j

]k
.

Proof of the Theorem 4.1 follows from claims 4.2 to 4.5. Further, the equality holds good for regular graph G with
dG(v) = dG(u).

Theorem 4.6. Let G be a connected graph with p ≥ 3. Then the value of ABC2
(i, j,k)(G) lies between q

[
2δ(G)i + 2 j(δ(G) − 1) j

]k

and q
[
2∆(G)i + 2 j(∆(G) − 1) j

]k
or q

[
2∆(G)i + 2 j(δ(G) − 1) j

]k
and q

[
2δ(G)i + 2 j(∆(G) − 1) j

]k
. Further, the equality

holds if and only if the graph G is regular.

We present the following claims before proving the preceding theorem.

Claim 4.7. If i, j, k ≥ 0 or i, j, k ≤ 0, then

q
[
2δ(G)i + 2 j(δ(G) − 1) j

]k
≤ ABC2

(i, j,k)(G) ≤ q
[
2∆(G)i + 2 j (∆(G) − 1) j

]k
.

Proof. We know that δ(G) ≤ x, y ≤ ∆(G) and 2δ(G) − 2 ≤ z ≤ 2∆(G) − 2.

Case 1. When i, j, k ≥ 0, for any i, j ≥ 0,

2δ(G)i + 2 j(δ(G) − 1) j ≤ xi + yi + z j ≤ 2∆(G)i + 2 j(∆(G) − 1) j.

For any non-negative value k, the above inequality becomes[
2δ(G)i + 2 j(δ(G) − 1) j

]k
≤

[
xi + yi + z j

]k
≤

[
2∆(G)i + 2 j(∆(G) − 1) j

]k
.

Case 2. When i, j, k ≤ 0, we have for any i, j ≤ 0,

2∆(G)i + 2 j(∆(G) − 1) j ≤ xi + yi + z j ≤ 2δ(G)i + 2 j(δ(G) − 1) j.
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For any non-positive value of k, the above inequality becomes[
2δ(G)i + 2 j(δ(G) − 1) j

]k
≤

[
xi + yi + z j

]k
≤

[
2∆(G)i + 2 j(∆(G) − 1) j

]k
.

The final equation of Case 1 and Case 2 are the same, which satisfies each edge uv ∈ E(G). By taking the sum of
those inequalities, we have

q
[
2δ(G)i + 2 j(δ(G) − 1) j

]k
≤ ABC2

(i, j,k)(G) ≤ q
[
2∆(G)i + 2 j(∆(G) − 1) j

]k
.

This completes the proof.

Similarly, we have the following claims for changing the values of real numbers i, j, k and omitting the proofs.

Claim 4.8. If i, j ≤ 0, k ≥ 0 or i, j ≥ 0, k ≤ 0, then

q
[
2∆(G)i + 2 j(∆(G) − 1) j

]k
≤ ABC2

(i, j,k)(G) ≤ q
[
2δ(G)i + 2 j(δ(G) − 1) j

]k
.

Claim 4.9. If i, k ≥ 0, j ≤ 0 or i, k ≤ 0, j ≥ 0, then

q
[
2δ(G)i + 2 j(∆(G) − 1) j

]k
≤ ABC2

(i, j,k)(G) ≤ q
[
2∆(G)i + 2 j(δ(G) − 1) j

]k
.

Claim 4.10. If i ≥ 0, j, k ≤ 0 or i ≤ 0, j, k ≥ 0, then

q
[
2∆(G)i + 2 j(δ(G) − 1) j

]k
≤ ABC2

(i, j,k)(G) ≤ q
[
2δ(G)i + 2 j(∆(G) − 1) j

]k
.

Proof of the Theorem 4.6 follows from claims 4.7 to 4.10. Further, the equality holds good for regular graph G
with dG(v) = dG(u).

Theorem 4.11. Let G be a connected graph with p ≥ 3 vertices. Then the value of ABC3
(i, j,k)(G) lies between

q2 jkδ(G)2ik(δ(G) − 1) jk and q2 jk∆(G)2ik(∆(G) − 1) jk or q2 jk∆(G)2ik(δ(G) − 1) jk and q2 jkδ(G)2ik(∆(G) − 1) jk. Further,
the equality holds if and only if the graph G is regular.

We present the following claims before proving the preceding theorem.

Claim 4.12. If i, j, k are of the same sign or ik, jk ≥ 0, then

q2 jkδ(G)2ik(δ(G) − 1) jk ≤ ABC3
(i, j,k)(G) ≤ q2 jk∆(G)2ik(∆(G) − 1) jk.

Proof. We know that, δ(G) ≤ x, y ≤ ∆(G) and 2δ(G) − 2 ≤ z ≤ 2∆(G) − 2.
For any i, j, k with the same sign or ik, jk ≥ 0, we have

δ(G)2ik ≤ xikyik ≤ 2∆(G)2ik, 2 jk(δ(G) − 1) jk ≤ z jk ≤ 2 jk(∆(G) − 1) jk.

Since each term in the above inequalities is non-negative. Hence the product of corresponding terms is

δ(G)2ik2 jk(δ(G) − 1) jk ≤ xikyikz jk ≤ ∆(G)2ik2 jk(∆(G) − 1) jk.

The above inequalities hold for each edge uv ∈ E(G). By taking the sum of those inequalities, we have

q2 jkδ(G)2ik(δ(G) − 1) jk ≤ ABC3
(i, j,k)(G) ≤ q2 jk∆(G)2ik(∆(G) − 1) jk.

This completes the proof.

Similarly, we have the following claims for changing the values of real numbers i, j, k and omitting the proofs.

Claim 4.13. If ik, jk ≤ 0, then

q2 jk∆(G)2ik(∆(G) − 1) jk ≤ ABC3
(i, j,k)(G) ≤ q2 jkδ(G)2ik(δ(G) − 1) jk.

136



Sarveshkumar, Chaluvaraju and Lokesha / Montes Taurus J. Pure Appl. Math. 6 (3), 131–145, 2024

Claim 4.14. If ik ≤ 0 and jk ≥ 0, then

q2 jk∆(G)2ik(δ(G) − 1) jk ≤ ABC3
(i, j,k)(G) ≤ q2 jkδ(G)2ik(∆(G) − 1) jk.

Claim 4.15. If ik ≥ 0 and jk ≤ 0, then

q2 jkδ(G)2ik(∆(G) − 1) jk ≤ ABC3
(i, j,k)(G) ≤ q2 jk∆(G)2ik(δ(G) − 1) jk.

Proof of the Theorem 4.11 follows from claims 4.12 to 4.15. Further, the equality holds for regular graph G with
dG(v) = dG(u).

Theorem 4.16. Let G be a connected graph with p ≥ 3. Then the value of ABC4
(i, j,k)(G) lies between q

[
δ(G)2i + 2 j(δ(G) − 1) j

]k

and q
[
∆(G)2i + 2 j(∆(G) − 1) j

]k
or q

[
δ(G)2i + 2 j(∆(G) − 1) j

]k
and q

[
∆(G)2i + 2 j(δ(G) − 1) j

]k
. Further, the equality

holds if and only if the graph G is regular.

We present the following claims before proving the preceding theorem.

Claim 4.17. If i, j, k ≥ 0 or i, j, k ≤ 0, then

q
[
δ(G)2i + 2 j(δ(G) − 1) j

]k
≤ ABC4

(i, j,k)(G) ≤ q
[
∆(G)2i + 2 j(∆(G) − 1) j

]k
.

Proof. We know that δ(G) ≤ x, y ≤ ∆(G) and 2δ(G) − 2 ≤ z ≤ 2∆(G) − 2.

Case 1. When i, j, k ≥ 0, for any i, j ≥ 0,

δ(G)2i + 2 j(δ(G) − 1) j ≤ (xiyi) + z j ≤ ∆(G)2i + 2 j(∆(G) − 1) j.

For any non-negative value of k, the above inequality becomes[
δ(G)2i + 2 j(δ(G) − 1) j

]k
≤

[
(xiyi) + z j

]k
≤

[
∆(G)2i + 2 j(∆(G) − 1) j

]k
.

Case 2. When i, j, k ≤ 0, for any i, j ≤ 0,

∆(G)2i + 2 j(∆(G) − 1) j ≤ (xiyi) + z j ≤ δ(G)2i + 2 j (δ(G) − 1) j .

The above inequity can be rewritten for any non-positive value of k.[
δ(G)2i + 2 j(δ(G) − 1) j

]k
≤

[
(xiyi) + z j

]k
≤

[
∆(G)2i + 2 j(∆(G) − 1) j

]k
.

The final equation of Case 1 and Case 2 are the same, which satisfies each edge uv ∈ E(G). By taking the sum of
those inequalities, we have

q
[
δ(G)2i + 2 j(δ(G) − 1) j

]k
≤ ABC4

(i, j,k)(G) ≤ q
[
∆(G)2i + 2 j(∆(G) − 1) j

]k
.

This completes the proof.

Similarly, we have the following claims for changing the values of real numbers i, j, k and omitting the proofs.

Claim 4.18. If i, j ≤ 0, k ≥ 0 or i, j ≥ 0, k ≤ 0, then

q
[
∆(G)2i + 2 j(∆(G) − 1) j

]k
≤ ABC4

(i, j,k)(G) ≤ q
[
δ(G)2i + 2 j(δ(G) − 1) j

]k
.

Claim 4.19. If i, k ≥ 0, j ≤ 0 or i, k ≤ 0, j ≥ 0, then

q
[
δ(G)2i + 2 j(∆(G) − 1) j

]k
≤ ABC4

(i, j,k)(G) ≤ q
[
∆(G)2i + 2 j(δ(G) − 1) j

]k
.
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Claim 4.20. If i ≥ 0, j, k ≤ 0 or i ≤ 0, j, k ≥ 0, then

q
[
∆(G)2i + 2 j(δ(G) − 1) j

]k
≤ ABC4

(i, j,k)(G) ≤ q
[
δ(G)2i + 2 j(∆(G) − 1) j

]k
.

Proof of the Theorem 4.16 follows from claims 4.17 to 4.20. Further, the equality holds for regular graph G with
dG(u) = dG(v).

By changing the values of real numbers i, j, k in Theorems 4.1 and 4.11, we have the following result without
proof.

Theorem 4.21. Let G be a connected graph with p ≥ 3. Then

(i) ABC5
(i, j,k)(G) = ABC1

(i,− j,−k)(G).

(ii) ABC6
(i, j,k)(G) = ABC3

(i,− j,−k)(G).

5. Inequalities among the novel generalized ABC indices

This section shows some inequalities among the novel generalized ABC indices. For any positive reals a1, a2, . . . , an,
then we use the following well-known generalized version of the arithmetic mean-geometric mean inequality.

Theorem 5.1. Let a1, a2, . . . , an be a any positive real numbers. Then

a1 + a2 + · · · + an

n
≥ n
√

a1a2 . . . an.

Further, if a1 = a2 = · · · = an the equality holds.

Theorem 5.2. Let G be a connected graph with i, j, k > 0 and p ≥ 3. Then

(i) ABC2
(i, j,k)(G) ≥ 3kABC3

(i, j, k3 )(G).

(ii) ABC1
(i, j,k)(G) ≥ 2kABC3

( i
2 , j,k)

(G).

(iii) ABC6
( i

2 , j,k)
(G) ≥ 2kABC5

(i, j,k)(G).

Proof. Consider G to be a connected graph with i, j, k > 0 and p ≥ 3 vertices. If x, y, z > 0 and i, j ∈ R, then the
exponential values xi, yi, z j are positive. By Theorem 5.1, we have

xi + yi + z j ≥ 3
(
x

i
3 y

i
3 z

j
3

)
.

For any positive value of k, we have [
xi + yi + z j

]k
≥ 3k

[
(xiy j)z j

] k
3 .

The above inequalities hold good for each edge uv ∈ E(G). Therefore the sum of those inequalities becomes∑
uv∈E(G)

[
(xi + yi) + z j

]k
≥ 3k

∑
uv∈E(G)

[
(xiyi)z j

] k
3 .

Thus the result (i) follows.
Similarly, by using Theorem 5.1, the desired results of (ii) and (iii) follow.

We have the following result without proof by choosing k < 0 in Theorem 5.2.

Theorem 5.3. Let G be a connected graph with i, j, k < 0 and p ≥ 3. Then

(i) ABC2
(i, j,k)(G) ≤ 3kABC3

(i, j, k3 )(G).

(ii) ABC1
(i, j,k)(G) ≤ 2kABC3

( i
2 , j,k)

(G).

(iii) ABC6
( i

2 , j,k)
(G) ≤ 2kABC5

(i, j,k)(G).
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6. Inequalities in terms of other degree-based indices

First, we get the relationship between ABCt
(i, j,k)(G) for 1 ≤ t ≤ 6 with i j > 0 and the general Randic index

Rα(G) =
∑

uv∈E(G)
(dG(u)dG(v))α, where α is any real number, see [5].

Theorem 6.1. Let G be a connected graph with p ≥ 3. Then

(i) For any i, j, k ∈ R with same sign,

2k(1+ j)

∆ik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC1
(i, j,k)(G) ≤

2k(1+ j)

δik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

Rα1 (G),

where α1 = k(i + j) ∈ R.

(ii) For any i, j ∈ R with the same sign and k is any natural number N,

k∑
r=1

(
k
r

)
2k−r+ jr

∆ik−ir

(
1
∆
−

1
δ2

) jr

Rα2 (G) ≤ ABC2
(i, j,k)(G) ≤

k∑
r=1

(
k
r

)
2k−r+ jr

δik−ir

(
1
δ
−

1
∆2

) jr

Rα2 (G),

where α2 = ik − ir + jr ∈ R.

(iii) For any i, j, k ∈ R with same sign,∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC3
(i, j,k)(G) ≤

∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

Rα1 (G),

where α1 = k(i + j) ∈ R.

(iv) For any i, j ∈ R with the same sign and k ∈ N,
k∑

r=1

(
k
r

)
2 jr

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jr

Rα2 (G) ≤ ABC4
(i, j,k)(G) ≤

k∑
r=1

(
k
r

)
2 jr

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jr

Rα2 (G),

where α2 = ik − ir + jr ∈ R.

(v) For any i, j, k ∈ R with same sign,

2k( j−1)δik
∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC5
(i, j,k)(G) ≤ 2k( j−1)∆ik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

Rα3 (G),

where α3 = k( j − i) ∈ R.

(vi) For any i, j, k ∈ R with same sign,∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC6
(i, j,k)(G) ≤

∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα3 (G),

where α3 = k( j − i) ∈ R.

Proof. Let G be a connected graph with p ≥ 3. If x = dG(u), y = dG(v) and z = dG(e) = x+ y− 2 with uv ∈ E(G), then

(i) For any i, j, k ∈ R with same sign, we have(
(xi + yi)z j

)k
=

(
(xi + yi)(x + y − 2) j

)k
for i j > 0

=

xi+ jyi+ j
(

1
xi +

1
yi

) (
1
x
+

1
y
−

2
xy

) jk

= xk(i+ j)yk(i+ j)
(

1
xi +

1
yi

)k (
1
x
+

1
y
−

2
xy

) jk

.
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2k(1+ j)

∆ik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

≤

(
1
xi +

1
yi

)k (
1
x
+

1
y
−

2
xy

) jk

≤
2k(1+ j)

δik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

=⇒
2k(1+ j)

∆ik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

xk(i+ j)yk(i+ j) ≤
(
(xi + yi)z j

)k

≤
2k(1+ j)

δik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

xk(i+ j)yk(i+ j).

The above inequality satisfies each edge uv ∈ E(G).
For α1 = k(i + j) ∈ R, the sum of those inequalities becomes

2k(1+ j)

∆ik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC1
(i, j,k)(G) ≤

2k(1+ j)

δik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

Rα1 (G).

(ii) For any i, j ∈ R with the same sign and k ∈ N, we have

(
(xi + yi) + z j

)k
=

k∑
r=1

(
k
r

)
(xi + yi)k−rz jr

=

k∑
r=1

(
k
r

) (
1
xi +

1
yi

)k−r (1
x
+

1
y
−

2
xy

) jr

xik−ir+ jryik−ir+ jr.

2k−r+ jr

∆ik−ir

(
1
∆
−

1
δ2

) jr

≤

(
1
xi +

1
yi

)k (
1
x
+

1
y
−

2
xy

) jk

≤
2k−r+ jr

δik−ir

(
1
δ
−

1
∆2

) jr

.

The above inequality satisfies each uv ∈ E(G).
For α2 = ik − ir + jr ∈ R, the sum of those inequalities becomes

=⇒

k∑
r=1

(
k
r

)
2k−r+ jr

∆ik−ir

(
1
∆
−

1
δ2

) jr

Rα2 (G) ≤ ABC2
(i, j,k)(G)

≤

k∑
r=1

(
k
r

)
2k−r+ jr

δik−ir

(
1
δ
−

1
∆2

) jr

Rα2 (G).

(iii) For any i, j, k ∈ R with same sign, we have(
xiyiz j

)k
= xkiyki(y + x − 2)k j

= xk(i+ j) yk(i+ j)
(

1
x
+

1
y
−

2
xy

)k j

.

xk(i+ j) yk(i+ j)
∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

≤
(
xiyiz j

)k
≤ xk(i+ j) yk(i+ j)

∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

.

The above inequality satisfies each uv ∈ E(G).
For α1 = k(i + j) ∈ R, the sum of those inequalities becomes∣∣∣∣∣ 2

∆
−

2
δ2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC3
(i, j,k)(G) ≤

∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα1 (G).
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(iv) For any i, j ∈ R with the same sign and k ∈ N, we have

(
(xiyi) + z j

)k
=

k∑
r=1

(
k
r

)
(xiyi)k−rz jr

=

k∑
r=1

(
k
r

) (
1
x
+

1
y
−

2
xy

) jr

xik−ir+ jryik−ir+ jr.

2 jr
∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jr

≤

(
1
xi +

1
yi

)k (
1
x
+

1
y
−

2
xy

) jk

≤ 2 jr
∣∣∣∣∣1δ − 1

∆2

∣∣∣∣∣ jr

.

The above inequality satisfies each uv ∈ E(G). For α2 = ik− ir+ jr ∈ R, the sum of those inequalities becomes

k∑
r=1

(
k
r

)
2 jr

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jr

Rα2 (G) ≤ ABC4
(i, j,k)(G)

≤

k∑
r=1

(
k
r

)
2 jr

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jr

Rα2 (G).

(v) For any i, j, k ∈ R with same sign, we have(
z j

xi + yi

)k

=

(
(x + y − 2) j

xi + yi

)k

=

 x j−iy j−i(
1
xi +

1
yi

) (
1
x
+

1
y
−

2
xy

) j


k

=
xk( j−i)yk( j−i)(

1
xi +

1
yi

)k

(
1
x
+

1
y
−

2
xy

) jk

.

2k( j−1)∆−ik
∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

≤

(
1
xi +

1
yi

)−k (
1
x
+

1
y
−

2
xy

) jk

≤ 2k( j−1)δ−ik
∣∣∣∣∣1δ − 1

∆2

∣∣∣∣∣ jk

.

2k( j−1)∆−ik
∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

xk( j−i)yk( j−i) ≤

(
(z j

xi + yi

)k

≤ 2k( j−1)δ−ik
∣∣∣∣∣1δ − 1

∆2

∣∣∣∣∣ jk

xk( j−i)yk( j−i).

The above inequality satisfies each uv ∈ E(G).
For α3 = k( j − i) ∈ R, the sum of those inequalities becomes

2k( j−1)∆−ik
∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC5
(i, j,k)(G) ≤ 2k( j−1)δ−ik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

Rα3 (G).

(vi) For any i, j, k ∈ R with same sign, we have(
z j

xiyi

)k

= x−iky−ik(x + y − 2) jk

= xk( j−i) yk( j−i)
(

1
x
+

1
y
−

2
xy

)k j

.
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x(k j−ki) y(k j−ki)
∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

≤

(
z j

xiyi

)k

≤ x(k j−ki) y(k j−ki)
∣∣∣∣∣2δ − 2

∆2

∣∣∣∣∣ jk

.

The above inequality satisfies each uv ∈ E(G).
For α3 = k( j − i) ∈ R, the sum of those inequalities becomes∣∣∣∣∣ 2

∆
−

2
δ2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC6
(i, j,k)(G) ≤

∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα3 (G).

By above theorem, analogously we obtain the inequalities of ABCt
(i, j,k)(G) for 1 ≤ t ≤ 6 with i j < 0 in terms of the

general Randic index Rα(G) as follows.

Theorem 6.2. Let G be a any connected graph with p ≥ 3. Then

(i) For any i, j, k ∈ R with i j < 0,

2k(1+ j)

δik

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC1
(i, j,k)(G) ≤

2k(1+ j)

∆ik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα1 (G),

where α1 = k(i + j) ∈ R.

(ii) For any i, j ∈ R with i j < 0 and k ∈ N,

k∑
r=1

(
k
kr

)
2k−r+ jr

δik−ir

(
1
δ
−

1
∆2

) jr

Rα2 (G) ≤ ABC2
(i, j,k)(G) ≤

k∑
r=1

(
k
r

)
2k−r+ jr

∆ik−ir

(
1
∆
−

1
δ2

) jr

Rα2 (G),

where α2 = ik − ir + jr ∈ R.

(iii) For any i, j, k ∈ R with i j < 0,∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

Rα1 (G) ≤ ABC3
(i, j,k)(G) ≤

∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα1 (G),

where α1 = k(i + j) ∈ R.

(iv) For any i, j ∈ R with i j < 0 and k ∈ N,

k∑
r=1

(
k
r

)
2 jr

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jr

Rα2 (G) ≤ ABC4
(i, j,k)(G) ≤

k∑
r=1

(
k
r

)
2 jr

∣∣∣∣∣1δ − 1
∆2

∣∣∣∣∣ jr

Rα2 (G),

where α2 = ik − ir + jr ∈ R.

(v) For any i, j, k ∈ R with i j < 0,

2k( j−1)∆ik
∣∣∣∣∣1δ − 1

∆2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC5
(i, j,k)(G) ≤ 2k( j−1)δik

∣∣∣∣∣ 1
∆
−

1
δ2

∣∣∣∣∣ jk

Rα3 (G),

where α3 = k( j − i) ∈ R.

(vi) For any i, j, k ∈ R with i j < 0,∣∣∣∣∣2δ − 2
∆2

∣∣∣∣∣ jk

Rα3 (G) ≤ ABC6
(i, j,k)(G) ≤

∣∣∣∣∣ 2
∆
−

2
δ2

∣∣∣∣∣ jk

Rα3 (G),

where α3 = k( j − i) ∈ R.
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Now, we obtain an inequality of ABC1
(i, j,k)(G) in terms of the first general Zagreb index

Mb+1
1 (G) =

∑
uv∈E(G)

[
dG(u)b + dG(v)b

]
,

where b ∈ R and the general sum connectivity index χb(G) =
∑

uv∈E(G)
[dG(u) + dG(v)]b. For more details, we refer to

[35] and [51].

Theorem 6.3. Let G be any connected graph with p ≥ 3. Then

Mb+1
1 (G)

jk∑
r=1

θr(δ) jk−r ≤ ABC1
(i, j,k)(G) ≤ χb(G)

jk∑
r=1

θr(∆) jk−r,

where θr = (−1)r(2) jk
(

jk
r

)
and i, j, k ∈ N.

Proof. Let G be any connected graph with p ≥ 3. If x, y ∈ N, uv ∈ E(G), then by AM-GM inequalities, xik +

yik ≤
(
xi + yi

)k
≤ (x + y)ik and applying binomial expansion (x + y − 2)ik =

jk∑
r=1

(−2)r
(

jk
r

)
(x + y) jk−r, becomes

(xi + yi)k(x + y − 2) jk =
(
(xi + yi)z j

)k
. Therefore

(
xik + yik

) jk∑
r=1

Hr(x + y) jk−r ≤
(
(xi + yi)z j

)k
≤ (x + y)ik

jk∑
r=1

Hr(x + y) jk−r,

where Hr = (−2)r
(

jk
r

)
.

The above inequality satisfies each edge uv ∈ G. Taking the sum of those inequalities, we have

Mb+1
1 (G)

jk∑
r=1

θr(δ) jk−r ≤ ABC1
(i, j,k)(G) ≤ χb(G)

jk∑
r=1

θr(∆) jk−r,

where θr = (−1)r(2) jk
(

jk
r

)
. For any non zero integral numbers a = ik = b. Hence the desired result follows.

7. Conclusions and open problems

Being novel (i, j, k)-variant ABC-related valency descriptors of a molecular graph G, it lies on the claim that their
unique cases, for pertinently chosen values of the parameters i, j and k, with the vast majority of previously considered
vertex degree-based topological indices. For comparative advantages, applications, and the mathematical viewpoint,
numerous questions are proposed by this article, among which are the following.

1. Find the extremal values and graphs of the (i, j, k)-ABC indices.

2. Find the values of (i, j, k)-ABC indices of some chemical graph classes and explore some results in the QSTR /
QSAR / QSPR Model.

3. Obtain the relationship among (i, j, k)-ABC indices for other topological indices based on degree/distance/spectral
invariants.
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