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Abstract

The study of convolution sums of restricted divisor functions requires more complex computations because the coeflicients in the
cusp form or the new form are used. In this article, we introduce the inverse divisor function as a tool to give relatively simple
formulae for restricted divisor functions using the Dirichlet convolution and show its values in simple cases. The basic properties
of the arithmetic functions needed to obtain the main results are introduced.
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1. Introduction

It is known that the study of the convolution sum of the divisor functions begins with a letter from Besge to
Liouville in 1862 [15, p.125]. Ramanujan used only elementary method to find the convolution sums of nine divisor
functions [10, 11]. As is well known to us, Glaisher [2, 3, 4] had obtained the results of convolution sums of various
restricted divisor functions. Also, Lahri’s results [6, 7] are important references.

Focusing on Williams [15], his research group studied the convolution sums of several restricted divisor functions
using Liouville identities. We intend to utilize the results of the above studies in this paper. We try to obtain the main
results by using Dirichlet convolution among the divisor functions. The notations necessary to write this paper are
first introduced below.

Let N be the set of natural numbers, Ny = N U {0} and p be a positive prime integer. We recall some divisor
functions and their convolution sums for later use, which appear in number theory area:

The main goal is to find the inverse of a weak function that is often used to find

oi(n) = Z dk,

d|n

O’Z(I’l) = Z dr,

din
351 (mod 2)

and
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where d,n € N and k € Nj.
In fact, Srinivasa Ramanujan [11] considered the sums of the type

N
or(Dos(N =1) + -+ 0 (N = Doy(1) = Z or(k)og (N = k).

k=1
Furthermore, the problem of finding the formula for
N
D, RN =k
k=1
(k,N—k)=1

is a bit more complicated than the above problem. The main results of this article are mainly related to the inverses of
divisor functions and related results.

Although the divisor function is well known [2], not much is known about 0',:1. Here, 0',;1 is the inverse function
of o, obtained by the Dirichlet convolution of o. The purpose of most of this paper is to introduce 0']:1. Furthermore,
rather than discussing the general natural number £ in detail, we aim to make it easier for the reader by choosing
relatively simple o7 and o3 and finding their inverse functions. In other words, in this paper, we want to find o-;' (n),
(ai)’l(n), ((Tg)’l(n) and (O"l'a'g)’l(n). Using these results, they can be useful in finding the convolution of divisor
functions. The Dirichlet convolution and the inverse of the divisor function are helpful in solving this problem.

To briefly summarise this article, in subsection 1.1 states the basic definitions and properties of arithmetic func-
tions. Subsection 1.2 makes statements about multiplicative functions and completely functions. In section 2, we state
in detail the process of finding the inverse of (o;073) and (O’;FO';), the main goal of this paper, and present their results.

1.1. Arithmetical functions

An arithmetical function is generally any function f(n) the positive integers and whose range is a subset of the
complex numbers. Let f and g be arithmetical functions and n € N. The Dirichlet convolution of f and g is defined
by

(f * &)n) = Z f(d)g(n/d). (1.1)

din

Here, d means a positive divisor of n. See [8, 9].
An arithmetic function ! is called an inverse of f if

(f )= ("= f) o =6

&m:{l ifn=1,

0 otherwise.

with

An arithmetic function f has an inverse if and only if f(1) # 0, see [8, Proposition 1.2]. In fact, the arithmetic function
f~! satisfy the following:

1
—1 1 -
0= 75
and
_ 1 _
f%m=—ﬁﬁg;ﬂ@f%ww,mempdl (1.2)
d>1
Let

&(n) :=n* and {(n) := {o(n) = n°.

170



Kong and Kim / Montes Taurus J. Pure Appl. Math. 6 (3), 169-185, 2024

Since (1) = 1, ¢ has an inverse by (1.2). To find the inverse of the zeta function, we use the well-known Mobius
p-function below.

1 n=1,
um) =1(=1" n=pipr...p,
0 otherwise.

For details on arithmetic functions, refer to [1, p. 152], [8, 9, 12], [13, Chapter 5], [14], etc.

1.2. Multiplicative functions and completely multiplicative functions

An arithmetical function f is called a multiplicative function if f(n) # O for at least one integer n and
f(mn) = f(m)f(n) whenever gcd(m, n) = 1.

An arithmetical function f is called a completely multiplicative function if f(n) # O for at least one integer n and
f(mn) = f(m)f(n) for all m,n € N.

If f and g are arithmetical functions their sum f + g and product fg are defined in the usual way:

(f +8)m) = f(n) + g(n)
and
(fo)(n) = f(n)g(n)
for all positive integer n, see [8, p. 2], [9], [13, Chapter 5]. Furthermore, we define
f*(n) = f(n)... f(n) with k € N.
T

Proposition 1.1 (cf. [8, Proposition 1.8]). If f is a completely multiplicative function then f~" is fu.
Proposition 1.2 (cf. [8, p. 6]). Let f, g and h be arithmetical functions. Then we obtain

(D) frxg=gxf.

(2) (fxg)xh=fx(gxh).

3) fx(g+h=fxg+fxhand(f+g xh=f+«h+g=xh

Proposition 1.3 and 1.4 below are relatively well-known results in [1, p. 152], [8, 15], etc. Proposition 1.4 is
necessary for understanding the main results of this article, so we introduce its proof briefly.

Proposition 1.3. Letn € N and k € Ny. Then
(& * O)(n) = or(n).
Proposition 1.4. Let k € Ny, o-,t and o, are multiplicative functions.

Proof. Let m,n € N with gcd(m,n) = 1. Then

O'Z(mn) = Z d = Z d*

dimn dim,d>|n,
%”51 (mod 2) ﬁsl (mod 2), gcd(%,i):l
— k k
o DI DI
dy|m daln

#=1(mod 2) #=1(mod 2)
=a (m)ory (n)

k kY-

Similarly, o is an also multiplicative function. O

Proposition 1.5 (cf. [15, Theorem 3.3]). Let n,k € N. Then
ol(n) = o(n) — o(n)2).
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2. Formulas for (o103)~! and (0'10';)‘1

In this section, we want to find the formulas for (¢o-;03)~! and (0'10';)‘1. In order to find these formulae, we need
the properties of multiplicative and inverse multiplicative functions, which are listed below.

Proposition 2.1. The followings hold true:
(1) (cf. [8, Proposition 1.5]): If f is multiplicative function, then ' is multiplicative function.

(2) (cf. [8, Proposition 1.6]): If f and g are multiplicative functions then f g and fg are multiplicative functions.

-1
Lemma 2.2. (O'T) is a multiplicative function.

+-1
Proof. By Proposition 1.4, o-f is a multiplicative function. Therefore, (o) ~ is multiplicative function by Proposition
2.1 (D). O

Theorem 2.3. If p is a prime and a € Ny then

1 a=0,
-2 p=2,a=1,
@) " = .
! —-(1+p) p=odd, a=1,
p p=odd, a =2,
0 p=odd, a>3.
Proof. By Proposition 1.5,
¥ o1(n) if n is odd,
o(n) = R .
o1(n) —oi(3) otherwise.
If n = 1 then
1 1
(h'(Hh)=——=——=1 (2.1)

al(1) GTON

The proof will be divided into the case where p is 2 and the case where p is odd.
First, consider the case where p is 2. By (1.2),

1

(@)@ =~ —— > o)) @/d)

O
=—d@Eh )
= -7}

= Z d
d|2

2/d=odd
__ 2.2)
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and

. 1 + b
(@)@ = - —— 3 sl@e) " @)
1 di2?
da>1

; +o—1 ; s -1
=— (@)D @ +o@H) (1)
=— (=202 +ol(2%)
=201(2) - 0 (2%)
=0. (2.3)
We will use mathematical induction to show (o-Jlf)‘l (25 =0 with k > 2.
We assume that
@hH'2h=0 (2.4)
with2 <1 <k.
Then, by (2.1), (2.2) and (2.4), we obtain

) = 2 e
d|2k+1
d>1

=—(@[@@)' @Y+ o@D @ + .+ @YD) @) + @ e T ()
= (o@D '@ + o[ @ o) ()

__ (2k(_2) + 2k+1)

=0.

This completes the proof of case n = 2 with k > 1.
Let p be an odd prime. Then, by (1.2) and (2.1),

1 . -
@D P) == —— Y ol (p/ad)
AR

= - (i)™ )

=-0o1(p)
=—(1+p), (2.5)

+ 1 -
@) P == —— > o)) (p1d)
(1) &
d>1
=~ @@ P + @ P M)
:—(—(1 +p)2+(l+p+p2))
=p (2.6)
and
. 1 n .-
@ﬂ@h—TEZd@MVWM
18 q)p?
d>1
=—(+pp+(1+p+p2) (= +p)+(1+p+p*+pY)
=0.
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We will use mathematical induction to show
@H ' (pH =0
with a > 3. .
Suppose that (o))~ (p*) = 0 with 3 < @ < k.
Then, by (2.1), (2.5), (2.6) and (2.7), we obtain

@) P = - o (P d)

O gk
d>1

— (i) @ + D) P + . +(r*(p"+‘>(rr*)’1<1>)

(l+p+ )p+(l+p+
+(1+p+p*+. +pk”))

( 1D + D )+ ol e )
=~
(

These complete the proof of Theorem 2.3.

+ ) (=1 + p))

Theorem 2.4. Let n = p{' ... p}" with distinct odd primes p; (1 < i < 1) and a; € N. Then

1

)

D' (pi+ D
[T, pi

@)™ = =D (TT, 2i) (TTizyr (P + 1)
=2(=1)' [Ty (pi + 1)

-2 Ht 1pi

~2=D" (T2 pi) (TTeyir (i + 1))
0

Proof. Since (o-Jlr)‘I is a multiplicative function,

n=1,

n=2,
n=pp...p;,
n=pl.pi
n:p%...p%prﬂ...
n=2pi...ps,
n=2p%...pt2,

n= Zp%. . D2Drit. .

otherwise.

@D i) =@ D P D)
=(=(0+p))...(=(A+py))

=1 [ Ja+p
i=1

and
@) 7)) =D D - ) D)
t
= 1_[ p[
i=1
by Theorem 2.3.
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Similarly, by Theorem 2.3, we obtain

@D P PEpr - p) =@ DT PD @D DD T D@D T ()

=-1~( [ i [T+ n)

i=1 i=r+1

(@)'@pi...p) =@ Q@) (). (@D (P

=21 [+ D,
i=1

@h'ept...pH) =)' QeH D ... )PP

and

(@D @t p2prt . p) = (@) Q@) D (@D (D)
X (@) (pre) - (@D (p2)

- (—2)(—1)"’[1L1[Pf][ﬁ pr 1]'

i= i=r+l1
Other cases are trivial. O
Lemma 2.5. Let p be a prime and a € Ny. Then
1 a=0,
-23 p=2a=1,
0 p=2,a>2
N > >
o =
(37 —p3—1 p=odd, a=1,
p3 p=odd, a=2,
0 p=odd, a>3.
Proof. By Proposition 1.5,
¥ o3(n) if n is odd,
o3(n) = n .
o3(n) —o3(35) otherwise.
From (1.2), we obtain
-1 1
(@)= ——= = 1. 2.8)
o5(1)
> &
dl
1/d:odd

We prove it by dividing it into a case where p is 2 and an odd number of cases.
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First, consider the case where p is 2 By (1.2),

1 . .=
@)@ =~ —— > ol @/d)
o 1) "
d>1
1 . +

=— ——0o2)(c)'
0;(1)03( No3)™ (1)

=0}

= Zd3

d2
2/d:odd

=-2 2.9

and

3 1 + -
(@)@ = - —— > Fld)o}) @/d)
g

=— (@@ @) + @)D (1)

=-| 2 A ) 4
d2 d|2?
2/d=0dd 2 /d=odd

=0. (2.10)

We will use mathematical induction to show (0';)‘1(2") =0 with k > 2.
We assume that

@h'eh=0 @.11)

with2 <[ <k.
Then, by (2.8), (2.9) and (2.11), we obtain

5 1 . _
@)@ =~ — > o)) @ a)
3 d|2k+]
d>1

== (@D +...+ ol @D @ + @) ()
=— (20D @) + iy

| 3 e 3w
ot k!
2 /d=odd 2%+ /d=0dd

- _ (_23 . 23k + (2k+l)3)
=0.
This completes the proof of case n = 2F with k > 1.
Let p be an odd prime and ¢ € Ny. Then, by Proposition 1.5,
!

al(p) = o3(p) - 3 (%) = o3(p").
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Therefore, we obtain

@)Y = (o) (). (2.12)
Also, by Proposition 1.3,
o3 = Y d* = (& x O,

din
Since ¢ is a completely multiplicative function,
G =
and
= du

by Proposition 1.1. Hence,

Glrosx ' =05 w (GO =6

and
(&) * o3 % (Lop) = 6. (2.13)
Using (2.13) and the fact Dirichlet convolution * is commutative, we obtain
o3 = (G * (Gop) = () * . (2.14)

Now let’s examine the value of o3 (p®).
It is easily obtained that

o3 (D) = (us + (1) = 1,
03 (p) = (s * (p) = ) uia(p(p/d) = =1 = p*

dlp
and
o3 (1) = Wi = (p7) = D uis(du (p/d) = p.
d|p?
If @ > 3 then
o3 (p™) =(uds = W(P®)
= WDGDu(p" /d)
dip*
=u(GORP™) + ...+ p(p™ (™ Hulp)
=0.
Therefore, Lemma 2.5 is proved. O

By Proposition 1.4 and 2.1, (0';)“ is a multiplicative function.
So, by Lemma 2.5, we obtain Theorem 2.6.

Theorem 2.6. Let n = p{' ... p}" be a positive integer with distinct odd primes p; (1 < i < t) and a; € N. Then

1 n=1,
-23 n=2,
D'l (i + D n=pi...pn
Iz, p; n=pi..pis

@)™ ) = ST P T (0] + 1) n=plo P pn
(23D T (p; + 1) n=2pi...ps,
(=20 Ty 1} n=2pi...p,
2Dy 2} iy (P + 1D n=2p7 . piprst - i,
0 n = otherwise.
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It is possible to obtain the (o103)"! function directly, but it is a little easier to obtain the (o103)"! function using
the proposition below. Therefore, we state the following proposition below.

Proposition 2.7 (c¢f. [12, p. 621]). Let f; and g; be completely multiplicative functions for i = 1,2. Then

fifr = figa* frg1* 818 = (fi x g * g2) * u,

where

fifgig2 (nl/z) if n is square,
u(n) = .
0 otherwise.

Lemma 2.8. Let p be a prime number, t € Ny and @ € N. Then

1 t=0,

—o1(p)os(p) t=1,
(@107 (P =p(2pH +3p°)  1=2,

—2p* a1 (p)os(p) t=2a+1, a>1,

protl (0'2(p3) + 4p3) t=2a+2, a>1.

Proof. If t = 0 then

(o103)7'(1) = (2.15)

— =1
o1(Do3(1)

by (1.2).
It is well known that {i(n) = n*isa completely multiplicative function with k € Ny. Thus, we derive from (2.7)
that

(0103) % v = ({1 % Lo)(d3 * Jo) * v = {a* {1 * {3 * {o.
Here,
: Z4(n'?)  if nis square,
{O otherwise.

Hence, by Proposition 1.1,

(0103) " = Qap s Qi ot s Lopt # v = Lat # (it Gt s .
It is easily checked that
—(p+p3) ifa=1,
(G * L) (p*) = 3 p* if a=2,
0 ifa=3

and

P if ais even,

(u=v)(p®) = {_pz(a—w if ais odd.

Using these, we obtain

(@ o)+ (o V)(P) = Y (G )+ v)(p/d)

dlp
=(G1p # G+ v)(p) + (G1pe+ S3p)(p) (o v)(1)
=-1- (p + p3)
=—1-p-p’
=- (1 +p+ p3),
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(@ o) (s V)PP = D (Gapa o L))+ v)(p™ 1)

dip2@
=upx GG () + Gopx S0P ) ()
+ @ L) (%) () (777)

:p4¢1 + (p + p3>p4(a—l) + p4p4((y—1)

4a-3

=2p4a +p + p4a—1

and

(@ )+ e)(P™™) = D (G (@) = )PP [d)
d|p2a+l
=@ LW ) (p7) + s 0P ) ()
+ (G = L) (pz) (1 *v) (pz"")

- _ p4a _ (p + p3)p4a _ p4p4(a—1)

- _ 2p4(1 _ p4a+l _ p4w+3

with a > 1.

Let A := Qs {ap v,
Then
-(1+p+p?) t=1,

A(pt) — 2p4a +p4a—3 +p4(1/—1 t =2« ((Z > ])’
_2p4a _p4(1+1 _p4rt+3 t=2a+1 (a, > 1)

Therefore, for @ > 1

Gpx Ap) = ) Lp(dA(p/d)

dlp
=Lp(DA(p) + Lau(p)A(D)
=—(l+p+p3)—p4
=—o1(p)as(p),

G AP = ) p( AP [d)

d|p?
=Lup(DA (p*) + Zap(p)A(p)
=A(p?) - p*A(p)
=2p4+p+p3+p4(1+p+p3)
=p<3p3 +1+p2+p +p6)
=p(c2(p*) +3P°).
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4«4#*14( 2a+1 Z {4/J(d)A< 2a+1/d)

d|p2n+1
=LA (P**) + Zau(p)A (p™)
—A (p2(t+l) _ p4A <p2(x>

- _ 2p4a _ p4¢1+1 _ p4a+3 (2p4a a-3 + p4a—1)
- _ 2p4a _ p4a+1 _ p4a+3 _ 2p4a+4 _ p4a+l _ p4a+3
=-2p*(pt+p 4 p+ 1)
=-2p'c1(p)os(p)
and
L AP = . LA™ /d)
d|p2a+2
=Lp(A (pP2) + Lp(pA (P
=A (pZ(H-Z) _ p4A (pZ(H-l)
—ppHath o pHatD=3 b=l (2p4a/ 4 platl 4 p4a+3)
=2p4(a+1) + p4a+1 + p4a+3 + 2p4a+4 + p4a+5 + p4a+7
4”“(41) +1+p2+p +p>
4zy+1 <4p +oa(p ))
These complete the proof of Lemma 2.8. O

Proposition 2.9. (003) and (0103)~" are multiplicative functions.

Proof. We know that o and o3 are multiplicative functions by Proposition 1.4. Then o703 is a multiplicative func-
tion. Therefore, (0-103)~" is a multiplicative function by Proposition 2.1. O

Theorem 2.10. The followings hold true:
(D) (o103)7 () = 1.
(2) If p; (1 <i < m)isdistinct prime integers and k; (t + 1 < i < m) are positive integers then
(0_10_3)—1 (p ) 2 2 2kiq+1 2ks+1 2k§+1+2 2km+2)

Voo s PrPrt - PPy ---Ps Psip -+ Pm

1

= 2T l_[ (t+pispi+p]) [ | pi(1+ P+ 307 + 0 + pf)

i=1 i=r+l1
x ]_[p Lepi+pi+p!) [ | i (1+ 0} +4p) + b} + 1f).
i=t+1 i=6+1
Proof. By (1.2),
1
(o3 () =——— =1.
: (103)(1)

Recall that (0-1073)7! is a multiplicative function by Proposition 2.9.
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So, we obtain

(@103 (p1 ... py) =(o103)  (p1) .. . (o103)  (pr)
=(=a1(p)o3(p1) - .. (=T 1(p)T3(p,)

= [ [oipios(p
i=1

=0 [ [(1+pi+ 0] +p)),
i=1

(@103 (Phay - 17) =103 (DL - (0103 (D)

l_l Di (O'z(P?) + 317,3)

=r+l
t
[ ] 7:(1+p7+30] + 5!+ pf).

i=r+l

(103)”! (P,ZJ]:’{‘Jrl .. .p(zsk‘f”) =(0ry03)7! (pIZJI:IIHH) (o) (p§k§+1)

[
=2 [ ] pifori(pios(pi)

i=t+1
5
~2 [T (e e+ )
i=t+1
and
(o103)"! (péf{”z N .pisz) =(o103)7! (p?ff‘”) (o) (pikm—z)
m
= 1_[ p?k,‘+l (0_2(pl3)+4p?)
i=0+1
m
= 1_[ p?k,‘+l (1 +p,2 +4p? +p;1 +Pi6)-
i=0+1
Then
(c103)”" (P1 e PPy PR pet ptea R .pfnkm”)
= (0'10'3)_](171 ...pr)(0'10'3)_] (pfﬂ p,z) (0'10'3)_' (ptzf’l”+l ...p?‘f”) (0-10.3)—1 (péiﬁlﬂ“'z B -P,z,,k"’+2)
r t
= U [(Urpirpf+pl) [ | pi(1+5F 4307 + 0! + )
i=1 i=r+l1
g m
< [ T o (e pitpl+p!) [ ] o (1407 +4p7 + 5+ pf).
i=t+1 i=0+1

These complete the proof of Theorem 2.10.
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Lemma 2.11. Let p be a prime number, t € Ny and a € N. Then

1 t=0,

24 p=2andt=1,

0 p=2andt>2,
(@lo)™ (") = {—a1(p)o3(p) p = odd prime and t = 1,

ploa(p?) +3p?) p =odd prime and t = 2,
_2p4a
P (o (p?) +4p®)  p=odd prime and t =2a +2, a > 1.

o1(p)as(p) p=odd prime and t =2a + 1, @ > 1,

Proof. If t = 0, then
1 1

(oloD)™(1) = = =1 (2.16)
v (oo}
> d||l ¥ &
d|l d|1
1/d=o0dd 1/d=o0dd
by (1.2).
Also, if p = 2 then
. 1
@)@ =——— ) (cloeh@ (oD 2/a)
173 (O_io_;)(l)dzlz 173 173
d>1
=~ (ojo)@) o)™ (D)
=-24 (2.17)
and
. 1 . .
(o) @) =——— ) ool 2% /d)
193 ;1\2?
= (o]l @cjo) @) + oll@D)
=0
by (1.2).

‘We will use mathematical induction to show
(@jo)™'@)=0

with 1 > 2.
‘We assume that

ieh'2h=0 (2.18)

with2 <[ <1
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Then, by (2.16), (2.17) and (2.18), we obtain

(ojopT ™ = - Do) ja)

(] T)(1) &
d>1

= - (@)@ @) + (FjehH@ e (1)
= - ((ojoeD@) - (=24 + (]2
( Z Z &)(-2% + ( Z d Z d3))

d|2t d|2’ d\z”l d|21+l
2'/d=odd  2'|d=odd 24 Jd=odd 2™ /d=0dd

0. (2.19)

Therefore, (o 0';) (2") = 0 with ¢ > 2. This completes the proof of case p = 2.
Now consider the odd prime number p. Then

@iopeh=( D, A ), &)

dip’ dip'
p'/d=odd p'/d=odd

(224

dip' dlp'
=(or103)(p). (2.20)

So, for prime numbers when p is odd, the result can be obtained using Lemma 2.8. Therefore, the proof of Lemma
2.11 is completed. U

By Lemma 2.11, we obtain the following theorem below.

Theorem 2.12. Let p; (1 < i < r) be distinct odd primes. Then we have

1) (o)™ =1.

@ (@)@ =-2*

(3) Ifny = p1 - p, is a positive integer then (O'Ta';)’l(nl) = (=1 (o1(m)o3(ny).
4) Ifny, = n% = (p1 -+ p,)? is a positive integer then

r
(o) ) =m [ [+ pF+3p} + pf + pf).

i=1
5) Ifn; = 2‘1”2 -+ py)? is a positive integer then

,
(o) ) = ny [ [+ pF+3p} + pf + ).
i=1

183



Kong and Kim / Montes Taurus J. Pure Appl. Math. 6 (3), 169-185, 2024

1 ifn=1,
24 if n=2,

(=1 (=2 T (1 + pi + p} + pH
[T, pi(1 + p? +3p} + p! +p®) if n=pi...p,p%, ... 0}

4k; ; Dkpar+1 Dks+1 ks +2 Dk +2
Lo DL+ pi+ pl o+ ph) P D e

(@D M) = 110, P (L4 p? +4p3 + p + p®)

(=D (=2)" [T, + pi + P+ ph)
[T, pi(1 +pl.2 + 3p? -i—pj.1 +pl.6) if n=2p;.. .prpr .p?

b 4k; 3 4 ki1 +1 2ks+1  2ksi1+2 2k +2
[Ticir 2 (L + pit pj + p}) Py’ e Ps Pal P
m 4k;+1 2 3 4, .6
Hi:§+1 D (1 +p; +4Pi +p; +[7,')
0 if n=otherwise.

3. Conclusion

There are many well-known results about the convolution sums of restricted functions. However, it is well known
that it is somewhat difficult to obtain a formula for the convolution sums of divisor functions under the condition of
relatively prime. The Dirichlet convolution is used to obtain these formulas. What we need is the result of the inverse
of the restricted divisor functions. This article gives these formulae, which are meaningful and effective for finding
the convolution sums of various restricted divisor functions. It is expected that various results will be derived in the
future using this article.
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