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Abstract

In this paper, we define a subclass which consists of Bessel functions denoted by Bv
k,p(ζ, ξ) of the form Bv

k f (z) = z−p+
∞∑

n=1

(−v)n

4nn!(k)n
an−pzn−p

in the open unit disk U∗. Further, we determine the coefficient estimates, radius of starlikeness, radius of convexity and distortion
bounds for the class Bv

k,p(ζ, ξ).
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1. Introduction

Let us denote by Σp the class of functions which are meromorphic and p-valent and it consists of functions of the
following form

f (z) = z−p +

∞∑
n=1

an−pzn−p, (p ∈ {1, 2, . . . }); an−p ≥ 0 (1.1)

are analytic in U∗ = {z : z ∈ C such that 0 < |z| < 1} .
The various subclasses of Σp have been investigated by many authors like, Uralegaddi and Somanatha [17], Akgül

[1], Albehbah and Darus [2], Aouf and Hossen [3], Aouf and Srivastava [4], Frasin and Murugusundaramoorthy [10],
Owa et al. [14], Yan and Liu [19].
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69

https://orcid.org/0000-0002-4076-2494
https://orcid.org/0000-0002-0243-8263
https://orcid.org/0000-0002-1547-823X
https://orcid.org/0000-0002-5706-4174
https://orcid.org/0000-0001-8980-9671
https://orcid.org/0000-0002-4076-2494
https://orcid.org/0000-0002-0243-8263
https://orcid.org/0000-0002-1547-823X
https://orcid.org/0000-0002-5706-4174
https://orcid.org/0000-0001-8980-9671
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If f ∈ Σp then f belongs to the class of meromorphically p-valent starlike functions of order α denoted by
∧∗

p(α),
provided f satisfies (1.2). And, f belongs to the class of meromorphically p-valent convex functions of order α
denoted by

∧
p(α) provided f satisfies (1.3).

R

{
−

z f ′(z)
f (z)

}
> α (1.2)

and

R

{
−1 −

z f ′′(z)
f ′(z)

}
> α (1.3)

(z ∈ U∗; 0 ≤ α < p; p ∈ {1, 2, 3, . . . }).
The first kind of Bessel function of order t is generalized as

Ωt,u,v(z) =
∞∑

n=0

(−v)nz2n+t

22n+tn!Γ
(
t + n + u+1

2

) ,
where t, u, v, z ∈ C and v , 0. Let us define a map ϕt,u,v : C→ C by

ϕt,u,v(z) = z
−t
2 2tΓ

(
t +

u + 1
2

)
Ωt,u,v

(√
z
)
.

Using the above function many researchers like Baricz [5], Khan et al. [11], Cho et al. [6], Mondal and Swami-
nathan [13], Deniz et al. [8], Deniz [7], Ezhilarasi et al. [9], Saliu et al. [16], Ramachandran et al. [15] have obtained
the generalized Bessel function Ωt,u,v(z) in the following representation

ϕt,u,v(z) =
∞∑

n=0

(−v)n

4nn!(t + u+1
2 )n

zn,

where t + u+1
2 , z−0 = {0,−1,−2,−3, . . . }.

For our convenience, let us take ϕt,u,v(z) = ϕk,v(z), k = t + u+1
2 . Pochhammer symbol in the form of Euler gamma

function is defined as
(s)n =

Γ(s + n)
Γ(s)

= s(s + 1)(s + 2) . . . (s + n − 1),

where n ∈ N; s ∈ C and (s)0 = 1.
Now we define the function fg(z) as

fg(z) = z−p +

∞∑
n=1

an−p,gzn−p; g = 1, 2

and when we consider two functions f1(z) and f2(z), its Hadamard product is stated in the following form

( f1 ∗ f2) (z) =
1
zp +

∞∑
n=1

an−p,1an−p,2zn−p.

For f ∈ Σp, we have the operator Bv
k as

Bv
k f (z) =

1
zp ϕk,v(z) ∗ f (z)

=
1
zp +

∞∑
n=1

(−v)n

4nn!(k)n
an−pzn−p. (1.4)

By using the operator Bv
k, we consider a subclass of Σp.

70
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Definition 1.1. If f ∈ Σp and f satisfies the following inequality∣∣∣∣∣∣ zp+1(Bv
k f (z))′ + p

ξzp+1(Bv
k f (z))′ + ζp

∣∣∣∣∣∣ < 1, (1.5)

where z ∈ U∗,−1 ≤ ξ < 0 < ζ ≤ 1; p ∈ {1, 2, . . . }, then f ∈ Bv
k,p(ζ, ξ).

By the work of Khan et al. [11] (see also [9, 12, 16, 18, 19]), we have obtained the coefficient bounds for the
function f (z) to be in the subclass of Bv

k,p(ζ, ξ), also we have determined the growth and distortion properties. Further
the radius of starlikeness and the radius of convexity and linear combination of functions are discussed.

2. Main results

This section mainly focuses on deriving the important conditions which facilitate to prove the initially stated
function to be in the particular class mentioned above and further it helps to determine the bounds.

Theorem 2.1. The function f (z) belongs to the class Bv
k,p(ζ, ξ) if and only if

p(ζ − ξ) ≥
∞∑

n=1

(n − p)(1 − ξ)|v|n

n!4n|(k)n|
an−p, (2.1)

where k , z−0 ; −1 ≤ ξ < 0 < ζ ≤ 1; v , 0; p ∈ {1, 2, . . . }.

Proof. Let us assume that f (z) satisfies the inequality (2.1), then

∣∣∣∣∣∣ p + zp+1(Bv
k f (z))′

ζp + ξzp+1(Bv
k f (z))′

∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣∣

p +
(
z−p +

∞∑
n=1

(−v)n

4nn!(k)n
an−pzn−p

)′
zp+1

ζp + ξzp+1

(
z−p +

∞∑
n=1

(−v)n

4nn!(k)n
an−pzn−p

)′
∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣
∞∑

n=1
(n − p) (−v)n

4nn!(k)n
an−pzn

−ξp + ξ
∞∑

n=1
(n − p) (−v)n

4nn!(k)n
an−pzn + ζp

∣∣∣∣∣∣∣∣∣∣∣
≤

∞∑
n=1

(n−p)|v|n

n!4n |(k)n |
an−p|z|n

p(ζ − ξ) + ξ
∞∑

n=1

(n−p)|v|n

n!4n |(k)n |
an−p|z|n

<

∞∑
n=1

(n−p)|v|n

n!4n |(k)n |
an−p

p(ζ − ξ) + ξ
∞∑

n=1

(n−p)|v|n

n!4n |(k)n |
an−p

≤ 1.

Hence, by the implication of the famous theorem called maximum modulus, we obtain f (z) ∈ Bv
k,pζ, ξ).

Conversely, assume f (z) ∈ Bv
k,p(ζ, ξ), then by using (1.4) and (1.5) we get

∣∣∣∣∣∣ p + zp+1(Bv
k f (z))′

ζp + ξzp+1(Bv
k f (z))′

∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣

∞∑
n=1

(n − p) (−v)n

4nn!(k)n
an−pzn

−ξp + ξ
∞∑

n=1
(n − p) (−v)n

4nn!(k)n
an−pzn + ζp

∣∣∣∣∣∣∣∣∣∣∣ < 1. (2.2)

Using fact that |z| ≥ |R(z)| for all z ∈ U, we have
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R


∞∑

n=1
(n − p) (−v)n

4nn!(k)n
an−pzn

−ξp + ξ
∞∑

n=1
(n − p) (−v)n

4nn!(k)n
an−pzn + ζp

 < 1. (2.3)

Now, for zn = rneiα, α ∈ R and (−v)n

(k)n
=
|v|n

|(k)n |
eiβ, β ∈ R we choose α + β = 2mπ, m ∈ N, we find from the inequality

(2.3)
∞∑

n=1
(n − p) |v|n

4nn!|(k)n |
an−p rn

−ξp + ξ
∞∑

n=1
(n − p) |v|n

4nn!|(k)n |
an−p rn + ζp

< 1.

Hence by letting r → 1−, we find the inequality (2.1). For a function f , the result is sharp when

fn−p(z) =
1
zp +

n!4n|(k)n|p(ζ − ξ)
(n − p)(1 − ξ)|v|n

zn−p. (2.4)

We found a visualization of above sharp function (2.4) with suitable choice of parameters, namely f1(z) = 1
z + 64z

and f2(z) = 1
z +

1
64 z as shown in Figure 1 (a) and (b).
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(a) Image of U∗ under f1(z)
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(b) Image of U∗ under f2(z)

Figure 1: Image of U∗ under sharp function

Corollary 2.2. Let’s describe the function f as (1.1) and f ∈ Σp. If f ∈ Bv
k,p(ζ, ξ), then

an−p ≤
n!4n|(k)n|p(ζ − ξ)
(n − p)(1 − ξ)|v|n

, (2.5)

where n ≥ 0, k ∈ {1, 2, . . . } , −1 ≤ ξ < 0 < ζ ≤ 1.

Corollary 2.3. If ζ = 1 and ξ = −1 in Theorem 2.1, as a result, we have the following inequality

∞∑
n=1

|v|n

4nn!|(k)n|

(n − p)
p

an−p ≤ 1.
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The answers to many questions arise from the study of classes of functions can be obtained by determining the
growth and distortion bounds as these are the bounds obtained from the modulus of the function and the modulus of
derivative. These properties are examined in the following results.

Theorem 2.4. If f ∈ Bv
k,p(ζ, ξ) and 4nn!|(k)n| ≤ |v|n then for |z| = r, we have

1
rp −

p(ζ − ξ)
(1 − p)(1 − ξ)

r1−p ≤ | f (z)| ≤
1
rp +

p(ζ − ξ)
(1 − p)(1 − ξ)

r1−p (2.6)

and it is obtained as a sharp result by

f (z) =
1
zp +

p(ζ − ξ)
(1 − p)(1 − ξ)

zp.

Proof. Using the equation (2.1), we have

∞∑
n=1

|v|n

4nn!|(k)n|
an−p ≤

p(ζ − ξ)
(1 − p)(1 − ξ)

. (2.7)

By the application of (1.1) and (2.7)

| f (z)| ≤
1
rp + r1−p

∞∑
n=1

|v|n

4nn!|(k)n|
an−p

≤
1
rp +

p(ζ − ξ)
(1 − p)(1 − ξ)

r1−p

and

| f (z)| ≥
1
rp − r1−p

∞∑
n=1

|v|n

4nn!|(k)n|
an−p

≥ r−p −
p(ζ − ξ)

(1 − p)(1 − ξ)
r1−p.

Hence the proof.

Theorem 2.5. If f ∈ Bv
k,p(ζ, ξ) and 4nn!|(k)n| ≤ |v|n then for the setting of |z| = r, we have

pr−(p+1) −
p(ζ − ξ)
(1 − ξ)

r−p ≤
∣∣∣ f ′(z)

∣∣∣ ≤ pr−(p+1) +
p(ζ − ξ)
(1 − ξ)

r−p. (2.8)

Proof. From (1.1) and Theorem 2.1,we obtain

| f ′(z)| ≤
p

r(p+1) +
1
rp

∞∑
n=1

|v|n

4nn!|(k)n|
(n − p)an−p

≤ pr−(p+1) +
p(ζ − ξ)
(1 − ξ)

r−p

and

| f ′(z)| ≥ p|z|−(p+1) −

∞∑
n=1

|v|n

4nn!|(k)n|
(n − p)an−p|z|n−p−1

≥
p

r(p+1) −
1
rp

∞∑
n=1

|v|n

4nn!|(k)n|
(n − p)an−p

≥ pr−(p+1) −
p(ζ − ξ)
(1 − ξ)

r−p.

As a consequence, the Theorem 2.5 proof is complete.
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In the following two theorems, we are able to prove the radius of star likeness and the radius of convexity.

Theorem 2.6. The function f is called meromorphically starlike of order γ if f ∈ Bv
k,p(ζ, ξ), γ ∈ [0, 1] in the disk

|z| < r1, where

r1 = r1(ζ, ξ, γ)

= inf
n≥1

{
p(ζ − ξ)(p − γ)

(n − p)(1 − ξ)(n + p − γ)

} 1
n

.

Further, the above result is sharp provided by (2.2).

Proof. For proving the above, it is sufficient to show that∣∣∣∣∣∣∣∣p +
z
(
Bv

k f (z)
)′

Bv
k f (z)

∣∣∣∣∣∣∣∣ ≤ p − γ,

for |z| < r1. We have

∣∣∣∣∣∣∣∣
z
(
Bv

k f (z)
)′

Bv
k f (z)

+ p

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣

∞∑
n=1

ψnan−pzn−p

1/zp +
∞∑

n=1
ψan−pzn−p

∣∣∣∣∣∣∣∣∣∣∣ , where ψ =
(−v)n

4nn!(k)n

≤

∞∑
n=1
|ψ|nan−p|z|n

1 −
∞∑

n=1
|ψ|an−p|z|n

. (2.9)

Hence (2.9) holds good if
∞∑

n=1

|ψ|nan−p|z|n ≤ (p − γ)

1 − ∞∑
n=1

|ψ|an−p|z|n


(or)
∞∑

n=1

|ψ|
p + n − γ

p − γ
an−p|z|n ≤ 1 (2.10)

which is true when (2.1) and (2.10) are used and if

p + n − γ
p − γ

|z|n ≤
p(ζ − ξ)

(1 − ξ)(n − p)
, (2.11)

where n ≥ 0. Further we get

|z| <
{

p(ζ − ξ)(p − γ)
(n − p)(1 − ξ)(n + p − γ)

} 1
n

. (2.12)

As a result, the proof is obtained.

Theorem 2.7. The function f is called meromorphically convex of order γ if f ∈ Bv
k,p(ζ, ξ), γ ∈ [0, 1] in the disk

|z| < r1, where

r2 = r2(ζ, ξ, γ)

= in fn≥1

{
p(p + ζ − ξ − γ)

(1 − ξ)(n + p − γ)

} 1
n

provided the sharp result is obtained by (2.4).
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Proof. To demonstrate the above, it is adequate to show that∣∣∣∣∣∣∣∣∣
z
(
Bv

k f (z)
)′′

(
Bv

k f (z)
)′

∣∣∣∣∣∣∣∣∣ ≤ p − γ,

for |z| < r2, we have ∣∣∣∣∣∣∣∣∣p + 1 +
z
(
Bv

k f (z)
)′′

(
Bv

k f (z)
)′

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣

∞∑
n=1

ψn(n − p)an−pzn−p−1

−p/zp+1 +
∞∑

n=1
ψ(n − p)an−pzn−p−1

∣∣∣∣∣∣∣∣∣∣∣
≤

∞∑
n=1
|ψ|n(n − p)an−p|z|n

−p −
∞∑

n=1
|ψ|(n − p)an−p|z|n

. (2.13)

Hence (2.13) holds good if

∞∑
n=1

|ψ|n(n − p)an−p|z|n ≤ −p(p − γ) −
∞∑

n=1

|ψ|(n − p)(p − γ)an−p|z|n

(or)
∞∑

n=1

|ψ|
(n − p)(p − γ + n)

p(p − γ)
an−p|z|n ≤ 1. (2.14)

It is true when (2.1) and (2.14) are used and if

(n + p − γ)
p − γ

|z|n ≤
p(ζ − ξ)
(1 − ξ)

, (2.15)

where n ≥ 0. And solving (2.11) on the basis of |z|, we get

|z| ≤
{

p(p + ζ − ξ − γ)
(1 − ξ)(n + p − γ)

} 1
n

(2.16)

which proves the theorem.

The following result is a linear combination of multiple functions of the form given in (2.4).

Theorem 2.8. Let
fp−1(z) = z−p (2.17)

and
fn−p(z) =

1
zp +

n!4n|(k)n|p(ζ − ξ)
(n − p)(1 − ξ)|v|n

zn−p (2.18)

for n = {0, 1, 2, . . . } and k ∈ {1, 2, 3, . . . }. Then f ∈ Bv
k,p(ζ, ξ) if and only if

f (z) =
∞∑

n=0

λn−p−1 fn−p−1(z), (2.19)

where λn−p−1 ≥ 0 and
∞∑

n=0
λn−p−1 = 1.

75
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Proof. From (2.17), (2.18) and (2.19) it can be easily proven that

f (z) =

∞∑
n=0

λn−p−1 fn−p−1(z)

=
1
zp +

λn−p p(ζ − ξ)n!|(k)n|4n

(n − p)(1 − ξ)|v|n
zn−p

= z−p +

∞∑
n=1

bn−pzn−p.

Since

∞∑
n=1

(n − p)(1 − ξ)|v|n

p(ζ − ξ)n!(k)n4n λn−p ×
p(ζ − ξ)n!(k)n4n

(n − p)(1 − ξ)|v|n
=

∞∑
n=1

λn−p

= 1 − λ−(p+1)

≤ 1.

The function f ∈ Bv
k,p(ζ, ξ) follows from Theorem 2.1. On the other hand, if suppose that we have f ∈ Bv

k,p(ζ, ξ).
Since then, ∣∣∣an−p

∣∣∣ ≤ 4nn!(k)n p(ζ − ξ)
(n − p)|v|n(1 − ξ)

, n ≥ 0 (2.20)

λn−p =
(n − p)(1 − ξ)|v|n

p4nn!(k)n(ζ − ξ)
an−p, n = {0, 1, 2, . . . } , p ∈ N (2.21)

and λ−p−1 = 1 −
∞∑

n=1
λn−p. Hence, we have (2.19).

Theorem 2.9. Under convex linear combination, the class Bv
k,p(ζ, ξ) is closed.

Proof. Assume that f1 and f2 are defined by

f j(z) =
1
zp +

∞∑
n=1

an−p, jzn−p, ( j = 1, 2) (2.22)

and belong to the class Bv
k,p(ζ, ξ). Now set f (z) = (1 − µ) f2(z) + µ f1(z), µ ∈ [0, 1] and using (2.22) we get

f (z) =
1
zp +

∞∑
n=1

{
µan−p,1 + (1 − µ)an−p,2

}
zn−p,

where µ ∈ [0, 1], z ∈ U∗, p ∈ {1, 2, . . . }.
In light of Theorem 2.1, we obtain

∞∑
n=1

|v|n

4nn!|(k)n|
(n − p)(1 − ξ)

{
µan−p,1 + (1 − µ)an−p,2

}
=

∞∑
n=1

(n − p)µ(1 − ξ)
|v|n

4nn!|(k)n|
an−p,1

+(1 − µ)
∞∑

n=1

(n − p)(1 − ξ)
|v|n

4nn!|(k)n|
an−p,2

≤ p(ζ − ξ)

which demonstrates that f ∈ Bv
k,p(ζ, ξ).
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3. Conclusion

During our investigation, we have extensively studied a particular type of meromorphic multivalent function
known as Bv

k f (z) in U∗ = {z : z ∈ C and 0 < |z| < 1}. Our analysis involved deriving coefficient inequality, which
helped us gain insights into the behavior and structure of functions within this subclass. Moreover, we have estab-
lished distortion bounds that provide valuable information on the preservation of geometric properties under mapping.
Additionally, our research delves into inclusion and neighborhood results, which have helped us understand the sub-
class Bv

k f (z). This deeper understanding of its mathematical characteristics and implications will go a long way in
advancing the field.
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