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Abstract
For a natural number N, let E(N) := > 11— > 1 and A(N) := E(N) — 3E(¥) The formula for convolution sums
dIN dIN N
d=1 (mod 3) d=-1 (mod 3)

N-1
> ADAN — 1) is very well known. In this article, > ADAN — 1) is calculated using arithmetical inverse of A defined
=1 =

ged(r,N-1)=1
by Dirichlet convolution. Furthermore, we define the homogeneous Dirichlet convolution sum of arithmetical functions and find
formulas of the homogeneous Dirichlet convolution sums of the inverse divisor functions.
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1. Introduction

The study of the convolution sum of arithmetical functions has been studied by many mathematicians (see [1, 3,
4,6,7,9, 12, 13, 16] and the references therein). Regarding the arithmetical function f, the general convolution sum

N-1
D FOfN =1

t=1

has been studied a lot, but the convolution sum of the form

N-1
D fwfN -1

ged(t,N-t)=d

is not well known. Here, d and N are natural numbers.
In this article, we will mainly study to find the formula of the convolution sum

N-1
> fOfWN -0,

ged(t,N-n=1
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To do this, some functions for this article are first introduced. N and Ny will be denoted by the set of natural numbers
and the set of non-negative integers, respectively. Unless otherwise specified, prime numbers p, p;, g, g;, p and p
will be expressed as follows.

Let p = p; =1 (mod 3) and g = g; = 2 (mod 3) be positive prime numbers and p, p; be general positive prime
numbers withi=1,...,¢,j=1,...,randk=1,...u.

Ford,t,N € N and s € Ny, we use notations in [14] as follows:

oo(N) := Z &,

dIN
o(N) := o1(N),
E(N) := Z 1- Z 1,
diN dIN
d=1 (mod 3) d=-1 (mod 3)

A(N) := E(N) - 3E(g)

Di(N) :={d|d = 1 (mod 3),d|N},
Dy(N) :={d|d = 2 (mod 3),d|N},

N-1
AN) = Z AOAN 1),
t=1

N-1

AN) = Z ADAN — 1).
ng(tflz\ll—t)zl

Here, divisors are always assumed to be positive divisors. We also make use of the following convention:

os(N) = E(N) = 0if N ¢ Nand A(1) = A(1) := 0.

In order to deal with Y, A(H)A(N — t), some definitions and properties related to Dirichlet convolution are
=1
ged(t.N-n=1

needed, so they are stated below. The Dirichlet convolution sum % * hy of h; and A, is defined by

(i = h)N) = 3 G (% ).

dIN

Define the function ¢ by 6(1) = 1 and 6(N) = O for N > 1. Then h; % 6 = 0 * hy = hy. In fact, the set of arithmetical
functions, together with the binary operation of addition and convolution, is a commutative ring 2. Let h; € A.

An arithmetical function h;' is called an inverse of h; if hy * h;' = hl‘1 x hy = 6. Let U() be the set of units of A.
In fact, hy € U) if and only if #;(1) # 0. In detail,

1
_1 _
mN(1) = e (1.1
and 1 N
h;'(zv)z__hl(l) § hl(d)hl"(—d) (1.2)

dIN
d>1

for all N > 1. If h;(1 < i < I) are arithmetical functions then their product A, - - - h; are defined in the usual way:
hy---h(N) = hy(N)---hy(N) and k! (N) = {hy(N)}' for all I, N € N. Originally, (h})™" b} = 1! « (h})™" = § is correct,
but in this paper, for convenience, we define h7'(N) := (h!)~'(N) and h' = it = k! « h7! = 6. For more details on
arithmetical functions, refer to [10, 11, 15].

The main results of this paper are as follows.
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Theorem 1.1. Let n € N. Then we have
(a) A(3") =0.
(b) Ifq =2 (mod 3) is a prime then

A" = —2(g+ g™ if niseven,
Hg+Dg™"  if nisodd.

(¢) If p=1 (mod 3) is a prime then

(p-1 ifn=1,
3 (p-Dp-2) ifn=2,
—EX(p") ={(p-D(P*+6p+18) ifn=3,

o(p") — 4o (p" ") + To(p"?) - Spvz(p%) -2 if n(=4)iseven,
a(ph) —4o(p" ") + To(p"?) - 80'2(19%) +2 if n(>5)is odd.

1.1. Arithmetical functions E and A
By the definition of E,
E(pf)=(ei+ 1) (1.3)
and

1.4

E( ﬁ.):{o if ;=1 (mod 2),
j 1 if f;= 0 (mod2)

are easily obtained. For a general natural number N, the following lemma is needed to find the formula of E(N). In
fact, Lemma 1.2 is well known.

Lemma 1.2. E is a multiplicative function.
Proof. 1fdy,d, =1 (mod 3) and d3,ds = 2 (mod 3) are positive integers then
didr, = d3ds =1 (mod 3) and dds = ddy = drds = drdy = 2 (mod 3). (1.5)
Let gcd(m,n) = 1. By (1.5), we obtain
#D,(mn) = #D(m)#D(n) + #D,(m)#D,(n),

#D,(mn) = #D(m)#D,(n) + #D(m)#D;(n)

and
E(mn) = #D(mn) — #D,(mn)
= (#D1(m#D\(n) + #D2(m#D2(n)) — (#D(m#D2(n) + #D2(m3#D (n))
= E(m)E(n).
This completes the proof of Lemma 1.2. O

By (1.3), (1.4) and Lemma 1.2, we obtain the next corollary. In order to prove Theorem 1.1, the result of Corollary
1.3 is easy but necessary, so we state it.

Corollary 1.3. Let N be a positive integer. Then
(e +1)---(e,+ 1) iszpTI"'prQ?f]"-qu'"
0 otherwise.

E(N) = {

286



Ikikardes and Kim / Montes Taurus J. Pure Appl. Math. 6 (3), 284-298, 2024

Lemma 1.4. A is a multiplicative function.

e fi . Cr+1 ey frel

Proof. Letmy = p{'--- pi'q, q{ and my = p.i' -+ pi'q,| q{ withe; (1 <i<u), f; (1 <j<v)eN. Thatis,
ged(my,mp) = 1. By Lemma 1.2,

A(mimy) = E(mimy) = E(m1)E(my) = A(my)A(my). (1.6)
Letms = 3'p<' - pf'qll - ¢ with [ € N. Then
A(m3) = E(my) = 3E(m) = =2E(my),

A(mzmy) = E(mymy) — 3E(mimy) = =2E(mimy),
A(my) = E(my)

and
Almzmy) = —2E(mimy) = (—2E(m))(E(my)) = A(m3)A(my). )

By (1.6) and (1.7), Lemma 1.4 is obtained. O
In fact, Lemma 1.4 is in [5, p. 79]. By Corollary 1.3 and Lemma 1.4, we obtain

Corollary 1.5. Let N be a positive integer. Then

(e1+1)---(e+1) i N=pstpligh .. g2,
AN) =3-20er + 1) (e + 1) if N=3p0 - plig-o. g",
0 otherwise.

2. Arithmetical function E~! and proof of Theorem 2.4

To make the results of this section easier to understand, the following definitions are introduced. Let Ay, ..., h; € U,
P1,...,p; be distinct primes and /(> 2) € N. We define the homogeneous Dirichlet convolution sum of Ay,..., A
related to py,...,D; as

(hy * ... x h)(P1s .., Pis0) = Z ha(p() - - ()

ap+-+aj=n
0<ay,...aj<n

with n € Ny. For all primes p;, p; and for all a € Ny, if 2 (p{) = hk(p‘;) (1 £k <), then we define

(hy % ...x h)(n) := (hy % ...k h)(Py,. .. pin) = Z hi(p(") - - (")

aj+-+ay=n
0<ay,...aj<n

and if h = h; = --- = hy and all of the above conditions are satisfied, then we write

K. (n) = (h%...%h)®n) = Z (P - - h(p™)

aj+-+ay=n
0<ay,...aj<n
for short.
Lemma 2.1. [fk € Nandn € Ny then
1 if n =0,

E*@3my={-1 ifn=1,
0 otherwise.

287



Ikikardes and Kim / Montes Taurus J. Pure Appl. Math. 6 (3), 284-298, 2024
Proof. Since the divisors of 3" are 1, 3, 32,...,3", E(3") = | withn € Ny. Using (1.1) and (1.2),
E* =1,

E*3)=- ZE"(d)E"‘( )= -E*Q)E*(1) = -

d3
d>1

E"(l)

and

E*3% = - Z E"(d)E"‘( ) - (Ek(3)E—k(3) + Ek(9)E"‘(1)) =—(1-(-D+1-1)=

d9
d>1

E" ey
To complete the proof of Lemma 2.1, we have to show that
E*3m =0 2.1)

with n > 2. Let’s use mathematical induction for . In the case of n = 2, it was shown that (2.1) was satisfied. Assume
that E7%(3") = 0 with 2 < ¢ < n. Now, finally, consider the case of t = n + 1. That is,

3n+l
—k ;an+1 k
@3 =- Ek(); (d)E" ( y )
=— (E’k(l)E(3”“) + E*®)EFG3) + E*GHEFG Y+ + E’k(3”)Ek(3)) .
Using E*(3") =0 with2 <7 < n, we get E*(3™1)=—(1-1+(=1)-1+0) = 0. O

Lemma 2.2. Let p = 1 (mod 3) be a prime.

(a)

1 ifn=0
ifn=1,
if n=2,

0  otherwise.

E"\(p") =

(b)

1 ifn=20
-4 ifn=1,
7 ifn=2,
(-8 ifn=3.

EZ(p") =

Proof. (a) If p=1(mod 3)is aprime and n € Ny then E(p") = n + 1 by (1.3). Using (1.1) and (1.2),

E'()=1,
_1 - -1 - _
(p)——mZEw)E ()= -E@E"m =2,
E"\(p 2)—‘sz(d>E ( ) ~EPE (p)+ EGHE™ (D} = ~2- (=D +3 1} = 1

dip?
d>1

and
E7(p*) = —{E@E™' (p") + EQHE™ (p) + EQHE™ (D} = -2 -6+ 4) =

Using mathematical induction as in the case of E~'(3"), we can show that E~!(p") = 0 with n > 3. (a) is
obtained.
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(b) Itis proved in the same way as (a).

O
Corollary 2.3. Let s,t,u € No, Ne Nand p1,...,9:,G1,...,0511,...,1L, be distinct primes.
® 2 2
(b) Ifny,...,n, are natural numbers greater than 2 and N = p; - - p,q% e q%r’l“ -- 1" then
0'52(N) = (=)t
Proof. Since o¢(p") = n + 1, using Lemma 2.2, we obtain
1 if n=0, 1 ifn=0,
O R e,
0  otherwise -8 ifn=>3
for all prime numbers p. Using these, (a) and (b) are obtained. ]

Theorem 2.4. Letn € Ny and I(> 2) € N.

@) Ifn>2l+1isa positive integer then

(5" (m) = 0.

(b) Ifn(0 <n <) isan integer then

(auM(m) = (opH 21 - n).

(¢) Ifn(0 < n <l isan integer then

; ! 2 2i if n = 2k
NN Z%)(Zi,k—i,l—k—i)(_ ) itn= S
(0-0 )y () = ;(Jrl '
% (et =227 if =2k + 1

24 \2i-1 k—i+1,I-k—i
i=1
. Iy _ I _
wzth(aI _“a)— s R =land0<ay,...,a, <L
In particular,
-1 -1
(030) = (o@D =1
and

(05D = (pHi @l =1) = =21

(@) Let S jn) = (03" * (05" ))(n) = (05" * (05"))(n) = iy (o P oy (95 with i, j € {1,2}. Then

0<ay,ay<n

n 0] 112 3 | 4 n(=3)
Sanm | 1] =616 | —26 | 31 D732
Sanm) | 1| =830 | =72 [ 129 | (=1)'(n—2)- 64
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Proof. (a) By the pigeonhole principle, it is trivial.

(b)

©)

(d

Let 0 < n <. Itis the same as the problem of thinking of the number of ways of arranging 0, 1, 2 overlapping in
[ positions. In addition, it is a problem to obtain a result by multiplying by 1 when a value of 0 or 2 is obtained,
and by multiplying by —2 when a value of 1 is obtained. For convenience, ap := the number of 0, a; := the
number of 1, a, :=the numberof 2 and ay +a; +a, =1L. If n=1-a;+2-a, +0-a3 and a; + a, + a3 = [ then
2l=2a; +2a, +2azand2l—-n=1-a;+0-a, +2-as.

Let b, D1, . .., Pay+ar+a; be distinet primes. Using o' (p°) = 05! (p?) and

-1 -1 1,2 1,2 1,0 1,0
(o (pl)"'a'() (pa])a'() (pal“)"'o_o (pa1+az)0-0 (pu1+a2+l)”'0-0 (pa1+a2+a3)
-1 -1 —1,..0 —1,..0 —1,..2 —1,.2
=05 (P10 (Pa)og Dy 1) 00 Pg40,)00 (Pgyiay41) 00 (P tartas)
= (-2,

we obtain (b).

LetO<n<landletn = 2k. If a, =k, then ag = I — k and a; = 0. Hence, the value in this case is k,(l”k), (=2)°.

Ifa, = k—1,thena; =2 and ay = [ — k — 1. Therefore, the value in this case is m (-2)?. In this way,
if we find the value while decreasing a,, ﬁnally, let’s find the case where a, = 0. That is, if a, = 0 then a; = 2k,
ag = [ — 2k and the value of this case is m (=2)%*. Thus,

1N/ I 2i
(@ (2 = Z(k ek 2

In the same way as in the case of n = 2k,

k+1 I

;(k i+ DI2i— DI~k —i)!

(oL Qk+1) = (-2)%!

can be obtained.

By (1.1), (1.2) and Corollary 2.3 (b),

S1.2(0) = o' ((oy Y (1) = 1,
Sz = o5 D) @) + o5 ()oY (9)) =
S1,2)(2) = 16,

Sa3)=-

Sap@) =31,

Sapn®)=-
and

S12)(6) = 32.

Using 1-(=8)+(-2)-8+1-(-8) =-32and 1-(8) + (-2)-(=8) + 1-(8) = 32, we obtain S 5)(n) = (-1)" - 32
with n(> 5) € N. In the same way as for finding S (; 2)(n), we can find the formula for S ()(n) with n € N.

O
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Example 2.5. It is well-known that og(p") = n + 1 with n € Ny. Using the above result and Theorem 2.4 to find the
values for / = 2 and 3,

(002 (n) = Pyrs(n + 1) = (” ¥ 3),

3

1 ifn=0,

-4 ifn=1,

6 ifn=2

N2y ’

@0 =Y 4 ien=3,

if n =4,

0 ifn>5

and

1 if n=0,
-6 ifn=1,
15 ifn=2,
=20 ifn=3
13 Y = (o=l % ol 1\ = ~L Mol (p2)o L (p%) = '
(0l = (05" %oy xoy(n) = IZS oy (P])oy (P70 (95)) = 15 ifn=4,
0<ay.ay.az<n _6 lf n= 5’
if n =206,
0 ifn>17.

Here, Pyr,(x) = éx(x + 1)((@ — 2)x + 5 — @) denote the ath order pyramid number (cf: [2]).
Remark 2.6. By Lemma 2.2 (a) and Theorem 2.4,

E" >k ENprappmi= Y ET M- BTG = (0

aj+-+ay=n
O<ay,..ajsn

with n € Nj.

Lemma 2.7. Let g = 2(mod 3) be a prime. If k € N then

1 if n =0, 1 ifn=0,4,

ifn=1 ifn=1,3

E~*gh = > and (ET%2(n) = T
@I=1_1 itn=2, EZNRM =1 o,

0 otherwise 0 otherwise.

Proof. By (1.4),

o O if n=1(mod 2),
E@)_{l if n= 0 (mod 2). 22

Using (1.1) and (1.2),
E*m =1,

E™*g) = -E"@E™*(1) =0,
ENg) = -(EX@QE™ ) + EN@HE*Q) = -0+ 1-1) = -1,

ENG) = ~(EN@QE gD + ENGE (g + ENgHE* (1) = 0
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and
E™gY = ~(EX@E™q) + ENOE™ ") + EN@)E™(g) + EX(gHE™ (1) = -1+ 0= 1+0) = 0.

Using mathematical induction, we can show that E’k(q”) =0ifn>3.
If n = a + b is an odd integer then a or b is odd. So, E’k(qi‘) =0or E’k(qg) = 0. Thus, if n is odd then

EX2m = ) EXgHE™h) =0.

a+b=n
On the other hand,
(E™20) = E*(¢DE™ () = 1,
(E™52) = E*gDE™ @) + E*gDE ™ q2) + E*gDE () = -2,
and

(E2@) = EXNGE™ D) =1.

Ifn=a+b>5thena >3 orb > 3. Hence,

EXm = ) EXgHE™ G =0.

a+b=n
Therefore, Lemma 2.7 is obtained.
To find E~' (V) and A~'(N) for a general positive integer N, the following proposition is necessary.
Proposition 2.8 (cf. [10, p. 8]). If h; is a multiplicative function then h;l is a multiplicative function.
Using Lemma 1.2, Lemma 1.4 and Proposition 2.8, we get the following corollary:

Corollary 2.9. If k is a positive integer then E™* and 7% are multiplicative functions.

| ETGM AT | 3 | e | Mg |

1 1 1 1
-1 1 -1
-1 1 1 -1

-1 1 1

22n+l -1 (_2)271+1 1
1 (_2)2n+1 -1

_22n+1 1 (_2)2n+1 1
-1 (_2)2n+1 -1

22n 1 (_2)211 1
1| (=2 -1
_)2n 1 (_2)2n -1

1| (~> 1

0 0 .
0 .
0

—1 ej f'
Table 1. Values of E (3’"‘ [1p 11 q_/’)

Using Lemma 2.2, Lemma 2.7, Corollary 2.9 and Table 1, we get the following theorem:
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Theorem 2.10. Let p;, g; = 1 (mod 3), gx = 2 (mod 3) be distinct primes, r, s,t € Nog and N € N. Then

el . 2r+1 t 22s+1 ) 2r+1 t ) 2s )
2 1fN=I—[ngP,-qu 0f3l—lngPinj’
k=1 =l = j=I k=1 =1 ' j=1
_22r+1 N = 2r+1 ; ) 2s ) 32r+1 t 22s+1 2
it N = [1 g [Ty pi [1q; or 3 I1 g [1p; I1 45
k=1 j=1 k=1 =l = j=1
E—I(N) — 22r £ N = 2r t ) 2s 5 3 2r . 22s+1 2
if N=T1g[1p; [1q; or 311 &kIlicy Py I1 43
k=1 i=1 = j=1 ° k=1 J=1
t 223‘+l 5 3 2r t 2 2s 5
p; 11 q; or 311 g I1p; I14qj,
=1 ' j=1 k=1 =1 ' j=1

1

2r
27 ifN=]]a&
k=1

0 otherwise.

Corollary 2.11. The followings hold true:
(@) IfN =2 (mod 3) is a positive integer then E-'(N) = 0.
(b) Ifris a prime with r’|N then E-'(N) = 0.
(¢) Ifq =2 (mod 3) is a prime with g|N and ¢* { N then E~'(N) = 0.
(d) If9IN then E"'(N) = 0.

Proposition 2.12. Let m € Ny and k,n € N. Then we have

(a) m
Z EFGHEF3™ ) = m + 1,
i=0
m ) ) 1 .f — 0’
Z Ek(31)E—k(3m—z) — 1 m
pary 0 ifm=>1
and
1 ifm=0,
u : |2 iftm=1
Y ErEE @ =2 T
£ 1 iftm=2,
0 if m > 3.
(b)
3"-1
€3 = ) B OEFG3 - 1) = 0.
i=1
(c)

31

(3" = Z E'HE'3" =) =0.
i=1

Proof. (a) By (1.1), (1.2), (1.3), (1.4), Corollary 1.3, Corollary 2.11 and Lemma 2.1, we obtain (a).

(b) Let! =2(mod 3) be a positive integer. It is easily checked that
#D (1) = #D>(])

and
E() = Ef0) = 0. (2.3)
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By (2.3),
3"-1

S,(3") = Z EXGO)EF3" =) =0

i=a(mod3)
with a = 1, 2. On the other hand,
3-1
E@3) = Z EFOHE*B =) =8513)+5,(3)=0
i=1

and
321

(3% = Z EFDEFB? = i) = $1(3%) + S,(3%) + (EX(3))*E*(3) = 0.
i=1

In the same way, we can assume that €(3%) = 0 for 1 < u < n. Therefore, we get

@k(3n+l) — Sl(3n+l) + Sz(3n+l) + (Ek(3))2@k(3n) =0.

(c) By Corollary 2.11 (a),

'3 :=2ET'(MHE'2) =0

and
€19 = 2E " ME'®) + ETTQET () + (E7'(3)*¢'(3) = 0.

Let n > 3. By Corollary 2.11 (a) and (d),

3n_1 3n-1_1

€13 : = E E'HE'@" -+ § E'GHE' (3" - 3i)
i=1 i=1
i=1,2 (mod3)

3o 32—
(E71(3))? Z E'GHE'G" - i)+ Z E"Y9)E'(3" - 9i)

i=1 i=1
i=1,2 (mod3)

=0.

3. Arithmetical function A1

Using the definition of A(3"), we get A(3% = 1 and A(3") = E(3") - 3E(3"") = =2 with n € N. So,

1 ifn=0
A(3" = ’ 3.1
S8 {—2 otherwise. ©-1)

By (1.3) and (1.4),

A(p)=E(p!) = (e + 1) (3.2)
and
7\ 7\ _ J0 if f; =1 (mod 2),
ﬂ(q/-)—E(‘Ij)‘{1 iff;zO(modZ). (33)
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Theorem 3.1. Letn € Ny and k € N. Then

/1_1(3,1)_ 1 if n=0,
2.3t ifa>1,

1 if n =0,

723" =
" {(—1)"4-3"-1 ifn>1,

1 ifn=0,
ifn=1,
ifn=2,

0 ifn>3,

" =

1 ifn=0,

ifn=1,
7 if n=2,
-D"8 ifn=3,

A p" =

and
1 if n =0,

ifn=1,
-1 ifn=2,
0 ifn>3.

Proof. By (3.1),
N =24 =1,

27'3) = -2 (HaB) =2

and
A172(3) = =272 (HA2(3) = —4.

May assume that
A3 =2-3"" and A7'(3") =(-1)"4.3"! (3.4)

with n > 1. By (1.2), (3.1) and (3.4),
73 = - (7 DAG™H) + 273G + -+ 271 (3HAB))

27T M+ 7B + -+ 271 3Y)

=2(1+2:3%+---+2.3"")

and
723" = = (P2MHAE™) + 27B)E + -+ A7 3HLB))

= -4 (21 + 272B) + -+ + 172(3)

=—4(1-4-3" 4+ 4 (-1)"4- 3",
Therefore,

RPN {1 y %f n=0. 123 - {1 . %f n=0,

2.3 ifn>1 -D"4-3 ifn>1.

Proofs for the remaining cases are obtained from Lemma 2.2 and Lemma 2.7. O
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4. Proof of Theorem 1.1

We state the result related to the convolution sum of the arithmetical function A and necessary to prove Theorem
1.1 below.

Proposition 4.1 (cf. [3, Theorem 1], [14]). If N > 2, then
Nl 2(E(N) - o(N)) if N =1 (mod 3),

AN = D ADAN = 1) = { 1o(N) if N = 2 (mod 3),
=1 1(-Em)+ o) if N=3, e>1, gcd(3,n) = 1.

Proof of Theorem 1.1.  (a) If k,n € N with k # 0 (mod 3) then A(k) = 0 or A(3" — k) = 0 by Corollary 1.5. Thus,

AG3") = Z A)A3" — k) = 0.

k=1
ged(k,31—k)=1

(b) By Proposition 4.1, A(g) = A(g) = 1(g+1).

Let n(> 2) be a positive integer. If k € {1,...,4" — 1} then gcd(k,q" — k) = ¢’ withi € {0,1,...,n — 1}. Using
Lemma 1.4,

A" = AD*A(G) + Ag)°Ag"™) + -+ + Aq" ) Ag) + A"V AD)
and
Alq") = (7% = A)(g"). 4.1
It is easy, but remember, if n = 1(resp., 0) (mod 2) then ¢" = 2(resp., 1) (mod 2).
Putting n = 2 in (4.1),

_ 2 2
A = (DA + 1A = 5 (E@) - o) +0 = ~Za(g + 1)
by Theorem 3.1. If n(> 3) is a positive integer then
Ad) = DA + (@A)

~ % (0’(6]") _ 0'(6111_2)) = %qn—l(q +1) if n =1 (mod 2),
H(E@) - olg - (E@ ) - o(g™)) = =3¢" (g +1) if n=0(mod 2)

by (4.1) and Theorem 3.1. Therefore, (b) is obtained.
(c) By Proposition 4.1,
_ 2 2
A(p) = §(E(p) —-o(p) = —g(p - D.

If we replace g with p in (4.1) and put n = 2 and 3, we get

A(p®) = 2(DHAP?) + A (P)A(p) = —%(p -D(p-2)
and
') = 2DAP) + 2DAGY) + GNP = =50 = D +6p+ 18)

by Theorem 3.1 and Proposition 4.1.
Let n = 2/ + 4 with [ > 0. For ease of calculations, let

By 1= MA@ + A2 (PAP) + 2 (PHAP),

By 1 = A2(PIAP) + -+ 7 PTHAPD),

Bs 1 = 72" HAP).
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By (1.3), Theorem 3.1 and Proposition 4.1,
B = —% (@) = 4o () + 7o (pP2) = (E(p*™) — 4E(p™) + TE(p**?)
- —% (@) = 4o (") + T (p™2) = (81 + 10)),
By = -8 (AP = AP + -+ + (AP = APD)

—?((1 =P+ (1= pY)

and 5 16
B3 =-8- g(E(p) —o(p) = ?(p -D.

Using K(p2l+4) = B; + By + Bz and n = 2/ + 4, we obtain

_ 2 -~ i n=4
Ap") = =3 (00" = 4o (™) + 10 (p") = 8poa(p™T) - 2).
Letn = 2/ + 5 with [ > 1. Similar to the even case, let
B 1= HDAP™) + 2P AP™H + 72 PHAPT),
B = A2 (PHAPH) + -+ 72 PPHAD).

By (1.3), Theorem 3.1 and Proposition 4.1,

%/1 — _% ((0_(p2/+5) _ 40_(p2/+4) + 70_(p2/+3)) _ (E(p2[+5) _ 4E(p2[+4) + 7E(p21+3)))
_ _% ((J(pzns) _ 40'(p21+4) " 70'(p21+3)) — (8l + 14))’
B = -8 ((A(P™*?) =A™ + - + (A(PY) - A(p)))

—?((1 —p ) (1= p).

From n = 2/ + 5, we deduce
A(p") = B + B,

- —§ (") = 4o (p"™) + To(p"?) - 802 (p7 ) +2).

5. Conclusion

There are several proofs of the Lambda function that use modular equations or theta series. Moreover, the theory
of convolution sum of divisor functions is well studied and is a great help in the study of number theory. However, it
is well known that it is somewhat difficult to obtain a formula for the convolution sums of divisor functions under the
condition of relatively prime.

The Dirichlet convolution is used to obtain these formulas. See [8] for a recent result that uses the inverse of a rational
function to find the convolution of a rational function. This article gives these formulae, which are meaningful and
effective for finding the convolution sums of various restricted divisor functions.
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