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Abstract
For a natural number N, let E(N) :=

∑
d|N

d≡1 (mod 3)

1 −
∑
d|N

d≡−1 (mod 3)

1 and λ(N) := E(N) − 3E
(

N
3

)
. The formula for convolution sums

N−1∑
t=1
λ(t)λ(N − t) is very well known. In this article,

N−1∑
t=1

gcd(t,N−t)=1

λ(t)λ(N − t) is calculated using arithmetical inverse of λ defined

by Dirichlet convolution. Furthermore, we define the homogeneous Dirichlet convolution sum of arithmetical functions and find
formulas of the homogeneous Dirichlet convolution sums of the inverse divisor functions.
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1. Introduction

The study of the convolution sum of arithmetical functions has been studied by many mathematicians (see [1, 3,
4, 6, 7, 9, 12, 13, 16] and the references therein). Regarding the arithmetical function f , the general convolution sum

N−1∑
t=1

f (t) f (N − t)

has been studied a lot, but the convolution sum of the form

N−1∑
t=1

gcd(t,N−t)=d

f (t) f (N − t)

is not well known. Here, d and N are natural numbers.
In this article, we will mainly study to find the formula of the convolution sum

N−1∑
t=1

gcd(t,N−t)=1

f (t) f (N − t).
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To do this, some functions for this article are first introduced. N and N0 will be denoted by the set of natural numbers
and the set of non-negative integers, respectively. Unless otherwise specified, prime numbers p, pi, q, q j, p and pk

will be expressed as follows.
Let p ≡ pi ≡ 1 (mod 3) and q ≡ q j ≡ 2 (mod 3) be positive prime numbers and p, pk be general positive prime

numbers with i = 1, . . . , t, j = 1, . . . , r and k = 1, . . . u.
For d, t,N ∈ N and s ∈ N0, we use notations in [14] as follows:

σs(N) :=
∑
d|N

ds,

σ(N) := σ1(N),

E(N) :=
∑

d|N
d≡1 (mod 3)

1 −
∑

d|N
d≡−1 (mod 3)

1,

λ(N) := E(N) − 3E
(N

3

)
,

D1(N) := {d|d ≡ 1 (mod 3), d|N} ,

D2(N) := {d|d ≡ 2 (mod 3), d|N} ,

Λ(N) :=
N−1∑
t=1

λ(t)λ(N − t),

Λ(N) :=
N−1∑

t=1
gcd(t,N−t)=1

λ(t)λ(N − t).

Here, divisors are always assumed to be positive divisors. We also make use of the following convention:

σs(N) = E(N) = 0 if N < N and Λ(1) = Λ(1) := 0.

In order to deal with
N−1∑

t=1
gcd(t,N−t)=1

λ(t)λ(N − t), some definitions and properties related to Dirichlet convolution are

needed, so they are stated below. The Dirichlet convolution sum h1 ∗ h2 of h1 and h2 is defined by

(h1 ∗ h2)(N) =
∑
d|N

h1(d)h2

(N
d

)
.

Define the function δ by δ(1) = 1 and δ(N) = 0 for N > 1. Then h1 ∗ δ = δ ∗ h1 = h1. In fact, the set of arithmetical
functions, together with the binary operation of addition and convolution, is a commutative ring A. Let h1 ∈ A.

An arithmetical function h−1
1 is called an inverse of h1 if h1 ∗ h−1

1 = h−1
1 ∗ h1 = δ. Let U(A) be the set of units of A.

In fact, h1 ∈ U(A) if and only if h1(1) , 0. In detail,

h−1
1 (1) =

1
h1(1)

(1.1)

and
h−1

1 (N) = −
1

h1(1)

∑
d|N
d>1

h1(d)h−1
1

(N
d

)
(1.2)

for all N > 1. If hi(1 ≤ i ≤ l) are arithmetical functions then their product h1 · · · hl are defined in the usual way:
h1 · · · hl(N) = h1(N) · · · hl(N) and hl

1(N) = {h1(N)}l for all l,N ∈ N. Originally, (hl
1)−1 ∗ hl

1 = hl
1 ∗ (hl

1)−1 = δ is correct,
but in this paper, for convenience, we define h−l

1 (N) := (hl
1)−1(N) and h−l

1 ∗ hl
1 = hl

1 ∗ h−l
1 = δ. For more details on

arithmetical functions, refer to [10, 11, 15].
The main results of this paper are as follows.
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Theorem 1.1. Let n ∈ N. Then we have

(a) Λ(3n) = 0.

(b) If q ≡ 2 (mod 3) is a prime then

Λ(qn) =

− 2
3 (q + 1)qn−1 if n is even,

1
3 (q + 1)qn−1 if n is odd.

(c) If p ≡ 1 (mod 3) is a prime then

−
3
2
Λ(pn) =



(p − 1) if n = 1,
(p − 1)(p − 2) if n = 2,
(p − 1)(p2 + 6p + 18) if n = 3,
σ(pn) − 4σ(pn−1) + 7σ(pn−2) − 8pσ2(p

n−4
2 ) − 2 if n(≥ 4) is even,

σ(pn) − 4σ(pn−1) + 7σ(pn−2) − 8σ2(p
n−1

2 ) + 2 if n(≥ 5) is odd.

1.1. Arithmetical functions E and λ
By the definition of E,

E
(
pei

i

)
= (ei + 1) (1.3)

and

E
(
q f j

j

)
=

0 if f j ≡ 1 (mod 2),
1 if f j ≡ 0 (mod 2)

(1.4)

are easily obtained. For a general natural number N, the following lemma is needed to find the formula of E(N). In
fact, Lemma 1.2 is well known.

Lemma 1.2. E is a multiplicative function.

Proof. If d1, d2 ≡ 1 (mod 3) and d3, d4 ≡ 2 (mod 3) are positive integers then

d1d2 ≡ d3d4 ≡ 1 (mod 3) and d1d3 ≡ d1d4 ≡ d2d3 ≡ d2d4 ≡ 2 (mod 3). (1.5)

Let gcd(m, n) = 1. By (1.5), we obtain

#D1(mn) = #D1(m)#D1(n) + #D2(m)#D2(n),

#D2(mn) = #D1(m)#D2(n) + #D2(m)#D1(n)

and

E(mn) = #D1(mn) − #D2(mn)
= (#D1(m)#D1(n) + #D2(m)#D2(n)) − (#D1(m)#D2(n) + #D2(m)#D1(n))

= E(m)E(n).

This completes the proof of Lemma 1.2.

By (1.3), (1.4) and Lemma 1.2, we obtain the next corollary. In order to prove Theorem 1.1, the result of Corollary
1.3 is easy but necessary, so we state it.

Corollary 1.3. Let N be a positive integer. Then

E(N) =

(e1 + 1) · · · (et + 1) if N = pe1
1 · · · p

et
t q2 f1

1 · · · q
2 fr
r ,

0 otherwise.
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Lemma 1.4. λ is a multiplicative function.

Proof. Let m1 = pe1
1 · · · p

et
t q f1

1 · · · q
fr
r and m2 = pet+1

t+1 · · · p
eu
u q fr+1

r+1 · · · q
fv
v with ei (1 ≤ i ≤ u), f j (1 ≤ j ≤ v) ∈ N. That is,

gcd(m1,m2) = 1. By Lemma 1.2,

λ(m1m2) = E(m1m2) = E(m1)E(m2) = λ(m1)λ(m2). (1.6)

Let m3 = 3l pe1
1 · · · p

et
t q f1

1 · · · q
fr
r with l ∈ N. Then

λ(m3) = E(m1) − 3E(m1) = −2E(m1),

λ(m3m2) = E(m1m2) − 3E(m1m2) = −2E(m1m2),

λ(m2) = E(m2)

and
λ(m3m2) = −2E(m1m2) = (−2E(m1))(E(m2)) = λ(m3)λ(m2). (1.7)

By (1.6) and (1.7), Lemma 1.4 is obtained.

In fact, Lemma 1.4 is in [5, p. 79]. By Corollary 1.3 and Lemma 1.4, we obtain

Corollary 1.5. Let N be a positive integer. Then

λ(N) =


(e1 + 1) · · · (et + 1) if N = pe1

1 · · · p
et
t q2 f1

1 · · · q
2 fr
r ,

−2(e1 + 1) · · · (et + 1) if N = 3l pe1
1 · · · p

et
t q2 f1

1 · · · q
2 fr
r ,

0 otherwise.

2. Arithmetical function E−1 and proof of Theorem 2.4

To make the results of this section easier to understand, the following definitions are introduced. Let h1, . . . , hl ∈ A,
p1, . . . , pl be distinct primes and l(≥ 2) ∈ N. We define the homogeneous Dirichlet convolution sum of h1, . . . , hl

related to p1, . . . , pl as
(h1 ⋆ . . . ⋆ hl)(p1, . . . , pl; n) :=

∑
a1+···+al=n
0≤a1 ,...,al≤n

h1(pa1
1 ) · · · hl(p

al
l )

with n ∈ N0. For all primes pi, p j and for all a ∈ N0, if hk(pa
i ) = hk(pa

j ) (1 ≤ k ≤ l), then we define

(h1 ⋆ . . . ⋆ hl)(n) := (h1 ⋆ . . . ⋆ hl)(p1, . . . , pl; n) =
∑

a1+···+al=n
0≤a1 ,...,al≤n

h1(pa1
1 ) · · · hl(p

al
l )

and if h = h1 = · · · = hl and all of the above conditions are satisfied, then we write

hl
⋆(n) := (h ⋆ . . . ⋆ h)(n) =

∑
a1+···+al=n
0≤a1 ,...,al≤n

h(pa1
1 ) · · · h(pal

l )

for short.

Lemma 2.1. If k ∈ N and n ∈ N0 then

E−k(3n) =


1 if n = 0,
−1 if n = 1,
0 otherwise.
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Proof. Since the divisors of 3n are 1, 3, 32, . . . , 3n, E(3n) = 1 with n ∈ N0. Using (1.1) and (1.2),

E−k(1) = 1,

E−k(3) = −
1

Ek(1)

∑
d|3
d>1

Ek(d)E−k(
3
d

) = −Ek(3)E−k(1) = −1

and

E−k(32) = −
1

Ek(1)

∑
d|9
d>1

Ek(d)E−k
(

9
d

)
= −

(
Ek(3)E−k(3) + Ek(9)E−k(1)

)
= −(1 · (−1) + 1 · 1) = 0.

To complete the proof of Lemma 2.1, we have to show that

E−k(3n) = 0 (2.1)

with n ≥ 2. Let’s use mathematical induction for n. In the case of n = 2, it was shown that (2.1) was satisfied. Assume
that E−k(3t) = 0 with 2 ≤ t ≤ n. Now, finally, consider the case of t = n + 1. That is,

E−k(3n+1) = −
1

Ek(1)

∑
d|3n+1

d>1

Ek(d)E−k
(

3n+1

d

)
= −

(
E−k(1)E(3n+1) + E−k(3)Ek(3n) + E−k(32)Ek(3n−1) + · · · + E−k(3n)Ek(3)

)
.

Using E−k(3t) = 0 with 2 ≤ t ≤ n, we get E−k(3n+1) = − (1 · 1 + (−1) · 1 + 0) = 0.

Lemma 2.2. Let p ≡ 1 (mod 3) be a prime.

(a)

E−1(pn) =


1 if n = 0,
−2 if n = 1,
1 if n = 2,
0 otherwise.

(b)

E−2(pn) =


1 if n = 0,
−4 if n = 1,
7 if n = 2,
(−1)n8 if n ≥ 3.

Proof. (a) If p ≡ 1 (mod 3) is a prime and n ∈ N0 then E(pn) = n + 1 by (1.3). Using (1.1) and (1.2),

E−1(1) = 1,

E−1(p) = −
1

E(1)

∑
d|p
d>1

E(d)E−1
( p

d

)
= −E(p)E−1(1) = −2,

E−1(p2) = −
1

E(1)

∑
d|p2
d>1

E(d)E−1
(

p2

d

)
= −{E(p)E−1(p) + E(p2)E−1(1)} = −{2 · (−2) + 3 · 1} = 1

and
E−1(p3) = −

{
E(p)E−1(p2) + E(p2)E−1(p) + E(p3)E−1(1)

}
= −(2 − 6 + 4) = 0.

Using mathematical induction as in the case of E−1(3n), we can show that E−1(pn) = 0 with n ≥ 3. (a) is
obtained.
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(b) It is proved in the same way as (a).

Corollary 2.3. Let s, t, u ∈ N0, N ∈ N and p1, . . . , pt, q1, . . . , qs, r1, . . . , ru be distinct primes.

(a)

σ−1
0 (N) =

(−2)t if N = p1 · · · ptq
2
1 · · · q

2
s ,

0 otherwise.

(b) If n1, . . . , nu are natural numbers greater than 2 and N = p1 · · · ptq
2
1 · · · q

2
sr

n1
1 · · · r

nu
u then

σ−2
0 (N) = (−1)t+n1+···+nu 22t+3u7s.

Proof. Since σ0(pn) = n + 1, using Lemma 2.2, we obtain

σ−1
0 (pn) =


1 if n = 0,
−2 if n = 1,
1 if n = 2,
0 otherwise

and σ−2
0 (pn) =


1 if n = 0,
−4 if n = 1,
7 if n = 2,
(−1)n8 if n ≥ 3

for all prime numbers p. Using these, (a) and (b) are obtained.

Theorem 2.4. Let n ∈ N0 and l(≥ 2) ∈ N.

(a) If n ≥ 2l + 1 is a positive integer then

(σ−1
0 )l
⋆(n) = 0.

(b) If n(0 ≤ n ≤ l) is an integer then

(σ−1
0 )l
⋆(n) = (σ−1

0 )l
⋆(2l − n).

(c) If n(0 ≤ n ≤ l) is an integer then

(σ−1
0 )l
⋆(n) =


k∑

i=0

(
l

2i,k−i,l−k−i

)
(−2)2i if n = 2k,

k+1∑
i=1

(
l

2i−1,k−i+1,l−k−i

)
(−2)2i−1 if n = 2k + 1

with
(

l
a1,...,as

)
= l!

(a1)!···(as)!
, a1 + · · · + as = l and 0 ≤ a1, . . . , as ≤ l.

In particular,
(σ−1

0 )l
⋆(0) = (σ−1

0 )l
⋆(2l) = 1

and
(σ−1

0 )l
⋆(1) = (σ−1

0 )l
⋆(2l − 1) = −2l.

(d) Let S (i, j)(n) := ((σ−1
0 )i⋆ (σ−1

0 ) j)(n) = ((σ−1
0 ) j⋆ (σ−1

0 )i)(n) =
∑

a1+a2=n
0≤a1 ,a2≤n

(σ−1
0 )i(pa1

1 )(σ−1
0 ) j(pa2

2 ) with i, j ∈ {1, 2}. Then

n 0 1 2 3 4 n(≥ 5)
S (1,2)(n) 1 −6 16 −26 31 (−1)n · 32
S (2,2)(n) 1 −8 30 −72 129 (−1)n(n − 2) · 64
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Proof. (a) By the pigeonhole principle, it is trivial.

(b) Let 0 ≤ n ≤ l. It is the same as the problem of thinking of the number of ways of arranging 0, 1, 2 overlapping in
l positions. In addition, it is a problem to obtain a result by multiplying by 1 when a value of 0 or 2 is obtained,
and by multiplying by −2 when a value of 1 is obtained. For convenience, a0 := the number of 0, a1 := the
number of 1, a2 := the number of 2 and a0 + a1 + a2 = l. If n = 1 · a1 + 2 · a2 + 0 · a3 and a1 + a2 + a3 = l then
2l = 2a1 + 2a2 + 2a3 and 2l − n = 1 · a1 + 0 · a2 + 2 · a3.

Let p, p1, . . . , pa1+a2+a3 be distinct primes. Using σ−1
0 (p0) = σ−1

0 (p2) and

σ−1
0 (p1) · · ·σ−1

0 (pa1 )σ−1
0 (p2

a1+1) · · ·σ−1
0 (p2

a1+a2
)σ−1

0 (p0
a1+a2+1) · · ·σ−1

0 (p0
a1+a2+a3

)

= σ−1
0 (p1) · · ·σ−1

0 (pa1 )σ−1
0 (p0

a1+1) · · ·σ−1
0 (p0

a1+a2
)σ−1

0 (p2
a1+a2+1) · · ·σ−1

0 (p2
a1+a2+a3

)

= (−2)a1 ,

we obtain (b).

(c) Let 0 ≤ n ≤ l and let n = 2k. If a2 = k, then a0 = l− k and a1 = 0. Hence, the value in this case is l!
k!(l−k)! · (−2)0.

If a2 = k− 1, then a1 = 2 and a0 = l− k− 1. Therefore, the value in this case is l!
(k−1)!2!(l−k−1)! · (−2)2. In this way,

if we find the value while decreasing a2, finally, let’s find the case where a2 = 0. That is, if a2 = 0 then a1 = 2k,
a0 = l − 2k and the value of this case is l!

0!(2k)!(l−2k)! · (−2)2k. Thus,

(σ−1
0 )l
⋆(2k) =

k∑
i=0

l!
(k − i)!(2i)!(l − k + i)!

(−2)2i.

In the same way as in the case of n = 2k,

(σ−1
0 )l
⋆(2k + 1) =

k+1∑
i=1

l!
(k − i + 1)!(2i − 1)!(l − k − i)!

(−2)2i−1

can be obtained.

(d) By (1.1), (1.2) and Corollary 2.3 (b),

S (1,2)(0) = σ−1
0 (1)(σ−1

0 )2(1) = 1,

S (1,2)(1) = σ−1
0 (p0

1)(σ−1
0 )2(p2) + σ−1

0 (p1)(σ−1
0 )2(p0

2) = −6,

S (1,2)(2) = 16,

S (1,2)(3) = −26,

S (1,2)(4) = 31,

S (1,2)(5) = −32

and
S (1,2)(6) = 32.

Using 1 · (−8) + (−2) · 8 + 1 · (−8) = −32 and 1 · (8) + (−2) · (−8) + 1 · (8) = 32, we obtain S (1,2)(n) = (−1)n · 32
with n(≥ 5) ∈ N. In the same way as for finding S (1,2)(n), we can find the formula for S (2,2)(n) with n ∈ N.
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Example 2.5. It is well-known that σ0(pn) = n + 1 with n ∈ N0. Using the above result and Theorem 2.4 to find the
values for l = 2 and 3,

(σ0)2
⋆(n) = Pyr3(n + 1) =

(
n + 3

3

)
,

(σ−1
0 )2
⋆(n) =



1 if n = 0,
−4 if n = 1,
6 if n = 2,
−4 if n = 3,
1 if n = 4,
0 if n ≥ 5

and

(σ−1
0 )3
⋆(n) := (σ−1

0 ⋆ σ
−1
0 ⋆ σ

−1
0 )(n) =

∑
a1+a2+a3=n
0≤a1 ,a2 ,a3≤n

σ−1
0 (pa1

1 )σ−1
0 (pa2

2 )σ−1
0 (pa3

3 ) =



1 if n = 0,
−6 if n = 1,
15 if n = 2,
−20 if n = 3,
15 if n = 4,
−6 if n = 5,
1 if n = 6,
0 if n ≥ 7.

Here, Pyrα(x) = 1
6 x(x + 1)((α − 2)x + 5 − α) denote the αth order pyramid number (cf. [2]).

Remark 2.6. By Lemma 2.2 (a) and Theorem 2.4,

(E−1 ⋆ . . . ⋆ E−1)(p1, . . . , pl; n) :=
∑

a1+···+al=n
0≤a1 ,...,al≤n

E−1(pa1
1 ) · · · E−1(pal

l ) = (σ−1
0 )l
⋆(n)

with n ∈ N0.

Lemma 2.7. Let q ≡ 2(mod 3) be a prime. If k ∈ N then

E−k(qn) =


1 if n = 0,
0 if n = 1,
−1 if n = 2,
0 otherwise

and (E−k)2
⋆(n) =


1 if n = 0, 4,
0 if n = 1, 3,
−2 if n = 2,
0 otherwise.

Proof. By (1.4),

E(qn) =

0 if n ≡ 1 (mod 2),
1 if n ≡ 0 (mod 2).

(2.2)

Using (1.1) and (1.2),
E−k(1) = 1,

E−k(q) = −Ek(q)E−k(1) = 0,

E−k(q2) = −(Ek(q)E−k(q) + Ek(q2)E−k(1)) = −(0 + 1 · 1) = −1,

E−k(q3) = −(Ek(q)E−k(q2) + Ek(q2)E−k(q) + Ek(q3)E−k(1)) = 0
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and

E−k(q4) = −(Ek(q)E−k(q3) + Ek(q2)E−k(q2) + Ek(q3)E−k(q) + Ek(q4)E−k(1)) = −(1 + 0 − 1 + 0) = 0.

Using mathematical induction, we can show that E−k(qn) = 0 if n ≥ 3.
If n = a + b is an odd integer then a or b is odd. So, E−k(qa

1) = 0 or E−k(qb
2) = 0. Thus, if n is odd then

(E−k)2
⋆(n) =

∑
a+b=n

E−k(qa
1)E−k(qb

2) = 0.

On the other hand,
(E−k)2

⋆(0) = E−k(q0
1)E−k(q0

2) = 1,

(E−k)2
⋆(2) = E−k(q0

1)E−k(q2
2) + E−k(q1)E−k(q2) + E−k(q2

1)E−k(q0
2) = −2,

and
(E−k)2

⋆(4) = E−k(q2
1)E−k(q2

2) = 1.

If n = a + b ≥ 5 then a ≥ 3 or b ≥ 3. Hence,

(E−k)2
⋆(n) =

∑
a+b=n

E−k(qa
1)E−k(qb

2) = 0.

Therefore, Lemma 2.7 is obtained.

To find E−1(N) and λ−1(N) for a general positive integer N, the following proposition is necessary.

Proposition 2.8 (cf. [10, p. 8]). If h1 is a multiplicative function then h−1
1 is a multiplicative function.

Using Lemma 1.2, Lemma 1.4 and Proposition 2.8, we get the following corollary:

Corollary 2.9. If k is a positive integer then E−k and λ−k are multiplicative functions.

E−1(3m1
∏

pei
i
∏

q f j

j ) 3m1
∏

pei
i

∏
q f j

j

1 1 1 1
−1 1 −1

−1 1 1 −1
−1 1 1

22n+1 −1 (−2)2n+1 1
1 (−2)2n+1 −1

−22n+1 1 (−2)2n+1 1
−1 (−2)2n+1 −1

22n 1 (−2)2n 1
−1 (−2)2n −1

−22n 1 (−2)2n −1
−1 (−2)2n 1

0 0 · ·

· 0 ·

· · 0

Table 1. Values of E−1
(
3m1

∏
pei

i
∏

q
f j
j

)

Using Lemma 2.2, Lemma 2.7, Corollary 2.9 and Table 1, we get the following theorem:
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Theorem 2.10. Let pi, g j ≡ 1 (mod 3), qk ≡ 2 (mod 3) be distinct primes, r, s, t ∈ N0 and N ∈ N. Then

E−1(N) =



22r+1 if N =
2r+1∏
k=1

gk
t∏

i=1
p2

i

2s+1∏
j=1

q2
j or 3

2r+1∏
k=1

gk
t∏

i=1
p2

i

2s∏
j=1

q2
j ,

−22r+1 if N =
2r+1∏
k=1

gk
∏t

i=1 p2
i

2s∏
j=1

q2
j or 3

2r+1∏
k=1

gk
t∏

i=1
p2

i

2s+1∏
j=1

q2
j ,

22r if N =
2r∏

k=1
gk

t∏
i=1

p2
i

2s∏
j=1

q2
j or 3

2r∏
k=1

gk
∏t

i=1 p2
i

2s+1∏
j=1

q2
j ,

−22r if N =
2r∏

k=1
gk

t∏
i=1

p2
i

2s+1∏
j=1

q2
j or 3

2r∏
k=1

gk
t∏

i=1
p2

i

2s∏
j=1

q2
j ,

0 otherwise.

Corollary 2.11. The followings hold true:

(a) If N ≡ 2 (mod 3) is a positive integer then E−1(N) = 0.

(b) If r is a prime with r3|N then E−1(N) = 0.

(c) If q ≡ 2 (mod 3) is a prime with q|N and q2 ∤ N then E−1(N) = 0.

(d) If 9|N then E−1(N) = 0.

Proposition 2.12. Let m ∈ N0 and k, n ∈ N. Then we have

(a)
m∑

i=0

Ek(3i)Ek(3m−i) = m + 1,

m∑
i=0

Ek(3i)E−k(3m−i) =

1 if m = 0,
0 if m ≥ 1

and

m∑
i=0

E−k(3i)E−k(3m−i) =


1 if m = 0,
−2 if m = 1,
1 if m = 2,
0 if m ≥ 3.

(b)

E
k(3n) :=

3n−1∑
i=1

Ek(i)Ek(3n − i) = 0.

(c)

E
−1(3n) :=

3n−1∑
i=1

E−1(i)E−1(3n − i) = 0.

Proof. (a) By (1.1), (1.2), (1.3), (1.4), Corollary 1.3, Corollary 2.11 and Lemma 2.1, we obtain (a).

(b) Let l ≡ 2(mod 3) be a positive integer. It is easily checked that

#D1(l) = #D2(l)

and
E(l) = Ek(l) = 0. (2.3)

293



Ikikardes and Kim / Montes Taurus J. Pure Appl. Math. 6 (3), 284–298, 2024

By (2.3),

S a(3n) :=
3n−1∑

i=1
i≡a(mod3)

Ek(i)Ek(3n − i) = 0

with a = 1, 2. On the other hand,

E
k(3) =

3−1∑
i=1

Ek(i)Ek(3 − i) = S 1(3) + S 2(3) = 0

and

E
k(32) =

32−1∑
i=1

Ek(i)Ek(32 − i) = S 1(32) + S 2(32) + (Ek(3))2
E

k(3) = 0.

In the same way, we can assume that Ek(3u) = 0 for 1 ≤ u ≤ n. Therefore, we get

E
k(3n+1) = S 1(3n+1) + S 2(3n+1) + (Ek(3))2

E
k(3n) = 0.

(c) By Corollary 2.11 (a),

E
−1(3) := 2E−1(1)E−1(2) = 0

and
E
−1(9) := 2(E−1(1)E−1(8) + E−1(2)E−1(7)) + (E−1(3))2

E
−1(3) = 0.

Let n ≥ 3. By Corollary 2.11 (a) and (d),

E
−1(3n) : =

3n−1∑
i=1

i≡1,2 (mod3)

E−1(i)E−1(3n − i) +
3n−1−1∑

i=1

E−1(3i)E−1(3n − 3i)

= (E−1(3))2
3n−1−1∑

i=1
i≡1,2 (mod3)

E−1(i)E−1(3n−1 − i) +
3n−2−1∑

i=1

E−1(9i)E−1(3n − 9i)

= 0.

3. Arithmetical function λ−1

Using the definition of λ(3n), we get λ(30) = 1 and λ(3n) = E(3n) − 3E(3n−1) = −2 with n ∈ N. So,

λ(3n) =

1 if n = 0,
−2 otherwise.

(3.1)

By (1.3) and (1.4),
λ
(
pei

i

)
= E

(
pei

i

)
= (ei + 1) (3.2)

and

λ
(
q f j

j

)
= E

(
q f j

j

)
=

0 if f j ≡ 1 (mod 2),
1 if f j ≡ 0 (mod 2).

(3.3)
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Theorem 3.1. Let n ∈ N0 and k ∈ N. Then

λ−1(3n) =

1 if n = 0,
2 · 3n−1 if n ≥ 1,

λ−2(3n) =

1 if n = 0,
(−1)n4 · 3n−1 if n ≥ 1,

λ−1(pn) =


1 if n = 0,
−2 if n = 1,
1 if n = 2,
0 if n ≥ 3,

λ−2(pn) =


1 if n = 0,
−4 if n = 1,
7 if n = 2,
(−1)n8 if n ≥ 3,

and

λ−k(qn) =


1 if n = 0,
0 if n = 1,
−1 if n = 2,
0 if n ≥ 3.

Proof. By (3.1),
λ−1(1) = λ−2(1) = 1,

λ−1(3) = −λ−1(1)λ(3) = 2

and
λ−2(3) = −λ−2(1)λ2(3) = −4.

May assume that
λ−1(3n) = 2 · 3n−1 and λ−1(3n) = (−1)n4 · 3n−1 (3.4)

with n ≥ 1. By (1.2), (3.1) and (3.4),

λ−1(3n) = −
(
λ−1(1)λ(3n+1) + λ−1(3)λ(3n) + · · · + λ−1(3n)λ(3)

)
= 2

(
λ−1(1) + λ−1(3) + · · · + λ−1(3n)

)
= 2

(
1 + 2 · 30 + · · · + 2 · 3n−1

)
and

λ−2(3n) = −
(
λ−2(1)λ2(3n+1) + λ−2(3)λ2(3n) + · · · + λ−2(3n)λ2(3)

)
= −4

(
λ−2(1) + λ−2(3) + · · · + λ−2(3n)

)
= −4

(
1 − 4 · 30 + · · · + (−1)n4 · 3n−1

)
.

Therefore,

λ−1(3n) =

1 if n = 0,
2 · 3n−1 if n ≥ 1

and λ−2(3n) =

1 if n = 0,
(−1)n4 · 3n−1 if n ≥ 1.

Proofs for the remaining cases are obtained from Lemma 2.2 and Lemma 2.7.
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4. Proof of Theorem 1.1

We state the result related to the convolution sum of the arithmetical function λ and necessary to prove Theorem
1.1 below.

Proposition 4.1 (cf. [3, Theorem 1], [14]). If N ≥ 2, then

Λ(N) =
N−1∑
t=1

λ(t)λ(N − t) =


2
3 (E(N) − σ(N)) if N ≡ 1 (mod 3),
1
3σ(N) if N ≡ 2 (mod 3),
4
3 (−E(n) + σ(n)) if N = 3en, e ≥ 1, gcd(3, n) = 1.

Proof of Theorem 1.1. (a) If k, n ∈ N with k . 0 (mod 3) then λ(k) = 0 or λ(3n − k) = 0 by Corollary 1.5. Thus,

Λ(3n) =
∑

k=1
gcd(k,3n−k)=1

λ(k)λ(3n − k) = 0.

(b) By Proposition 4.1, Λ(q) = Λ(q) = 1
3 (q + 1).

Let n(≥ 2) be a positive integer. If k ∈ {1, . . . , qn − 1} then gcd(k, qn − k) = qi with i ∈ {0, 1, . . . , n − 1}. Using
Lemma 1.4,

Λ(qn) = λ(1)2Λ(qn) + λ(q)2Λ(qn−1) + · · · + λ(qn−1)2Λ(q) + λ(qn)2Λ(1)

and
Λ(qn) = (λ−2 ∗ Λ)(qn). (4.1)

It is easy, but remember, if n ≡ 1(resp., 0) (mod 2) then qn ≡ 2(resp., 1) (mod 2).

Putting n = 2 in (4.1),

Λ(q2) = λ−2(1)Λ(q2) + λ−2(q)Λ(q) =
2
3

(
E(q2) − σ(q2)

)
+ 0 = −

2
3

q(q + 1)

by Theorem 3.1. If n(≥ 3) is a positive integer then

Λ(qn) = λ−2(1)Λ(qn) + λ−2(q2)Λ(qn−2)

=

 1
3

(
σ(qn) − σ(qn−2)

)
= 1

3 qn−1(q + 1) if n ≡ 1 (mod 2),
2
3

(
(E(qn) − σ(qn)) −

(
E(qn−2) − σ(qn−2)

))
= − 2

3 qn−1(q + 1) if n ≡ 0 (mod 2)

by (4.1) and Theorem 3.1. Therefore, (b) is obtained.

(c) By Proposition 4.1,

Λ(p) =
2
3

(E(p) − σ(p)) = −
2
3

(p − 1).

If we replace q with p in (4.1) and put n = 2 and 3, we get

Λ(p2) = λ−2(1)Λ(p2) + λ−2(p)Λ(p) = −
2
3

(p − 1)(p − 2)

and
Λ(p3) = λ−2(1)Λ(p3) + λ−2(p)Λ(p2) + λ−2(p2)Λ(p) = −

2
3

(p − 1)(p2 + 6p + 18)

by Theorem 3.1 and Proposition 4.1.

Let n = 2l + 4 with l ≥ 0. For ease of calculations, let

B1 : = λ−2(1)Λ(p2l+4) + λ−2(p)Λ(p2l+3) + λ−2(p2)Λ(p2l+2),

B2 : = λ−2(p3)Λ(p2l+1) + · · · + λ−2(p2l+2)Λ(p2),

B3 : = λ−2(p2l+3)Λ(p).
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By (1.3), Theorem 3.1 and Proposition 4.1,

B1 = −
2
3

(
(σ(p2l+4) − 4σ(p2l+3) + 7σ(p2l+2)) − (E(p2l+4) − 4E(p2l+3) + 7E(p2l+2))

)
= −

2
3

(
(σ(p2l+4) − 4σ(p2l+3) + 7σ(p2l+2)) − (8l + 10)

)
,

B2 = −8
(
(Λ(p2l+1) − Λ(p2l)) + · · · + (Λ(p3) − Λ(p2))

)
= −

16
3

(
(1 − p2l+1) + · · · + (1 − p3)

)
and

B3 = −8 ·
2
3

(E(p) − σ(p)) =
16
3

(p − 1).

Using Λ(p2l+4) = B1 +B2 +B3 and n = 2l + 4, we obtain

Λ(pn) = −
2
3

(
σ(pn) − 4σ(pn−1) + 7σ(pn−2) − 8pσ2(p

n−4
2 ) − 2

)
.

Let n = 2l + 5 with l ≥ 1. Similar to the even case, let

B
′
1 : = λ−2(1)Λ(p2l+5) + λ−2(p)Λ(p2l+4) + λ−2(p2)Λ(p2l+3),

B
′
2 : = λ−2(p3)Λ(p2l+2) + · · · + λ−2(p2l+4)Λ(p).

By (1.3), Theorem 3.1 and Proposition 4.1,

B
′
1 = −

2
3

(
(σ(p2l+5) − 4σ(p2l+4) + 7σ(p2l+3)) − (E(p2l+5) − 4E(p2l+4) + 7E(p2l+3))

)
= −

2
3

(
(σ(p2l+5) − 4σ(p2l+4) + 7σ(p2l+3)) − (8l + 14)

)
,

B
′
2 = −8

(
(Λ(p2l+2) − Λ(p2l+1)) + · · · + (Λ(p2) − Λ(p))

)
= −

16
3

(
(1 − p2l+2) + · · · + (1 − p2)

)
.

From n = 2l + 5, we deduce

Λ(pn) = B′1 +B
′
2

= −
2
3

(
σ(pn) − 4σ(pn−1) + 7σ(pn−2) − 8σ2

(
p

n−1
2

)
+ 2

)
.

5. Conclusion

There are several proofs of the Lambda function that use modular equations or theta series. Moreover, the theory
of convolution sum of divisor functions is well studied and is a great help in the study of number theory. However, it
is well known that it is somewhat difficult to obtain a formula for the convolution sums of divisor functions under the
condition of relatively prime.
The Dirichlet convolution is used to obtain these formulas. See [8] for a recent result that uses the inverse of a rational
function to find the convolution of a rational function. This article gives these formulae, which are meaningful and
effective for finding the convolution sums of various restricted divisor functions.
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