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Abstract

The Fourier transform of a signal lacks local information in that it does not reflect the change of frequency over time. The
Fourier transform method allows for the investigation of problems in either the time domain or the frequency domain, but not in
both simultaneously. The use of short-time Fourier transforms enables the incorporation of both time and frequency localisation
properties within a single transform function, through the utilisation of a window function. In cases where the fractional Fourier
transform, which is more general than the Fourier transform, is unable to identify the frequency contents within the fractional
Fourier domain, the short-time fractional Fourier transform is proposed as a potential solution. The present paper addresses the
issue of boundedness of the short-time fractional Fourier transform. It is shown that the short-time fractional Fourier transform
provides boundedness results in Hardy, BM O, weighted Hardy and weighted BM O spaces. This study also examines the Hardy and
BM O-distance and weighted Hardy and weighted BM O-distance between two short-time fractional Fourier transforms associated
with different windows and different signals.

Keywords: Short-time fractional Fourier transform, Hardy spaces, weighted Hardy spaces, unweighted and weighted BMO
spaces
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1. Introduction

Fourier analysis constitutes the earliest among the various methodologies available for the analysis and synthesis
of signals. In the Fourier transform (FT), the ‘basis functions’ are wholly concentrated in frequency and wholly
distributed in time. This can be interpreted as a statement that the FT provides the greatest amount of information
regarding the distribution of frequencies, but simultaneously loses information about time. The standard FT provides
an averaged frequency representation over the entire time interval of the signal. In contrast, the short-time Fourier
transform (STFT) is a technique that provides time-localised frequency information in situations where the frequency
components of a signal vary with respect to time. By multiplying the infinitely long complex exponential with a
window to localise it, the STFT adds a time dimension to the parameters of the base function. Windowed functions
are functions in which the amplitude is gradually and smoothly reduced to zero at the edges. The final output of the
STFT shows the spectral content of the signal at each corresponding time period, since each block occupies a different
time period, (cf. [7, 8, 14]).
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Currently, the fractional Fourier transform (FrFT for short) has been employed in numerous fields of scientific
enquiry, including signal and image processing, communications, optics and wave propagation, and so on. The FrFT
has the potential to be a valuable tool in any field where the standard FT is employed. The discovery of a new
application is to focus on an application that uses the ordinary FT and ask if an improvement or generalization is
possible using the FrFT instead. The “fraction” parameter typically enables enhanced performance or more extensive
generalization due to its capacity to provide an additional degree of freedom for optimization. As chirp signals are
foundational to the FrFT, there is typically significant potential for improvement in signals exhibiting linear frequency
growth. The short-time fractional Fourier transform (STFrFT) has been proposed to solve the FrFT problem when it
fails to locate the FrF domain frequency contents, (cf. [1], [3]-[5], [10]-[13], [16]).

The present study is informed by the theoretical insights of Chuong & Duong, [6], and Verma & Gupta, [17]. In
[6], the boundedness of the wavelet integral operator on the H I BMO, and Besov spaces was established. In a later
study, Verma and Gupta (cf. [17]) introduced a novel class of continuous fractional wavelet transforms and undertook
a comprehensive investigation into their properties within the context of Hardy and Morrey spaces.

The remainder of this paper is structured in the following manner. In Section 1.1, we introduce the terminology
used in this paper. In Section 2, boundedness results for the STFrFT in Hardy and BMO spaces are obtained. In
addition, in Section 3, we examine the STFrFT in the context of weighted Hardy and BM O, spaces, with a particular
focus on the role of a tempered weight function.

1.1. Preliminaries

We have put together a few basic facts for you as follows:

Let us consider a measurable function f : R — C. It is the translation operator, defined as T, f (f) = f(t — x)
and the modulation operator, defined as M,,f (f) = exp(2wiwt) f (t), which are the main actors in the time frequency
analysis, where x,w € R. _

As Lebesgue spaces for p € [1, oo], we write (LP(R), || . ||,). For f € L'(R), f (or F f) is defined as follows

f(w) =Flf(0)]w) = ff(x) exp (—2mixw)dx, w e R. (1.1)
R
The function fis referred to as the Fourier transform (FT) of the function f(x). The inversion formula is
f@) = F W) = fR F(w) exp Qrixw)dw (1.2)

if f and fare in L'(R). Equation (1.2) allows us to write f(x) in terms of f(w). f(x) is referred to as the inverse
Fourier transform (IFT) of f(w).

The FT of f is a function of frequency and therefore resides on the vertical axis, while f resides on the horizontal
axis. Consequently, the representation axis is transformed from the domain of time to that of frequency. This trans-
formation is equivalent to a counterclockwise rotation through an angle of 77/2. The application of (1.1) and then (1.2)
leads to

(F2)(x) = (FF())H) = f(=x),
from which it follows that

(FHHw) = (FH-w) and (F*')x) = f(x),

so the transformation is of period 4.
The FrFT represents a generalization of the FT with a parameter «. It can be interpreted as a rotation by an angle
« in the time-frequency plane. For a € R, the FrFT of a function f € L'(R) is defined by

@%@=LNW@W@

when a # nm, n € N, where the transformation kernel is

2+x2

t
K, (t,x) = Ay exp [27ri(( ) cota — xtcsc a)],
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and A, = VI —icota. If @ = 2nm, (FYf)(x) = f(x), and if @ = 2n + Dx, (F2f)(x) = f(—x).
Given that the parameter « is employed solely as an argument of trigonometric functions, it can be deduced that the
FrFT is 2n-periodic with respect to @. Accordingly, throughout this paper, we will operate with the assumption that &
is a value within the range [0, 27), (cf. [1, 3, 5], [11]-[13]).

Let us consider a non-zero function g, referred to as the “window function”. The STFT of a function f with respect
to g is defined by

VofCow) = Cf. My Tog) = f F(OgT =) exp (~2ritwydr,
R

for all real numbers x and w. In essence, Vg f is defined insofar as the integral is convergent. For example, it has been
demonstrated that if f and g are elements of the space L*(R), then V,f is an element of the space L*(R x R) and is
uniformly continuous (cf. [7, 8]).

STFrFT is the multiplication of the signal with a time-shifted window before the FrFT is taken, namely

Ve foew) = F2{ (g = ) (1.3)
= f F()g(t — x)Ko(t, wdt,
R

where 7,%{-} denotes a FrFT integral over the variable ¢, [10, 16].

The theory of Hardy Spaces exhibits substantial interconnections with numerous domains within mathematical
research, including Fourier analysis, harmonic analysis, singular integrals and operator theory, signal and image
processing, control theory. It is established in the literature that the Hardy space is more appropriate than the Lebesgue
space for a number of questions within the discipline of harmonic analysis. It should be recalled here that an equivalent
definition of H'(R) can be given in terms of the maximal functions, which are defined as follows: Let us fix an
integrable, smooth function, denoted by ¢ on the real line with support in the unit ball. We require that ¢ integrates to
1 over the real line. We then set ¢, (x) = !¢ (’7‘), where ¢ is a positive constant. The maximal operator, denoted by
the symbol My, is defined for an integrable function f as follows:

Myf (x) = sug If * ¢ ()]

The Hardy space H'(R) denotes the vector space of all f € L'(R) if, for some ¢ € S(R) with fR ¢ = 1, the maximal
function M, f is in L' (R), where S(R) is the set of C-valued continuous functions on R rapidly decreasing at infinity.
IffeH I(R), then the translation operator T f isin H I(R) with

Il = WA Ml - (1.4)

The space BMO(R), which was first proposed by John and Nirenberg in [9], is the Banach space of all locally
integrable functions f on the real line such that

I llgaro = supP (If = P (f)]) < oo,
PcR

where the supremum is taken over all the cubes P whose sides are parallel to the axes of the coordinates, the term |P|
represents the Lebesgue measure of P and P (f) indicates the mean of f over the ball P, that is

P(f) = P! fP F@dz< Pl fP f @ldz < M < oo, (1.5)

The Hardy space H'(R) is a substitute for L'(R) and the space BMO(R) is the corresponding natural substitute
for the space L*(R).Those seeking an excellent reference for these spaces would be well advised to consult either of
the following sources: [2] and [15].

We define a positive function k on R. If there exist C > 0 and N > 0 such that

k(x+y) < (1+CDYk(@), xyeR,
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it is referred to as a temperate weight function. In this context, the set of all such functions will be denoted by the
symbol K.
The weighted L”, 1 < p < oo, is defined as the vector space of all measurable functions on the real line such that

i1 = [ 1F@rked: <o

and is denoted by L} (R).
The weighted Hardy space H,: (R) is defined as the set of all f € L,l(R) if, for some ¢ € S(R) with fR ¢ =1, the
maximal function My f is in L} (R).

The weighted bounded mean oscillation space BM O, (R) is defined as the set of all functions f € L}(;];(R) such that

I/ sso0, = sup Pl f If(2) = P(f) k(z)dz < oo,
PcR P

where |P|; = fP k (z) dz and the supremum is taken over balls P in R.

2. Boundedness of STFrFT on Hardy and BMO spaces

2.1. STFrFT on H'(R) space
We prove the H'(R)-boundedness of STFrFT.

Theorem 2.1. Let g € L'(R) N L>(R). The operator Ve H'(R) —» H'(R) given by f — V¢ f(-,b) is bounded. In
particular,

Ve FC D)0 < 1Al gl 11f Nl -
Proof. By making the substitution 7 — a = x in the definition of Vy f, we get

Ve fla,b) = f f(x+a) g (X)Ka(x + a, b)dx. Q2.1
R

Take any f € H'(R). Then f € L'(R) and so

IA

f ( f G+ )l lg W] 1Kar + b)|dx) da
R R

Al f |g<x)|( f If(x+a)|da)dx
R R

Al llglly ILA1; < oo.

It thus follows that Vg f(,b) € L'(R). Moreover, since

f V¢ f(a, b)lda
R

(vireoea)@ = [ Vira@-rnaod

fR(fRf(Ha—y)mKa(Ha—y,b)dX)qﬁ,(y)dy,

f sup
R >0

< Al f |g(x)|( f sup<|f|*|¢,|><x+a)da)dx
R R >0
Aal gl 1711

we get

[veren,, (Vef (.b) = ¢,) @) da

A
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By using the above theorem, we are led to the following equality.
Corollary 2.2. If f € H'(R) and g € L'(R) N L*(R), then
Ve £ o), = O(AaD.
Now, we will calculate the H'(R)-distance between two STFrFT.

Theorem 2.3. Let g1, g» € L'(R)NL*(R) be two non-zero window functions. If f,h € H'(R), the following conclusion
is reached:

(Ve £ (o) = VERCD)||,,0 < 1AalCligr = gally 1l + llgally 11 = Allg)-
Proof. We write
Ve £ by = VERC D), < |[VESCB) = VEF B, + |[VES b)Y = VERC, ||, - (2.2)
By using the equality (2.1), we write
(Ve f by =VEf (b)) %)) (@) =(VE o, f (.b) % 6) (@).
Then by Theorem 2.1, the first part on the right side of (2.2) is
Ve £ b)Y = VEf B < 1Adlllgr = gally 111l - (2.3)

Also since

Ve, f(a,b) - Vg h(a,b) = \fR(f —h)(x+a) g (X)K,(x + a,b)dx
= VE(f - h)(a,b),
and so, using Theorem 2.1

Ve fC.b) = VERC D), = [[Vaf =m D), 2.4
< Aalligally I1f = Al -

Hence, by (2.3) and (2.4), we arrive at the following conclusion:

Ve f o =VEhenl, < [Veren =Vef 6o, +[[Vaf o= vinenl,
< 1Aalllgr = golly W1l +ligall 1 = ll ).

2.2. Boundedness of STFrFT on BMO space

The BMO-boundedness of the STFrFT is discussed in this part of the paper. We have to prove the following
lemma concerning the space BMO(R) to facilitate the proof of the BMO(R)-boundedness of STFrFT.

Lemma 2.4 (c¢f. [14], Lemma 2.2). If f € BMO(R), M,,T,f € BMO(R) for all real numbers x and w, and we have

My T fllgpo < Wfllparo + 2M.

Now, let us define the operator M, as MG f(-) = f(-)K,(-,w). If M is substituted for M,, in Lemma 2.4, the
inequality

IMaTf| g0 < 1Aalf s +2M) (2.5)

is obtained, where M is as in (1.5).
The subsequent theorems will necessitate the application of the next lemma.
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Lemma 2.5. Let us take a function g € L'(R) with compact support. If f € LZUL (R), then V f (-,) is in LlUL(R).
Proof. Let f € L/OC(R)~ Recall that V;j f (a, b) is a function of a. Then we write for any compact set P c R
f|vgf(a, b)|da < f(f If (x + a) Ko(x + a,b)| |g (x)ldx)da
P r\JR
< 1 [ lgo ( [rasal da) dx
R P
- 1 [ lgo ( e dy) dx,
R B
where B = x + P. Since B C sup pg + P is a compact setin R and f € le (R), then we may write
flV;’f(a, b)|da < |Aq| Lllgll; < oo.
P
Hence Vi1 (-,b) € LIOL(R). O

We now prove the BM O-boundedness of the STFrFT.

Theorem 2.6. Let g € L'(R) be a compactly supported. Then Vg : BMO(R) — BMO(R) defined by f — Vg f(-,b) is
bounded. In particular,

IVEFC 0|0 < VAal lglly (L llpro +2M).

Proof. Let P be an any ball in R and f € BMO(R). Then f € L! (R) and so V”f( b)elLl
employing the Fubini theorem, we obtain the following result:

(R) by Lemma 2.5. By

loc loc

Pvir) = i [ virds
= |P|_1f(ff(x+z)m1(0(x+z,b)dx)dz
P R
= f M(m-l f TXMZ’f(z)dz)dx
R P
= fR g (OP (T M; f)dx
Hence we write
Vs ollpo = supb(|Ver =P (vir))

= supr” f,, Ve f @.b) ~ P(Vef)|da

- sup|p|—lf'ff(xm)m&,(xm,b)dx—fRMP(T_XM;;f)dx da

PcR

IA

[een(supiert [z @ - p(r-a5 ) da)as

fR 18 CON T M2 1y 4

and also by (2.5), we obtain

Ve o) g0 < Aol llglly (1fllpao +2M) .
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Corollary 2.7. If f € BMO(R) and g € L'(R) is a compactly supported, then we have
Ve f CB)|| 10 = OUAGD-
The BMO(R) distance between two STFrFTs is now to be calculated.

Theorem 2.8. Let g, g, € L'(R) be two functions with compact support. If f,h € BMO(R), then

Ve £ o) = VERCD)|| g0 < |Aa|( ligr = gally (1 lgnro + 2M) +ligally (1f = hligpo + 2M) )

Proof. Let g1, g, € L'(R) be two functions with compact support and, f and / are in the space BMO(R). Then f
and 4 are in the space L! (R) and so, Vg]f(-, b), Vé‘,'zf(-, b) and Vg‘zh ¢,b)e L (R) by Lemma 2.5. Moreover, since

loc loc

Vé‘,’]f(a, b) — ngh (a,b) = Vgl_ng(a, b) and ngf(a, b) — V;,"zh (a,b) = ng (f — h) (a, b), hence by using Theorem 2.6

Ve s o =Veh by, < IVes 60 = Vel 6ol + Vs C0) = Va0 5y,
= “Vg]—ng("b)“BMo + ”ng f=h ("b)”BMO
< |Aa|( llg1 — g2ll; (lfllgaso + 2M) + lIgally (I1f = Allgpso + 2M) )7
which proves the theorem. O

3. Boundedness of STFrFT on H IIC(R) and BMO,(R)

Estimating the FT of a function in function space is a crucial aspect of harmonic analysis and numerous applica-
tions. For example, the FT of an L' function is bounded. Again, Plancherel’s theorem shows that the FT is an isometry
of L? onto itself. Similarly, if f, g € L? and ||g||> = 1, the STFT is an isometry from L? into L?. Weighted spaces occur
naturally both in the theory of functions and in the study of ordinary (unweighted) spaces. Weighted inequalities also
emerge naturally in Fourier analysis, but their use is most effectively supported by the diverse range of applications in
which they are employed. For example, the theory of weights is a crucial component of the investigation of boundary
value problems pertaining to the Laplace equation on Lipschitz domains. The use of the inequalities with weighted
extends beyond the aforementioned applications to encompass vector-valued inequalities, the extrapolation of oper-
ators, and the analysis of specific classes of integral equations. It is for this reason that we intend to study weighted
spaces.

Throughout this section we will assume that the window functions g, g; and g, are compactly supported and that
the support belongs to a ball of radius r centered on the origin.

3.1. Boundedness of STFrFT on H ]1 (R)
In this section, we demonstrate H, ,1 (R)-boundedness of STFrFT.

Theorem 3.1. Letke K. If g € L'(R), then the operator Vg : H,l R) — H,l (R) defined by f — Vg,’f(', b) is bounded.
In particular,

Vg £C. )]0 < 1A+ CY gl 1Al -

Proof. Let f € H,i (R). Then f € L}((R). For a fixed b € R, Vi f(a, D) is a function of a. Hence
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[vere.nll,, = fR Ve f(a, b)| k(@)da

f f fx+ a)g(x)Ky(x + a, b)dx
R IJR

Al f |g<x)|( f If(y)lk(y—x)dy)dx
R R

|Aal flg(X)l(l +Clx)Vdx (L If(y)lk(y)dy)

|<r

el +CrN liglly 11£1l

k(a)da

IA

and Vg f(-,b) € L}((R). Moreover, by using the inequality

[(VEFC.b) % 6,) (@)] < 1Adl fR 1 OS] * I Cx + a))e,

we obtain
Iverenl, = fR supl(V2£ (. + ) @] ktarda

< Al f |g<x>|( f sup(|f|*|¢t|><x+a>k<a)da)dx
R R >0

- Al f |g<x>|( f sup(|f|*|¢t|><y>k<y—x>dy)dx
R R >0

< Al f g (I + Cla)Vdx ( fR sug(lfl*l«ﬁzl)(y)k(y)dy)
|<r

<

A1+ ) llglly 111l -
O

We now give the H ,1 (R)-distance between two STFrFTs. The proof follows a similar structure to that of Theorem
2.3.

Theorem 3.2. Letk € K. Ifg1,8, € L'R) and f,h € H,i (R), then we have
Ve £ ¢ b) = Ve h b < 1Aal(1 + )Y (g1 = ol 11y + gally ILf = il )

3.2. Boundedness of STFrFT on BMOy. space

The objective of this part is to examine the BM Og-boundedness of STFrFT. To facilitate the proof that STFrFT is
BMO\(R) bounded, it is necessary to consider the following lemmas pertaining to the space BM O(R).

Lemma 3.3. For every f € BMOL(R), we have the inequality
|75 aso, < (1 + CLD?MAGIfllgato, +2M),

Sfor x,w € R, where M}, is as in (2.5).
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Proof. Let f € BMO(R), P be an arbitrary ball in R. We calculate

75 o, = sup P! [ [Tz - Pz s

= sup|P[;’! f
PcR P

K.t —x,w)f (t —x) — IPI_l fK(,(z -x,w)f(z—x) dz‘ k(t)dt
P

< sup|P[ f Kot — x,w)f (t —x) — |P|! Ka(t—x,w)ff(z—x)dz k(r)dt
PcR P P
+sup |P|];1 f |PI7" Ko (t — x, w)ff(z — x) dz| k(t)dt
PcR P P
+sup Pl! f ‘IPI“ f Koz = x,w)f (z = %) d2| k(o)dt
PcR P P
<

Iz‘Xal(suplPl,Z1 f 'f (t-x) —|P" f f (z—x)dz‘k(t)dt
PcR P 4

+2sup|P[;" f (IPI‘1 f If (z—x)|dz)k(t)dt).
PcR P P

If we say B = P — x for x € R, we write

|Blx = fk(u)du = fk(t —x)dt < (1 + Clx)V|Plx.
B P
From here,

T M f g, < (1 + CAD™MAal (1 llgaro, +2M).

To prove the following theorems, it is first necessary to state the next lemma.

Lemma 3.4. Letk € K and g € L'(R). If f € L;X(R), then VO f (-, b) is in L' (R).

loc loc

Proof. For any compact set P C R, from proof of Lemma 2.5, we can write

fp |V f (a.b)| k(@)da < A, fR |g(x)|( fp |f(x+a)|k(a)da)dx.

Let U = x+ P. Since U C sup pg + Pis acompact setin R and f € L};’;(R), we get

A

fP Vef @ b)|kada < Al fR |g<x>|( fU If(y)lk(y—X)dy)dx

A

< Al flg(x)|(1+C|xl)Ndx (fu If(Y)Ik(y)dY)

|<r

JALIL(1 + Cr)" igll; < oo.

. 1k
Hence Vg’f(-, b)e L, (R). O
Now we will state that the STFrFT is BM Oy-bounded.

Theorem 3.5. Let g € L'(R) and k € K. Then the operator Vg 1 BUO(R) — BMO(R) defined by f — Vi f(-,b) is
bounded. Moreover,

V2 B pago, < Al + Cr iy (1 llaro, +2M).

135



Sandik¢t / Montes Taurus J. Pure Appl. Math. 6 (2), 127-137, 2024

Proof. Let P be an arbitrary ball in the real line and f € BMO(R). Then f € Lll(;’; (R) and so Vg f(G,b)e Lll(;lc‘ R) by
Lemma 3.4. Thus similar to Theorem 2.6, we have

olri! [
PcR P

f lg (%) (sup |P|];1 f |T,XMZf (a) — P(T,XM,‘ff)| k(a)da) dx
R PcR P

1V f Do,

Vef(ab) - P(Vif)|k@da

IA

fR 1§ O T-cM5 g0,

also by Lemma 3.3, we obtain

V27 D)l o,

f| eI+ CP A (o, + 2M)

Al1+ € llgll (Ifllgo, +2M).

IA

O

The proof of the subsequent result can be conducted in a manner analogous to that of Theorem 2.3, utilising the
tenets of Lemma 3.3 and Theorem 3.5.

Theorem 3.6. Let g1, g, € L'(R) and k € K. If f and h are in BMOy(R), then
[V £ ) = Ve h ()| g0, < 1Al + Cr>2N( llg1 = gally U llgaso, +2M) + ligally (IIf = Allgaso, +2M) )

4. Conclusion

STFrFT has been developed to better represent strongly nonlinear chirp signals by Capus and Brown in [4].
Later, it has been studied in a number of papers [10, 16]. The present study investigates the boundedness properties
of STFrFT on Hardy, weighted Hardy, BMO and weighted BMO spaces, which have significant connections with
numerous mathematical disciplines.
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