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Abstract

In the paper we study the harmonic numbers and their properties. Applying a method of generating functions and a composition
operation, we get a series of identities that are related to the harmonic, central binomial, triangular, Catalan and Mersenne numbers.
We find a new generating function for the sum of products of the harmonic numbers and inverse binomial coefficients. Its integral
representation is written. In addition, we provide examples of calculating infinite sums and obtaining identities.
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1. Introduction

Harmonic numbers are an important class of special numbers that have been the focus of research for many
prominent mathematicians [4]-[7], [10, 19]. There exist an immense number of various identities related to the
harmonic numbers. For example, in [20] author discusses over 40 various identities obtained through manipulations
with the generating function
—log(1 - x)

In [2], authors obtained two remarkable generating functions for the product of the central binomial numbers and
the harmonic numbers:
2, [ Vi-4x+1 J
og ,
Vi—4x 2 V1 -4x

2n 1 Vi-4x+1
(o pam = ver e[S

where H, denotes the harmonic numbers and Hy = 0.

H(x) =

2
(n”)Hm) =[] (1.1)
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A large number of different identities for the harmonic and the inverse binomial coefficients is known and has been
the subject of notable works, among them [15, 21]. Recent papers have discussed identities that provide a relation
between the harmonic numbers and binomial coefficients, for example, in [1] there is the following identity:

Z": Hk)  1+@n+DHm 528 n+l i H()2Y  n+1 %5 2

n n+l ) T 2 2
R 2 Lk~ L 2 Lk

k=1 k

Let us show the left-hand side of this identity. The exponential version of it has the following expression:

a(n) = n! Z ik) = Z Hk!(n — k)!.

=i =

This formula defines the sequence A091530 in the Online Encyclopedia of Integer Sequences [16]. It allows for
a combinatorial interpretation: let there be two sets M| and M>, having n + 1 elements in total. Let the cardinality of
the set M| be k + 1, elements of this set create all permutations, each having exactly two cycles. Elements of the set
M, create usual permutations. The total size of the set of permutation pairs for all possible values & is a(n).

Many interesting identities connecting the squares of the binomial numbers, central binomial numbers and differ-
ent classes of the harmonic numbers are presented in [3] (see formulas 3.45, 3.46, 3.47, 3.48). Recently, in [18], based

on the formula
n (—])n
(n,A) = , -,
y ) J-Z(;(j+])/l']+](/l_ 1)n+l—_1

o) =2 - S27).

Further development of this approach was used in [17], where it is obtained the following identity:

it is obtained

c

Zm:(c—l)(Sdc—c—d—l) _
c=1

m(m + 1)(8d? — d9d + 1) + 18dm(1 — d)c + 2(d* — 1)H(m)
2d-1)

12d -
1 D (fed) ~ve.d)+
c=1

ford,m e N.

Other related identities one can find in the reference list of the cited literature.

The aim of the paper is to show a way of applying a method of generating functions and a composition operation
for getting a series of results that are related to the harmonic numbers. In Section 2 we give a few new identities that
are related to the harmonic, central binomial, triangular, Catalan and Mersenne numbers. In Section 3 we construct a
generating function for the sum of products of the harmonic numbers and inverse binomial coefficients and use it to
obtain identities and explicit expressions for infinite sums.

2. Identities for the harmonic numbers

In the paper, we use a method associated with finding the coefficients of the composition of generating func-
tions [12]-[14]. The method for obtaining identities is defined as follows:

1. We write the composition of generating functions as follows:
G(x) = A(F(x)),

providing F(0) = 0;
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2. For coefficients of the generating function composition, we write the expression
n
A
gn) = " FA(n, bya(k),
k=0

where F2(n, k) = [x"1F(x)¥, a(n) = [x"]A(x) and G(n) = [x"]G(x);

3. We define the coeflicients
c(n) = [¥"1G(x);

4. Next, we set the equation c(n) = g(n) and carry out the transformations.

Let us use this method to obtain desired identities.
Theorem 2.1. For the harmonic numbers H(k) and the central binomial numbers we have
[k 2k .
Z( )(—1)""‘( )H(k) =2y (")H(k). 2.1)
=i\n — k k e k

Proof. Let there be a generating function (1.1) as follows:

Ax) = V1—4x+1]‘

2
log(
V1-4x 2Vl -4x

Consider the composition of functions G(x) = A(F(x)), where F(x) = x — x%. In accordance with the above method,
we write the coefficients of the generating function F(x) in power k:

Wmm=wwm%(ky4rk
n—k

Therefore
Sk _ef2k
gw=zﬂmm®=2(%%m%Jmm
k=0 k=0 V!
On the other hand,
2 2
Vi-4(x-x2) 1-x
and
Vi-4x+4x2+1 1-x
log =log .
2Vl —4x+4x2 1-2x
Then

2 1-x
=157 IOg(l —2x)'

The generating function x G(x) can also be considered as a composition of functions

o =2 ()

where
1-x

k
Coeflicients of the generating function (L) have the following expression:

—
[xn](l fx)k - (Z:llc)
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Then, using the compositional formula, we obtain the expression for the coefficients G(x)

G =2y (Z B li)H(k -
k=2

or "
n
e(n) =2 ; ( k)H(k).

On the other hand, for the generating function F(x) = x — x> we get
A n 2\k k n—k
F2(n, k) = [x"](x — x7) =( )(—1) :
n—k

Then
S 2k
[X"A(x — x*) = ;:0 FA(n, k)( L )H(k).

Substituting resulting expression
Sk 2k
> ( i k)(—l)”'k( . )H(k),
k=0 \!
we obtain the desired identity

n

(=1 H(k) =2 H(k).
1 (n —k k ; k

k=
O

The resulting identity defines the relationship between the central binomial numbers, the harmonic numbers and
the binomial transform of the harmonic numbers.
Now let us obtain the second identity as follows.

Theorem 2.2. For the harmonic numbers H(k) and the Catalan numbers Cj we have

nn+1) < (k+1 - Con
5 ;(n_)(—l) CyH(k)=2"-1. (2.2)

k

Proof. Let us consider the following integral

D(x)=fA(x)dx=—1og(2—‘l_l4\/_L4J;l] VI-4x-log(Vi-4x+1)+c.

Now let’s write its expansion in the Taylor series

55 x* N 175 x° N 959 xb N 1617 x7 N
6 6 10 5

—log2+x* +3x° +

Next, we write the function D(x) without the free term.
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The condition now holds 1 )
[¥'1D(x) = —( " )H(n —1)=C, Hin— 1),
n\n-1

where C, are the Catalan numbers.
Consider the compositions of functions D(x — x?), after substitution we get

1_
log(ﬁc) Qx-1)—log(1—x)=log(1-2x) (1-2x)—2log(l-x) (1 -x).
After transformations, this yields
-2
[x"Tlog(1-2x) (1 -2x)—21log(l—x) (1 -x) = 5 .
PO

On the other hand, for the composition D(x — x?) one can write

Sk 12k-2
[X"1D(x — x*) = ( )(—1)”"‘-( )H(k -1.
kz:; n—k K\ k=1

Whence we obtain the identity
n

Z( ¢ )(—n""‘cn_lH(k—l): o=

_ 2
“\n k n

After simple transformations, we obtain the desired identity

nn+1) < (k+1 ok o
5 ;(n_)(—l) C H(k)=2" - 1.

k
O

The resulting identity is related to the triangular numbers, the Catalan numbers, the harmonic numbers and the
Mersenne numbers.

Theorem 2.3. For the harmonic numbers H(k) and the Catalan numbers Cj we have
= (k+ 1
nn+1) Z ( )(—1)”"‘Ck HQk)=2"1—1. (2.3)
hln—k
Proof. Let there be a generating function

E(x) =

1 10(\/1—4x+1]
Vi—ax S\ 20-40 )

It is known [2] that the coefficients of this generating function have the following expression:

[']E(x) = (Zn”)H(z n).

Now we consider the following integral:

4y log(Vi—dx+1) Ny
2 (_ Saaie 2 )_ log( 211f4:)1) VI-4x
fE(x)dx = 5 +c.

Next, we perform the same actions as for the identity (2.1). We obtain the desired identity
N k+1 n—k n+l
n(n+l)z (~1)y*C, HQ k) = 2" — 1.
hln—k

367



Kruchinin, Kruchinin and Shablya / Montes Taurus J. Pure Appl. Math. 6 (3), 363-374, 2024

Now we use the identities (2.2) and (2.3) and obtain the following identity:

"% (2k\ (k+1
Z() O Jaren - o -

nn+1)

Then,

s n—k
> ' D (Zk)(:“)(H(zk) H(k) = 1.

n=1 k=1 k+1

3. A generating function for the harmonic numbers and inverse binomial coefficients

The harmonic numbers and inverse binomial coefficients are classic mathematical objects of high importance for
various branches of mathematics and related fields.
For further study, let us consider the following identity for the dilogarithm [11]:

2
Lix(—x) — Lin(1 — x) + %Liz(l - = —7;—2 —log(x)log(1 + x), 3.1)

where
Lix(x) = Z —
n>0

In the following theorem we give a generating function for the sum of products of the harmonic numbers and
inverse binomial coefficients.

Theorem 3.1. The generating function for the sum of products of the harmonic numbers and inverse binomial coeffi-
cients is

—Lir((2 - x) x) + 2Lip(x) — 2 log (1 — x) (x — 1)+

A(x) = G (32)
log(l —x) (422 +1log(1 - x) x = 14x - log (1 - x) + 12)
2(x=27%(x-1)
Proof. We use the identity obtained in [1] :
VHGK) L+t DHR) S 2% n 1S HEk2E n+ 18 2k
; (Z) = on+l £ & one2 ; k oni2 - 2 3-3)

Now we find the generating functions for the right-hand side terms of the identity. Let us decompose this expression
into its components

1+ + DHm) 28 1 52 L (n+ DH@) 2

n+1 T on+l n+l !
2+ k:lk 2+ k:lk 2+ k:lk

Let us find a generating function for the expression

For that purpose, we write
2
= =[] (- log(1 - 2)).

Then we have the following sum
—log(1 —2x)
e g(

k (1-x) (3-4)
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Therefore
1k _ [xk]—log(l - X)
L (1—-$)x

Now let us find the generating function for the expression

(n+ D)H(n) &3 2k

n+1 :
2+ k:lk

Consider the expression
n+1 n n n
2k 1 2k on+l 2k on+l 1 2k on
H(n)kil—:(H(n—l)+;)( ):H(n—])k_§1z+H(n—1) + - E —+ . 3.5

% TS ] K
=l n -+ n+ nkl n

The desired generating function is as follows:

n+l 2

B(x) = Z H(n) Z gx".
n k=1

Now we write the generating functions for all terms of the expression (3.5) and compose the functional equation

B(x) = xB(x) + B1(x) + B2(x) + B3(x),

where o
Bi(x)= ) Hin= 1=,

12k

Byx)= )~ ) T
n n k=1

Bs(x) = 2

3 = Z i+
Then

1
B(x) = T (B1(x) + By(x) + B3(x)) .

- X

Now we find expressions for Bi(x) and B;(x). By using integral representation, we obtain

H(n — 1)2m+! nf—4xlog(1—2x)
An= D7 _po [ 22X loglU —20)

n+ 1 T-2n 9

After integration, the generating function has the following form:

_ (4log(1—2x) —4) x+1log? (1 —2x) -2 log (1 —2x)

B1(x) >

Now, we expand it in a Taylor series

8 x3 6t 4 176 x° N 200 x° . 4384 x7 .
—_— X
3 15 9 105

Note that the expansion coefficients appear in the third term, so the series needs to be shifted to the left by dividing
the function by x. Then
_ (4log(1-2x)—4) x+log*(1-2x) -2 log(1 -2x)
- 2x '
369
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Now let us find the generating function B,(x). For that purpose, we write

Then

S| =
gl
»|'\’

n

For the second sum we have
= [x"]Li,(2x).

Therefore .
% %k = [X"JLi22x — 1) + log (1 — 2 x) log (2 — 2 x) + Li>(2x).
k=1
Now we expand the resulting function in a Taylor series, the first terms are shown below
_z x40 4 20 x° N 8x* N 256 x° . 208 x° , 4832
12 9 3 75 45 735
%. From where the

Note that the resulting series differs from the desired one by the presence of the constant term —
generating function has the following form:
2
By(x) = — +Lia(2x— 1) + log (1 — 2x) log (2 — 2 x) + Li,(2x).
We use the identity for the dilogarithm (3.1), we substitute the variable z = (1 — x) and obtain the generating function

Liy(4 x — 4 x?)

By (x):
By(x) =2Li(2x) - 5
Now we find B3(x), for which purpose we write
on+l o+l ontl
Cn+1

nn+1)  n
Whence, with the start value equal to zero, follows the expression for the desired function

log (1 -2
Bs(x) = y-zmg(l _2x)+2.

Then B, (x) + By(x) + B3(x)
+ +
B(x) = 2% 12—xx SIS

After substitution and simplification, we obtain the following expression of the function

xLip(4x—4x%) —4xLi,(2x) —log (1- 2x)

B =
) = 2x2-2x
Therefore
(4 DHO § 25, @5 B()x B(3)
T NIt
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The generating function has the expression

—Lia((2 = x)x) + 4Lix(x) — 2log(1 = )(x = 1) + log’(1 —=x) _ 2log(1 = x)

3.6
(x—2)2 1-x (3-6)
Now the desired generating function is equal to the sum of the generating functions (3.4) and (3.6)
—Liz((2 — x)x) + 4Lir(x) — 2log(l — x)(x — 1) + 10g2(1 -x) 2log(l-x) 2log(l-x)
B(x) = - - 3.7

(x —2)? 1-x 2-x)x

Consider the right-hand side term of the identity (3.3). Let us find the generating function for the expression under
the summation sign
H(n)2" log(1-2x)
- | 22N
n (1-2x) x

The integral is equal to
log(1-2x) dx = 2Liy(2x) + log? (1 — 2x).
(1-2x)x 2
Therefore the sum has the following generating function

Z": H(k)2 _ o 2Lir(2x) + log? (1 22

Lk 2(1—x)

The resulting function is defined as follows:

2Lir(2x) +log? (1 —2x)

€ = 2(1-x)

Now let us write the generating function for the following expression:

(n+1) x~n Hk)2k
2n+2 . k

2Lig(x) +log? (1-x)  log(1-x)
2 (2-x)7 x=-2)(x-1) x

1 d X\ o,
=[x]§50(5)—[x] (3.8)

For the third term of the right-hand side of the identity (3.3) we write

n

2 .
2= [x"]Li, (2x).
Next, we make the summation and differentiation for this expression, and obtain the following generating function

n+ 152 - Lip(x) log(l - x)
Q-x? @Q-xnx’

(3.9)

All generating functions for the right-hand side of the identity (3.3) have now been found. We sum the resulting
functions (3.7), (3.8) and (3.9):

—Liz((2 = x) x) + 2Lis(x) =2 log (1 —x) (x— 1)
(x—2)?

log (1= x) (4x? +log (1 - x) x — 14x—log (I - x) + 12)
2(x=2%(x-1 ’

Ax) =

+

Thus, we obtain the desired generating function

Z HE&) _ [X']Ax).

= ()
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We write its integral representation as follows:

b = [x”]fA(x)dx.

1~ H(
n+1; (Z)
2Lir(2 x — x2) — 4 Lin(x) — log? (1 — x)

x2x-4) ’

f A(x)dx(x) =

Therefore

1 S H() |, 2Lib2x - x%) — 4Lix(x) - log? (1 - x)
nH; = =[] . (3.10)

(k) x(2x—-4)
This generating function is denoted by 7(x).

For application of (3.2) and (3.10), we consider the special case with x < 1. Then, setting x = % obtain the
following convergent infinite sums:

i N Hk) 1 6 log?2 - 60 log2 + 12 Lix(3) - 22

n=1 k=1 Z) 2 27
and
i S~ Hk) 1 6 log®2 + 12Lix(3) - 2 2
=1 k=1 (Z) (n+1)2" 9

Let us consider the application of the resulting functions based on composition methods [12]-[14]. Suppose we
have a generating function

Foo=1-Vi—x= 2xc(§),

where C(x) is the generating function for the Catalan numbers.
In order to find expressions of the composition, it is necessary to know the expressions of degree coefficients of
the generating function. We have

]j(zn L 1) = [x](xC(x)).
n n—1
Since |
FAnk) = [x"11 - VI —x = k2 (Zn—k_ 1)’
n4n n—k

the composition /(F(x)) has the following expression:

n i fA -1
WUE@) = Y FA0 Y H(")(,-) :
i= k=1

1

Then the composition coefficients has the expression

1 < 2n—-i-1\g K\
WZzz( o );H(k)(l.) :

i=1

On the other hand,

—8Lir(x) + log? (1 — x) + 16 Lir(1 — V1 — x)
8 x '

Now let us find the expressions for coefficients for the components of this function

I(F(x)) =

n—1 n—1
: PC TR o NS SR | 1 ,1_2H&=-D
[x"] log(1 x)—;(n_k)k_n;(n_k)+k_ .
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n n k _ _
T g
i=1

k=1

After simple transformations, we obtain

L _Hm 2 Yok 2an—k-1
m+ 12 An+ ) DALk -k )

By equating the expressions of the decomposition coefficients to the composition of the generating function, we obtain
the following identity:

502 (2n—i—1\x HK)  H(n) A ey 1
Zﬁ( n—i ); B _4(n+1)+(n+1)4"kZ=;T( n-k )_(n+1)2'

4. Conclusion

In this article, we give some properties of the harmonic numbers. We apply a method of generating functions
and a composition operation for getting new identities that are related to the harmonic, central binomial, triangular,
Catalan and Mersenne numbers. Also we construct a new generating function for the sum of products of the harmonic
numbers and inverse binomial coefficients. As an application we consider special cases for x < 1 in generating
functions and give examples of calculating infinite sums and obtaining identities. Further studies related to getting
relations of obtained results with different special numbers or polynomials will also have novelty and importance.
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