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Abstract

The subject of this paper is the Cusa-Huygens inequalities. We analyse the Cusa-Huygens inequality on (—oo, +00) and some
one-parameter Cusa-Huygens-type inequalities for all real values of the parameter on the interval (0, 7).
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1. Introduction

We start with the trigonometric inequality of Cusa (Nicolaus de Cusa, 1401-1464):

3sinx

(1.1

2+ cosx

which is valid for xe (O, ’%) (cf: [1, 29]). The first complete proof of this inequality was given by Christiaan Huygens
(1629 -1695), as stated in [38]. Cusa’s inequality is used for the purpose of the approximation:
3sinx

— ~ X, 1.2
2+ cosx o (1.2)

for xe (0, ’5’], see [37]. We call the previous approximation Cusa’s approximation, which is stated in the book K. T.

Vahlen, Konstruktionen und Approximationen in systematischer Darstellung, Leipzig 1911. (pp. 188—190), according
to [37]. Extensions and generalisations of the Cusa-Huygens inequalities have been considered by many authors
[3]-[71, [10]-[13], [16, 18, 30, 31, 34, 35, 39], [41]-[46]. In the papers [41, 42] the accuracy estimates of the Cusa
Huygens approximation were considered.

Based on the papers [44] and [27] on the interval (0, 7), it holds

I 3sinx 1 1 5

180" 7 2%cosx m 9296406 " (1.3)
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3sint
2+ cost

where m; = 1/M,. For M; = 0.010756.. ., the maximal value of the function g(t) = (t )/15 on (0,7) is

reached. We note that in the paper [19] it was proved that

1 3sinx 16(r —3) 5
—X <x- < 1.4
1807 =T 24 cosx PO (14)
1 = 16(r - 3) .
for x € (0, /2). The constants 130 = 0.005 and — Q= 0.00740306 .. . . are the best possible.
bis
‘We note that in the paper [19], the approximation
3
MY 2 0.0072274... %, (1.5)
2 +cosx
where x € (0,7/2), is derived. The previous approximation is an improvement of (1.2).
The goal of this paper is to prove that there exists a real constant py such that the approximation
3sinx 5
_ ~ —_ 1.6
2+ cosx TPt (1.6)

holds for x € (0, ).

2. Preliminaries

We start with the family of functions {¢,(x)},ep, 0 #PCIR, over the set S, 0 #S CR. In this paper, we will use the
parametric method for proving inequalities [22], which is based on the consideration of stratified families of functions.
In order to consider inequalities in this paper, we divide preliminaries into three parts that are both definitional, as
well as of an operational nature.

Stratified families of functions. According to [9, 19], [21]-[26], [28], the family of functions {¢,(x)}pep, is
increasingly stratified over the set S, if

(Yx€S)(Vp1, p2€P) p1 < p2 & @p, (%) < @p, ()

and, conversely, the family {¢,(x)},ep is decreasingly stratified over the set S if

(VxeS)(Vp1, p2€P) pi < pr & @, (X) > @, (%).

The parametric method [22] can be applied to those families {¢,(x)},ep for which there exists a real function g such
that the following equivalence holds:

ep(x)=0 = p=gkx.

Based on the previous equivalence, the function g determines those values of the parameter p for which functions
from the family {¢,(x)},ep have roots over the observed set S. For all other parameter values, functions ¢,(x) have
a constant sign over the set S. Based on these characteristics, in [22], cases when the function g is decreasing,
increasing and when it has exactly one minimum were considered. The analogous statement can also be derived when
the function g has exactly one maximum. For all considered cases, inequalities valid on S for each p € P are listed (cf.
[22, Theorems 5, 6 and 7]).

Minimax approximant of a family of functions. We are particularly interested in cases when {¢,(x)},ep is a
family of continuous functions and when S is some finite interval in R with the condition of eventually including
the edge points, that is, when P is some connected set in R. In the following, we will consider the families for
which we assume that for each p € P, there exist values sup g |gop(x)| € R. For such families, for the function

5P = SUP,cs |go,,(x)| : P — R, we aim to determine a value of the parameter p = py P (if it exists) for which

do = sup |y, (x)| = inf sup |, (x)| . (2.1)
xeS peP xeS
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Especially, if we consider the family for the segments S = [a, b] and P = [c, d], then:

dy = mi 22
0= min Xrg%]|<pp(X)| (22)

and there exists a unique parameter py € [c,d] for which (2.1) holds. Then, for the parameter py, the function
©po (%) is called the minimax approximant on [a, b]. Alongside the minimax approximant, we introduce the minimax
approximation

Op(X) % 0, 2.3)
over [a, b], which has the bound of the error d; in relation to the norm ||.||es.
Mixed trigonometric polynomial inequalities. In this paper, while examining the monotonicity of the function
g, we will use the method for proving mixed trigonometric polynomial (MTP) inequalities [9, 20].

According to [9, 20], an MTP inequality is an inequality of the form
#(x) >0, xel, 249

where [ is an open, semi-open, or closed interval, and

o(x) = Z a; xP' cos?ix sinix, (2.5

i=1

for a; e R\{0}, p;, qi, ri€ Ny and neN, is an MTP function.

The method for proving MTP inequalities from [9, 20] is based on determining a positive downward polynomial
approximation P(x) (if it exists) for the function ¢(x). Polynomial approximation P(x) is obtained using Taylor ex-
pansions for the trigonometric functions that appear in (2.5), according to the method described in [9, 20]. Therefore,
proving the inequality (2.4) reduces to proving the polynomial inequality P(x) > O for x € 1. To effectively prove the
inequality P(x) > O for xel, the Sturm’s theorem is used (cf. [40], [15, Theorem 4.1 and 4.2]).

Let us note that in [22] methods for isolating zeros and extrema of MTP functions are also given based on the
previously described method for proving MTP inequalities. It is obvious that we can apply those methods to determine
zeros and extrema if the function is the quotient of two MTP functions. We will also use those methods in the next
section of the paper.

3. Main results

In the following two subsections, we extend the Cusa-Huygens inequality and the Cusa-Huygens-type inequality
from (cf. [19]).

3.1. Extension of the Cusa-Huygens inequality

In this part, we analyse the Cusa-Huygens inequality (1.1) on the interval (—oo, +00).
‘With that aim, we introduce the function

3sinx
f)=x- 2+ cosx
on the interval (—oo, +00). Let us examine the monotonicity of the function f(x).
Since )
, (cosx—1)
f=""2""2
(cosx +2)

for each x € R, it follows that f(x) is monotonically increasing on the interval (—oo, +00). Since f(0) = 0, it follows
that f(x) > O for each x > 0, and f(x) < O for each x < 0.

Based on the previous analysis, the following theorem is valid.
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Theorem 3.1. It holds:

() 34
_osmx >x, foreach x€(—0,0).
2+ cosx
(iii)
3
_2Snr <x, foreach xe(0,+c0).
2+ cosx

3
Remark 3.2. The error of the approximation of the function 2:& from the function x on the interval [, 1],
cos x
-3
t > 0, is equal to f(¢). In particular, for ¢t = /2, the approximation error is f(r/2) = HT, while for ¢t = 7, the

approximation error is f(r) = .

3.2. Extension of the Cusa-Huygens-type inequalities
In [19], the family of functions {¢,(x)},cp, where

3si
X — _osmx -px> , x€(0,7m/2]
op(x) = 2 +cosx
0 s x=0
was considered for P = R*. In this paper, we will analyse the same family of functions, but on the interval [0, 7] and
for P = R. The following assertions hold:

Lemma 3.3. The family of functions {¢,(x)} pep, P = R is decreasingly stratified on the interval (0, rt].

d ‘pp(x) 5
Proof. Tt holds that P = —x <0 foreach x€(0, n]. O
p
We now proceed with the analysis of the considered family. First, the equivalence
xcosx—3sinx+2x

x5 (2 + cos x)

3sinx

@p(x) = x -pxX’ =0 & p=gK =

2+ cosx

for x € (0, ], determines the function g over (0, ]. Then

H Fy— 1 J— 3 — Py— 1 —
lim g(x) = A= —o5 =0.0005 and g(m) = B:= — =0.010265.....

v

Figure 1. Graph of the function g
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The function g(x), as the quotient of two MTP functions, has the unique maximum
C = g(xp) =0.010756...

at the point xo = 2.83982... € (0, 7). For details, see the Appendix based on [22].

Let us emphasise that all conclusions drawn in the next part of the analysis are based on [22]. For each such
conclusion, formal proof can be provided in the appropriate appendix.

Let us notice that for the values of the parameter p € R\[A, C], the functions ¢,(x) have a constant sign, and
therefore, it is of particular interest to further consider the values of the parameter p € [A, C]. The function g(x) is
monotonically increasing on [0, xo] and monotonically decreasing on [xg, 7r]. Thus, for the parameter p = g(7) = B,
there exists exactly one value x; = 2.50057... € (0,xp) such that g(x) = g(7) = B. For each p € g((O, x(’))),

there exists exactly one value x € (0,x)) such that p = g(x'’) and ¢,(x”) = 0. For each p € g([xg),ﬂ]) \{C},

there exist exactly two values x(lp ),x(zp ) ¢ [xp, 7], 0 < x(lp ) (zp )

tpp(x(lp ) = gop(x(z" ’) = 0. For p = C, there exists the unique value x = x(lc) such that ga,,(x(lc)) =0.
The first derivative of the function ¢,(x) exists on (0, 7). The equivalence:

< x) < xy) < m, such that p = g(x(lp)) = g(x(zp)) and

dp,(x) sin? x 1 (1-cosx)?
= — 5 4 =0 = = -
dx (2 + cos x)? Topx = r=80 5 x4 (2 + cos x)?

determines the function g; over (0, zr]. It holds that

4
lim gi(x)=A and g(n) = B := — =0.0082127....
x—0+ Sn4

v

Figure 2. Graph of the function g;

The function g;(x), as the quotient of two MTP functions, has the unique maximum
Ci =g1(x1) =0.011573...

at the point x; = 2.54595....

The function g;(x) is monotonically increasing on (0, x;) and monotonically decreasing on (xj, ). Thus, for the
parameter p = gi(7) = By, there exists exactly one value x| = 7/2 € (0, x;) such that gi(x}) = gi(n) = B;. For
each p € g; ((0, X, )), there exists exactly one value #7 € (0, x}) such that p = g;(¢”) and d/d x(¢p(x)) |,» = O.

For each p € g ([x’l,n]) \{C1}, there exist exactly two values t(lp),t;p) € [x,7],0 < t(lp) <x) < t(zp) < 7, such that
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p = gl(tip)) = gl(t;p)) and d/d x(¢,(%))|,_» = d/d x(¢,(x))|,_m» = 0. For p = Cj, there exists the unique value
1 -2
x = 1V such that d/d x(¢,(x)) |—cp = 0.
Let us consider the function

14 xcos?x+22xcosx— 15cosxsinx —30sinx + 19 x
h) = o) = 5 (2 + cos? x)2

over (0, r] in the following. The function /(x) has the unique minimum
C2 = h(xl) =-0.12789... s

at the point x; = 2.54595 ... and the unique root xy = 2.83982 ... (where the function g(x) has the local maximum).

For the values of the parameter p € [A, (], the functions ¢,(x) have exactly one minimum at the points

X = tﬁp ) e (0, x») and exactly one maximum at the points x = t;p ) e (x3,m). Let us consider the equation A(x) = ¢c(x)

which, on (0, ), has the solution x, = 2.18506.... Thus, for the values of the parameter p € [A, C], the functions

¢,(x) have uniquely determined minima at the points x = t(lp ) € (0, x,) and uniquely determined maxima at the points

x= t;p) € (xo, 7).

The function A (x) = h(x) : [0, x,] — [C,0] is a continuous monotonically decreasing bijection whose values are
the values of minima of ¢,(x). Similarly, the function A;(x) = h(x) : [x, 7] — [0, 7/5] is a continuous monotonically
increasing bijection whose values are the values of maxima of ¢,(x). Therefore, there exist exactly two values
7 € (0, x,) and & € (0,7/5) such that

_h(lt(lp)) — h(l_‘(zp)) .
Using the Maple function
fsolve({dif£(f(u,p),u)=0, diff(f(v,p),v)=0, - f(u,p)=f(v,p)}, {u=0..2.5,v=2.5..Pi,p=A..C});

the numerical values
po =p :=0.010451...

P =u:=2.10829...
i =v:=2.88858...

are obtained, as well as the value
0 =0.058888...

for which
o (@) =6 and ¢, (&) =5.

Let us notice that for other values of the parameter p, it holds that It,op(t(P))I > ¢ for x € (0, ), since due to the
stratification, a greater value is reached either through the minimum or the maximum.
It holds that

max lep(0)] = ngﬁﬁl{'h(x)" Pgi (0 (@I}
Regarding p = g(x) € [A, C], there are two possible cases:
1. ¢,(n) ¢ [-6,0], then
max lep(0)| = E%S‘,ﬁ]{'h(x)" g, o (I} = lep(m)] > 6.
2. ¢,(m) € [0, 6], then, we distinguish the following subcases:

2.1 If p = py, then
0po 7 = h(EP) = —0.058888....

©po ) = h(E™) = +0.058888. .. ,
O (1) = =0.056851 ... .

Thus,
g}gﬁ] lop(X)] = Xrg(a}ﬁ]{lh(x)l, lg, oI} =6.
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2.2 If p # po and ¢,(n) € [-6, 4], then Irha)lx]{lh(x)l} > ¢ (due to the stratification, a greater value is reached
xe|U,r

either through the minimum or the maximum); thus,

Xrg[(% lop(X)] = ggil{lh(x)l,sogm(ﬂ)l} >0.

Finally,
dop = min max x)| = min max =65
* 7 bR o len(0) PEIAC] xe[0,7] e

Based on the entire previous analysis, the following theorem holds.

Theorem 3.4. Let:

1 — 1
A=—=0.005, B=— =0.0102065...,
180 m
4
C =0.010756... d By =— =0.0082127....
an 1 5”4
Then, it holds:
(i) Ifp € (-0, A], then
3
xe0,1) = x-— oSy AX >px.
2+ cosx
(ii) If p € (A, B], then the equality
) = x— 3sinx e
$riX) = 2+cosx ?
has a unique solution x(()p ) on (0, ), and it holds that
x e 0,x") = x—ﬂ <px
70 2+cosx F
and 35
») _ sin x 5
XE(xy ,m) = x 7 cosx >px

Each function ¢,(x) has exactly one minimum t(lp ) € (0, xg' )) for p € (A, By] on the interval (0,x). For
p € (B1,B), each function ¢,(x) has exactly one minimum t(lp ) € (O, xgp )) and exactly one maximum

tép) € (xf)”), 77) on the interval (0, 7).
(iii) If pe(B,C), then the equality
3sinx 5

(’Dp(x):x_2+cosx

has exactly two solutions xép ) and x(lp ) (xép ) < x(lp )) on (0, ), and it holds that

3sinx
xe(O,xg’))Uxe(x(lp),ﬂ) = x—m<px5
and 3si
sin x
xE(x(p),x(lp)) = x-—>px.
2+ cosx

Each function ¢,(x) has exactly one minimum tip ) € (O, xf)p )) and exactly one maximum t;p ) € (xgp ),ﬂ) for

p € (B, C) on the interval (0, i).

(iv) Ifp e [C, ), then

3sinx
xe0,n) = x——<Cx53px5.
2+ cosx
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(v) There exists exactly one solution to the equation

(1) =l (¢

with respect to the parameter p € (B, C), which is numerically determined as
po = 0.010451... .

For the value
do = ¢, (") = 0.058888.. ..

it holds that

dy = min max x)|.
0 peR xe[0,7] |‘pp( )|

(vi) For the value py, the minimax approximant of the family of functions on the interval (0, rr) is

3sinx 5

Ppo(X) = x pox,

2+ cosx
which determines the corresponding minimax approximation

3sinx

~0.010451... %

x_—
2+ cosx

on the interval (0, w) with the error d.

Figure 3. The stratified family of functions {¢,(x)}ycp and the function &

As a corollary of the previous analysis, by considering the functions g and g, on the interval (0, 7/2) in the same
manner, it is easy to show that the following theorem holds, which extends the result from [19].

Theorem 3.5. Let: | 16 3
A=t —0005 and B=0""3 _00071030... .
180 o

Then, it holds:
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(i) Ifp € (—o0,A], then

T 3sinx

08) = S s
xe( 2 - 2+c0sx> r=px

(ii) If p € (A, B), then the equality
3sinx 5

(’Dp(x):x_2+cosx_px

has a unique solution xép ) on (0,7/2), and it holds that

3sinx 5

xe(O,xép)) - x- <px

2+ cosx

and

e( » 7r) _ 3sinx oS
xelxy = X— —— x.
02 2+cosx L

Each function ¢,(x) has exactly one minimum t(()p ) e (O, xgp )) for p € (A, B).

(iii) If p € [B, ), then
bd 3sinx
X € (O, —) e

<BxX <px.
5 X <px

2+ cosx

(iv) There exists exactly one solution to the equation

e (1) = 2 (5-)

with respect to the parameter p € (A, B), which is numerically determined as
po = 0.0072274 ... .

For the value .
dy = ¢pn(§—) — 0.0016797 ...

it holds that
b= fer]
(v) For the value pg = 0.0072274 . .., the minimax approximant of the family of functions on the interval (0,7/2)

is )
3sinx 5

wpo(x) =X p()x >

2+ cosx
which determines the corresponding minimax approximation
3sinx

Xx— —— ~0.0072274... X
2 4+ Ccos x

on the interval (0,7/2) with the error d.

4. Conclusion

In this paper, the Cusa-Huygens inequalities are analysed. The extension of the Cusa-Huygens inequality to the
interval (—oo, +00) was obtained. Additionally, the one-parameter Cusa-Huygens-type inequalities [19] were extended
to all real values of the parameter and from the interval (0, 7/2) to the interval (0, 7). As a result, new Cusa-Huygens
inequalities and approximations were obtained.

In a similar manner, many inequalities from papers and monographs [1, 2, 8, 14, 17, 29, 32, 33, 36] could be
improved.
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Appendix

For the function )
xcosx—3sinx+2x

x5 (2 + cos x)

glx) =

there exists a derivative function

—4 xcos?x+ 15 sinxcosx —22 xcos x + 30 sinx — 19 x

g'(x) =

X6 (2 + cos x)?

over (0, 7). The numerator of the derivative function is an MTP function
f(x) = =4 xcos® x + 15 sinxcos x — 22xcos x + 30 sinx — 19 x

over (0, ). We prove that the considered MTP function has the unique root xo = 2.83982 ... € (0, 7). We use Theorem
for isolating zeros of an MTP function [22] for ay = 2.7 and b = 3.0.
It holds that

15
f(x) =-22xcosx—2xcos2x —21 x+30sinx + 751n2x.

1. We prove that
f(x)>0

on the interval (0,2.7]. If we approximate the cosine functions with the Maclaurin polynomials of degree 15,
and the sine functions with the Maclaurin polynomial of degree 16, then the function f(x) has the downward
polynomial approximation

P(x) = =22x TS0 () = 2x T3 (2) = 21 x + 30300 (x) + D700 (2. x)

_ 7283 1367 15 59 1n_ 13 7
= ~Trersmsrenn” | + Tneren® |~ st + o~ 5ok T gak
_ 7 (_ 1283 10 1367 .8 _ 59 6 4

=X ( T162377216000"° T 7264857600 — 8108100% T 221760x 5040 5033 + )

385


https://mtjpamjournal.com/papers/article_id_mtjpam-d-24-00221

Malesevié, Mic¢ovi¢ and Jovanovicé / Montes Taurus J. Pure Appl. Math. 6 (3), 375-386, 2024

on the interval (0, 2.7]. By applying the Sturm’s theorem to the polynomial
B 7283 L0, 1367 8o 59 64 41 oo 1 12+ 1
1162377216000 7264857600 8108100 221760 5040 84

on the segment [0, 2.7], it can be concluded that this polynomial has no zeros on the segment [0, 2.7]. Hence,
the polynomial P(x) has no zeros on the interval (0,2.7]. Considering that P (%) = 0.53349... > 0, it holds
that P(x) > 0 on the interval (0, 2.7]. Thus, on the interval (0, 2.7], it holds that

f(x)> 0.

. We prove that

f(x) <0

on the interval [3, ). If we approximate the sine functions with the Maclaurin polynomials of degree 17, and the
cosine functions with the Maclaurin polynomial of degree 14, then the function f(x) has the upward polynomial
approximation

P(x) = =22x T30 (1) = 2x TS0 (20) = 21 x + 30 T30 (x) + 27380 (2 )
_ 331 17 1367 15 59 13, 41 11 _ 13 .9, 1.7
= T19760076800*° T+ 7264857600°  gi08100° T 221760*%  3040% T gaX

on the interval [3, 7). By applying the Sturm’s theorem to the polynomial P(x) on the segment [3, ], it can be
concluded that this polynomial has no zeros on the segment [3, 7]. Considering that P (r) = —1.49377... <0,
it holds that P(x) < O on the interval [3, 7). Thus, on the interval [3, ), it holds that

f(x)<0.

. We prove that

f/(x) =26 cos® x + 8 xsinxcosx + 8cosx + 22 xsinx — 34 < 0

on the interval [2.7, 3]. It holds that
f'(x) =22 xsinx+ 4 xsin2x + 8cos x + 13 cos 2x — 21..

If we approximate the sine functions with the Maclaurin polynomials of degree 13, and the cosine function with
the Maclaurin polynomial of degree 16, then the function f’(x) has the upward polynomial approximation

P(x) = 22x T30 (1) + 4x T30 (2x) + 8 T2 (x) + 13 T (2.x) — 21
_ 183 16 1367 14 _ 59 12, 41 10_ 13 .8, 1 .6
= 200594304000%° Tt 384323840~  623700° T 2160% T~ 560% Tt 12X

on the interval [2.7, 3]. By applying the Sturm’s theorem to the polynomial P(x) on the segment [2.7, 3], it can be
concluded that this polynomial has no zeros on the segment [2.7, 3]. Considering that P (3) = —6.48904... < 0,
it holds that P(x) < O on the interval [2.7, 3]. Thus, on the interval [2.7, 3], it holds that

F(x)<0.

Hence, based on Theorem for isolating zeros of an MTP function [22], the function f(x) has exactly one zero
X on the interval (0, 7).

Let us notice that for x € (0, xp), it holds that f(x) > 0, and that for x € (x, 7), it holds that f(x) < 0. Therefore,
for x € (0, xp), the function g(x) is increasing, and for x € (xg, 1), the function g(x) is decreasing; thus, the
function g(x) has the unique maximum

C = g(xp) =0.010756...

at the point xp = 2.83982... ..
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