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Abstract

Schlomilch’s integral equations are extensively used in the fields of terrestrial physics and ionospheric research. In recent years,
numerous studies have focused on developing solution methods and exploring applications for these equations. In this work, we
define, investigate, and propose a solution method for Schlomilch-type integral equations. We start by classifying Schlomilch-type
integral equations and developing a simple yet effective method for solving each class. Additionally, we explore an application
problem that leads to the Rayleigh equation and provide its solution. To demonstrate the efficiency and practicality of our findings,
we include illustrative examples from the literature for each type of equation discussed.
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1. Introduction

Integral equations, in simple terms, are equations in which the unknown function appears under the integral sign.
They occur extensively in various areas of mathematics, physics, and engineering. There are situations where they are
more useful than differential equations. In particular, in the process of modeling a practical problem involving some
restrictions such as boundary conditions or initial conditions, integral equations offer advantages over differential
equations since these conditions can be condensed into a single integral equation rather than appearing as separate
side conditions in a differential equation.

The Schlomilch’s integral equation is a special type of integral equation which has numerous applications in
mathematical physics and engineering. The standard form of the Schilomilch’s integral equation is given by

2 /2
f(x) = ;f P(xsin@)dd, —-m<x<m,
0

where f is given and a continuous differential function on [, 7]. Many works have been conducted on Schldémilch’s
integral equations and their solutions (cf. [8, 9, 17, 18]). Additionally, we list some recent works below.

Bougofta et al. [5] introduced a convenient technique for solving Fredholm integral equations of the first kind.
Considering the Schlomilch’s integral equations as a special subclass of these, they extended this method to find solu-
tions for Schlomilch’s integral equations and obtained very accurate results. Wazwaz [20] combined the regularization
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method with the Adomian decomposition method (ADM) to solve the equation. Altiirk [2] proposed an algorithm for
finding solutions for linear and nonlinear Schlomilch’s integral equations. Altiirk and Arabacioglu [3] modified the
homotopy perturbation method to find solutions for a variety of Schlémilch’s integral equations. Parand and Delkhosh
[11] used the generalized fractional order of the Chebyshev orthogonal functions to find accurate approximate solu-
tions for both linear and nonlinear cases. A wide variety of additional materials is available for readers who need a
more advanced treatment of Schlomilch integral equations (cf. [1, 7]).

In this work, we focus on the Schlomilch-type integral equations introduced recently by Wazwaz [20]. The
standard linear Schlomilch-type integral equation is defined as

/2
fx) = % f u(xcos 0) do, foue C'([-r,r)), (1.1)
0

where f is a given function and u is the unknown function.
In addition to equation (1.1), we define and investigate the following pair of equations:

e The generalized Schlomilch-type integral equations.

e The nonlinear Schlomilch-type integral equations.

The rest of the article is organized as follows:

In section 2, we study the Schlomilch-type integral equations including the generalized and nonlinear Schlémilch-type
integral equations and obtain some significant algorithms that produce a solution for a given Schloémilch-type equation.
Section 3 includes examples mainly from the literature to demonstrate the applicability of the proposed methods and
enable comparisons with existing results. Section 4 considers an application problem that leads to Rayleigh equation
describes the generalized Schlomilch-type integral equations and provides an algorithm for their solutions. The final
section concludes the article.

2. Main section

2.1. The Schlomilch-type integral equation
In this section, we consider the standard linear Schlomilch-type integral equation that admits the following form:

2 /2
p(x) = - f u(x cos 6) do, p,u € C'([-n,x]), 2.1)
0
where p is a given function and u is the unknown function. In addition, Abel equation is defined as
L)
(x) = dt, 2.2)
/ 0 Vx—t
where its solution is given by
1Ld (" f@
u(x) = —— dt 2.3)
mdx Jo Vx—1t

f is a given function and u is the unknown function to be determined (cf. [19]). In [9], the author showed that Abel
and Schlomilch integral equations are closely related and obtained a method for the solution of Schlomilch’s integral
equation by making the connection between these two equations apparent. We now show here that that connection is
preserved for standard linear Schlomilch-type integral equation.

Let xcos(d) = /i and x*> = 1. These substitutions transform the equation (2.1) into

1 (7 u(yR)
== | —_ay,
PV = — o aviog K
or, equivalently,
T Up)
= du, 2.4
p(Nm) y =t (2.4)
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where U(u) = “ ‘/‘Q
Since the equation (2.4) is an Abel equation, it’s solution is given by

T p( )
Ul = \/_
n dr] N
or, equivalently
" p(yH )
u(\m) = \/_ 2.5
\/_
Reintroducing the original variable amounts to
d /2
u(x) = x— f p(xcos)2xcos0db
dn Jo
dx d
= x—x— p(xcos 6)2xcos0d6
dndx Jy
d T2
= p(xcos @)xcos0do (2.6)
X

T/2
= f [x cos? Bp’ (x cos 6) + cos Op(x cos 0)] dO
0

/2
= p(0) + xf p’(xcos 0)do.
0

The last step is the result of an application of integration by parts. Thus, a solution is given by

/2
u(x) = p(0) + xf p'(e)dé, &= xcosb,
0

where p’(g) represents a derivative. Following similar approach to that used in [9] for Schlomilch integral equations,
we show that Abel integral equation and Schlomilch-type integral equation are closely related. This relationship
provides a method for solving Schlomilch-type integral equations.

We further investigate Schlomilch-type integral equations, recognizing the critical role of polynomials in mathe-
matical modeling and approximation theory. Significant integral equations are usually constructed or appeared in the
solutions of application problems [14, 15]. Consequently, in the following, we first examine the case where p is given
as a polynomial function.

We then assert that if p is a polynomial function with a degree n, then there is a polynomial with degree n that
satisfies equation (2.1).

Suppose that p(x) = Z P J-xj and let

j=0
40 = Do,
q1 = wm
1= )
2 2.7)
k -2 2
o = leXmX XTka, keven,
)k k=2 3o
EXT?’X"'XEXEXPIC’ k odd
for k > 2 and that py, pi, ..., p, are constants.
n

Define u(x) = Z gxx*. An application of mathematical induction on the degree of the polynomial p proves that u
k=0
is the solution of equation (2.1).

Notice that it is easy to verify that py = qo.
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Forn =1,
u(x) = qo + qix.

Substitute this into the the equation (2.1), we verify that

2 /2
—f qo + qi1xcos8do,
0

T
2
=qo+ ;thx = po + p1x.
For n = k, assume
u(x) = go + qix + -+ qx* = po+ prx+ - + peat

Forn=k+1,
w(x) = qo+ qix + - + @x* + g1 XL

Substitute this into the the equation (2.1), we only need to show that the last term in both sides of the equation (2.1) is
identical. After evaluating the integral, we obtain

Va4
Gk+1 = mpkﬂ,

2

where I represents the gamma function (c¢f. [4]). We want to emphasize that as long as p is a polynomial function,
no question arises about the existence of the corresponding g;’s. The above discussion is concluded in the following
theorem.

Theorem 2.1. deg(p) = n if and only if the solution of (2.1) is a polynomial function of the same degree.

On the other hand, Schlomilch-type integral equation may also appear as
2 /2
plx) == f u(xcos(m@))do, meZ*-{l}, -m<x<m (2.8)
T Jo

We now investigate this case both for m being even and odd separately. One of the reason for considering as two
separate cases is that the formulations of the solutions become easier to understand and to interpret. We handle both
cases with the following theorems.

Theorem 2.2. If p is a polynomial function of degree n, m is odd, and let

4o = Po,
_ R m=dng - 1,
= m’;pl, m=4ny+ 1, 2.9)
qkz{f?xg;gx"'xixii, k%seven,
T X5 XX g X 2 X py, kisodd,

forng € N, k > 2 and where a = fomﬂ/z cos(t) dt, then u(x) = Z quk is a solution to (2.8).
k=0

Proof. Forn = 1, p(x) = po + p1x. We first assume that m = 4ny — 1 for some ny € N. We need to show that
u(x) = go + g1 x is a solution to (2.8).

2 /2
p(x) = —f [po _mh xcos(me)] do,
T Jo 2

= Ppo + p1x.
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For n = k, assume that u(x) = go + q1x + ... + qx* is a solution to (2.8) where g;’s are given in (2.9). Forn =k + 1,
we only need to show that

2 T2
Di+1 = — f Grs1 cOsF (mO)do,
T Jo

where g4 is given in (2.9).

If k is odd,
2 (™lk+1 k-1 2
I = ;L T X =2 XX 1 X pk+l] cosk+1(m9)d9
2[k+1 k-1 2 2
il DA R S St 0)do
o Xk—2x ><1><pk+1f0 cos“ " (6)
Ukl k=12 r(§+1)
“VEl k Tk—2 | 7Pk (L + 1)
2
= DPk+1-

Here we use the fact that
T/2 T/2
f cos"(mo)do = f cos*1(9)ab.
0 0

If k is even,

k+1 k-1 3 _mm
Xy XX S X o ><pk+1]cosk+'(m0)d6’,

2 T/2
liv1 = —f
T Jo

2 [k+1 k-1 3 mn L
=——— X ——= X"+ X=X —X 0)de,
mr| k k-2 2" 2 ”“‘M) cos™(0)
U [kl kel 3 r(4+1)
= mvE| K ) 2% 20 Pk+1 (%4_1)
= Pk+1-
Here we use the fact that
/2 | (2
f cos“ ! (mh)do = —— f cos“*1(0)db.
0 m Jo
The case m = 4n( + 1 can be shown analogously. O

Theorem 2.3. If p is an even polynomial function, m is even, and let

40 = Do,

ﬁx%x--»(%)(pk, k is even,
qk = .

0, k is odd,

fork > 1, then u(x) = Z quk is a solution to (2.8).
k=0

The idea for the proof of this theorem is similar to the proof of the above theorems. These two theorems have
important corollaries. Before we state a pair of them here, we assume that the equation that we consider is in the form
of equation (2.8) and there exits a polynomial solution.

Corollary 2.4. If p is an even polynomial function, then u is an even function.

Corollary 2.5. If p is an odd polynomial function, then u is an odd function.
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2.2. The generalized Schlomilch-type integral equation

We define the generalized Schlomilch integral equation as follows:
2 /2
p(x) = — f u(xcos"0)dd, -m<x<m and r>1. (2.10)
T Jo

The algorithm for the solution is similar to the case considered above. The power r will be a multiplier for the indices
when evaluating corresponding g;’s. More precisely, we have the following theorem.

Theorem 2.6. If p is a polynomial function of degree n, then

u(x) = " g%’
J=0

is a solution of (2.10), where

4o = Po»
qi = Sixr X P, and
%xijx X%, k even,
FTV e k25 x 2T kodd
=1 X =3 2 X%

fork = 1 and forr e 7V — {1}.

2.3. The nonlinear Schiomilch-type integral equation

We consider the nonlinear Schlomilch integral equation which has the following form:
2 /2
p(x) = — f F(u(xcos0)dfd, —-n<x<m, 2.11)
T Jo
where F(u(xcos #)) is a nonlinear function of u(x cos 6).

We assume that F is invertible so that letting that F'(u(x cos 8)) = v(x cos 8) will imply that u(xcos ) = F “L(v(x cos §)).
Thus, with this transformation, (2.11) becomes

2 /2
p(x) = — f v(xcos 6) db, (2.12)
T Jo

which is equivalent to (1.1). We solve this equation for v and then use the inverse transform F~! to get u.

3. Examples

In this section, we provide some numerical examples that enables us to test the solution algorithms that we obtained
in the previous sections. In order to be able to compare the algorithms and solutions with the existing ones, some of
the examples are taken from the literature.

Example 3.1. Consider the following Schlomilch-type integral equation (cf. [1, 20]):
2 T/2
1+2x= —f u(xcos@)dd, —-nm<x<m. 3.1
T Jo

The data function p(x) = 1 + 2x. The equation belongs to the standard Schlomilch-type integral equation. We then
use the algorithm given in equation (2.7) and obtain that

n
go =po =1 and Q@ =5p ="
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Thus, u(x) = go + g1x = 1 + nx.
It can easily be verified that
ulx)=1+nx

is a solution of (3.1).
This is exactly the same solution obtained in [1, 20].

Example 3.2. Consider the following Schlomilch-type integral equation:
2 /2
x—x = o f u(xcosf)dd, -n<x<n. (3.2)
0

The data function p(x) = x — x>. The equation is of the form of the standard Schlomilch-type integral equation.
We then use the algorithm given in equation (2.7) and obtain that

qo=po =0,
n o n

C]l—zpl 2’

q>=2p> =0,

Thus,

u(x) = go + q1x + @x° + g3x°

7 3r 4
=S¥ gr
One can easily verify that
u(x) = - 3—ﬂx3
27 4

is a solution of (3.2).

Example 3.3. Consider the following Schlomilch-type integral equation:

1, 1, 2

X+ =x = - u(xcos(30))dd, —-n<x<m. 3.3)
2 3 T Jo

This equation is in the form of standard Schlomilch-type integral equation with that m = 3 and pg = p; = 0,p, = %
and p3 = % The hypothesis of theorem (2.2) are satisfied. It is easy to see that

-3
q0=¢q1=0, ¢o=1 and q3=T
from the theorem (2.2).

This in turn implies that

3n
2 3
u(x) = x 1 X,
By a simple substitution, it can be easily shown that
3n
2 3
u(x) = x ) X

is a solution to (3.3).
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Example 3.4. Consider the following Schlomilch-type integral equation (cf. [20]):

1 5 2 /2
—x° = p u(xcos(20))do, —-m<x<m. 34
0

This equation belongs to standard Schlémilch-type integral equation with m = 2 and py = p; = 0 and p; = % If we
use theorem (2.3), we obtain
qo0 = 41 =0 and QQZI.

This in turn implies that
u(x) = x°

is a solution to (3.4). It is also very easy to verify that u(x) = x? is a solution to (3.4).

Example 3.5. Consider the following integral equation.

2 /2
l+x+x>=2= f u(xcos2 0)do, —-nm<x<m. 3.5)
T Jo

This equation is of the form of generalized Schlomilch-type integral equation and pp = 1, p; = 1, and p, = 1.
By using theorem (2.6), we obtain

go=po=1,
QI”prlzzg’ (3.6)
qZ=S4Xp2=§.

8
Thus, u(x) = 1+2x+ gxz is a solution of (3.5).

Example 3.6. Consider the following nonlinear Schlémilch-type integral equation:

2 7{/2
22 =2 f uz(x cosf)df, -nm<x<nm. 3.7
T Jo

Since it is a nonlinear equation, we replace u”> with v to transform the equation into
2 /2
2x% == f v(xcos0)dl, -m<x<m, 3.8)
T Jo

which becomes a linear equation. It turns out that the equation (3.8) belongs to the family of standard linear
Schlomilch-type integral equation. We use the algorithm given in equation (2.7) and obtain that

q() - pO - O’

Ve
q1 = Ep] = 0, (39)
g2 =2py =4

Thus, v(x) = go + g1x + qzx2 = 4x? is a solution to (3.8). Reintroducing the original variable u yields that
u(x) = £2x

are solutions to (3.7).
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4. An application problem
Consider the following second order nonlinear ordinary differential equation (cf. [1, 16])
¢" +F(¢')+¢=0. 4.1

A polar form of this equation admits the form:
2 /2
J(x) = — f cos B u(xcosb)db. “4.2)
T Jo

When F(x) = x— )gi in equation (4.1) or u(x) = x — g—z gives the Rayleigh equation

T

1 2 ],.3
J(r)= — f rcosd — —cos>0.do. 4.3)
21 Jo 8

The Rayleigh equation is considered as one of the most important equation in fluid dynamics. It covers a broad range
of applications from different branches of science and engineering. These involve an analytic method expressing
liquid compositions in Rayleigh fractionation for ternary systems (cf. [21]). The extension of Rayleigh equation is
used to improve quantification of biodegradation (cf. [6]). See for more details on this equation [10, 12, 13].

We can use the idea and methodology introduced in this paper for solving equation (4.2). We start with the
equation

2 T/2
J(x)= - f cos B u(xcosb)do,
T Jo

where J(x) = (4 - x?) is used for the Rayleigh equation (cf. [16]).

Since J is a polynomial function, we expect that a solution of a polynomial form exists. In addition, we also expect
that the solution is an odd function.
Alternatively, one can use one of the above theorems by modifying the algorithms because of the fact that appearance
of cos @ in the integrand will shift the coefficients. Direct calculation yields that

u(x) = q1x + q3x3.
Evaluating the numerical values, we end up with
g1 =2xp; =1

_8>< __1
%—3 p3 = 3

As a result, the solution becomes u(x) = q;x + g3x° = x — % It is easy to verify that u is a solution to equation (4.2).

5. Conclusion

In this work, the Schlomilch-type integral equations have been classified and investigated. For each type, the
algorithm for its solution is given and supported by numerical examples. We also show that by using the methodology
and idea in this work one can solve an application problem that leads to Rayleigh equation.
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