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Abstract

The present survey investigates linear recurrences derived from sums of elements located on the transversals of some classical
arithmetic triangles. We establish the corresponding linear recurrence relations, generating functions and deduce combinatorial
identities. Finally, we provide the sums of the general term of the concerned linear recurrence sequences.
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1. Introduction

A generating function is a mathematical tool used in combinatorics, number theory, probability, and other areas of
mathematics to transform problems about sequences into problems about formal series of functions (see [31, 45, 48]).
It’s a powerful way to manipulate sequences, coefficients, or terms of a sequence by representing them as coefficients
of a formal power series or a polynomial. There are different types of generating functions, two primary types are (see
[31, 48]):

e Ordinary Generating Functions (OGF): These represent a sequence of numbers by forming a power series
where each term’s coefficient corresponds one to one to a term in the sequence.

o Exponential Generating Functions (EGF): Similar to OGFs using factorials or exponential functions to en-
code sequences where combinatorial or counting problems are involved.

There is also other kinds of generating functions; we just need a way to extract the sequence from the coefficients of
the given generating function.

Arithmetic triangles are a fundamental concept in discrete mathematics where numbers are arranged in a triangular
pattern, following a specific rule to get the terms of the triangle. There are different types of arithmetic triangles,
including Binomial Coefficient Triangle (BCT), Delannoy Triangle, and other variations. The BCT starts with 1 at
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the top and a sequence of zeros on the right and left sides of 1. Each number is the sum of the two numbers directly
above it, forming a pattern of binomial coefficients (Z)

The triangle is generated using the rule, (',Z) = (";1)+(2:}), with <g) = 1 and the convention (Z) =0fork ¢{l,...,n},
known as Pascal rule, as shown in Figure 1.
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Figure 1: Construction of Binomial Coefficient Triangle

1 1

The Binomial Coefficient Triangle is shown in Figure 2.

1

1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1

Figure 2: Binomial Coefficient Triangle (BCT)

BCT is arich source for interesting integer sequences. For example, the Fibonacci sequence F), is defined by the
recurrence relation F,, = F,_; + F,_; for n > 2, with initial conditions Fy = 0 and F; = 1. This sequence and its

generalizations possess many interesting combinatorial properties (see [35]). Moreover, it can be obtained as the sum
of its diagonals, as shown in Figure 3, for n > 0, (see [40])

w2k
Fou = Z( B ) with Fy = 0.
k=0

Yxe

1

S
A
%

1 6 15 20 15 6 1

Figure 3: Fibonacci numbers in Binomial Coefficient Triangle

429



Lucas Triangle
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Also, with the same rule, the concatenation of two consecutive BCT’s yields the Lucas Triangle, generated by
(Z)L = (Z) + (Z:}) for k > 1. In other words, this approach suggests Lucas Triangle from two juxtaposed BCT’s, see

Figure 4.

11
32 11
63 43 11

10 4 10 6 5 4 11

15 5 20 10 15 10 6 5 11

21 6 35 15 35 20 21 15 7 6 11

28 7 56 21 70 35 56 35 28 21 87 11

Figure 4: Juxtaposition of two BCT’s gives Lucas Triangle

The Lucas Triangle is a weighted variant of the BCT, where each entry is defined by (Z) = n”Tk(Z) The main
difference between the two triangles is that the Lucas Triangle starts with 2 instead of 1 and has a leg of 2’s. It is

illustrated in Figure 5 as follows:

1 2
1 3 2
1 4 5 2

1 5 9 7 2
1 6 14 16 9 2

7 20 30 25 11 2
8 27 50 55 36 13 2

28 71 105 91 49 15 2

Figure 5: Lucas Triangle
The top value of the triangle is just an adjustment

The sum of the terms along the nth diagonal of the Lucas Triangle is equal to the nth term in the Lucas sequence
(see Figure 6). This sequence, although similar to the Fibonacci sequence, has distinct initial conditions Ly = 2,
L) = 1 and follows the same recurrence relation L, = L, + L,—>. These two sequences are intimately linked through

the equation (for instance, see [47])

L,=Fu +Fy .

The Lucas numbers is given explicitly by the following formula, for n > 1, (see [22])

Eon -k
L, = — .
kz:(;n—k( k )
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1 7 20 30 25 11 2

Figure 6: Lucas numbers in Lucas Triangle

Going to the BC weighted triangle

The variables x and y serve as weights; x represents the weight in the vertical or left direction, while y represents
the weight in the horizontal or right direction, that are given for any positive integer n, k > 1 by the following relation:

S P I i Rt
= X y = X y,
k vy k vy k-1 vy k

with (§) =2(7) =y with () = 0.fork>nork <.

The Bivariate Binomial Coefficient Triangle is illustrated by Figure 7.

1
X Yy
x? 2xy y?
X 3x%y 3xy? y?
x 4x3y 6x2y? 4xy? y*
x 5xty 10x3y? 10x%y3 Sxy* y
x° 6x°y 15x*y? 20x3y3 15x%y* 6xy° y°

Figure 7: Bivariate Binomial Coefficients Triangle

Forx=y=1: (Z)l = (’;), we get the classical BCT.
Similarly, summing the elements along the rising diagonal lines in the weighted BCT (Bivariate BCT) yields the
bivariate Fibonacci polynomials, as illustrated in Figure 8. For n > 0, we get

w2 g Ly
j— J— n—
Fn+1(x»y)_ Z( k ) - Z( k ).X Y-
k=0 xy k=0

These polynomials satisfy the recurrence relation (for more details, see [14])

Fo(x,y) = xF,_1(x,y) + yF,2(x,y) (n > 2), with Fo(x,y) = 0and Fi(x,y) = L.
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1
/ 2+y
y/ x+2xy

x4 3%y +y?

22 / y2 X +4x3y + 3xy?

/ / / X8+ 5xty + 6x%y% + 33
$ 3x%y ) ,

- /2]

/ / _ n=k\ o i
¥ /fx3y/ 4xy? y* Fuii(xy) = kz(; ( k )/\ﬂ y
X 5xty 10x3y 10x%y? 5xy* y
6 /6x5y 1579 206%° 15t 6n ¥6

Figure 8: Bivariate Fibonacci polynomials in weighted BCT

In the following sections, we introduce the concept of directions in arithmetic triangles.

2. Directions in arithmetic triangles

Let <Z> denote an Arithmetic Triangle, where 0 < k < n.

Definition 2.1. For n € N U {0}, the sequence @;LD defines the elements positioned along a specified direction
(a,r,B),withreZ, aeN, 0 <fB < a,and a +r > 0. The triple (a, r, B) represents « steps east and r steps north (for
r positive) or —r steps south (for r negative), and S indicates the position of the first element starting the line direction.
The variables x and y serve as weights; x represents the weight in the vertical (or left) direction, while y represents the
weight in the horizontal (or right) direction.

The condition @ + r > 0 suggests that the number of elements lying on the transversals is finite (see Figure 9,
Figure 10); otherwise, it is infinite (see Figure 11).

k|l 0 1 2 3 4 5 6 7 8

0 ° a=2
1 o °
r=3
2 o o ]
3 ] ] o o
4 ] ] o o ]

Figure 9: Direction (3,2, 0) on an arithmetic triangle
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n\k 0 1 2 3 4 5 6 7 8

0 ° a=2
1 o o

2 o o o r=3

3 ° ° ° °

4 ° ° ° ° °

5 o o o o o e

61 ¢ o o o @ o e

7 e o o o 4 e e

Figure 10: Direction (3,2, 1) on an arithmetic triangle

n\k 0 1 2 3 4 5 6 7 8

Figure 11: Direction (1, -2, 0) on an arithmetic triangle

In the following section, we explore various types of triangles that follow Pascal’s Rule.

3. Triangles with Pascal’s Rule

Triangles that follow Pascal’s Rule are sequences of numbers arranged in a triangular pattern where each number
is the sum of the two numbers directly above it. The most well-known example is BCT, which generates binomial
coeflicients. The parameters introduced in Section 2 deserves for the present section.
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3.1. Directions in Binomial Coefficient Triangle (BCT)
The elements lying over transversals in the Binomial Coefficient Triangle can be expressed, for 0 < k < {MJ, in

a+r

the form

n—rk n—B—(a+rk, S+ak

X .
(ﬂ + a/k) yB

Let uﬁ,“’r’ﬁ ) be the general term of the sum of elements situated on all finite directions of the BCT. For brevity, we
denote it by u,,. For n > 0, we define

Upy1 =

L)/ (a+1)] (; o

+ak%ﬁﬁ*mﬂﬁﬁmh with uy = 0. (3.1

k=0

In the following subsection, we study the case @ = 1 (thus 8 = 0) for fixed r.

3.1.1. Raab direction (1,r,0)
Raab [40] introduced and explored the sums of elements lying along direction (1, r, 0), and provided the corre-
sponding explicit relation,

(1,r,0) _

L/ (r+1)]
u = Frp(x,y) = (

n _krk)xn(rﬂ)kyk‘
k=0

This satisfies the linear recurrence relation:

Fr,n+1(-xvy) = XFr,n(xs )’) + yFr,n—r(-xsy)s (}’l = V),

with F,o(x,y) = 0and F,;(x,y) = x~Vfori=1,...,r. This sequence is known as the bivariate r-Fibonacci sequence.
The associated generating function is given by (see for instance [1, 20])

1
U@ = ) Framixy)g" = 5

_ _ oyl
n>0 Xz —yz

In the following theorem, we provide the formula for the sum of the general term of the sequence (F,,(x,y)).

Theorem 3.1. The sum of terms of the sequence (F,(X,y)),, is given by

n
Frnir1(x,y) = Fri(x,y) 1-
= y y

r—1

X

| D Frnegn (o) = Frje)|.
j=0

with x +y # 1 and the convention that the empty sum is 0.
Proof. The proof follows by induction. O
For r = 1, we get the following result.

Corollary 3.2. The sum of terms of the bivariate Fibonacci polynomials, F,(x,y), is given by

- _ Fun(uy) + (1= 0)F(xy) = 1
D Fixy) = :
= x+y-1

For r = 2, we get the following result.

Corollary 3.3. The sum of terms of the sequence (F,(x,y))y, is given by

- F200306,Y) + (1 = X)(F2 541 (%,y) + Fo040(x, ) — 1
ZFz’j(x’y): x+y—-1 ’
=0 Y
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Companion sequences

The family of companion sequences associated with the r-Fibonacci sequence is the r-Lucas sequences of type s,
where 1 < s < r. For more details, see [1].

Definition 3.4 (¢f [1]). For any integers n, r and s (1 < s < r), the companion sequence family of (F,,(x,y)), is
defined by the following recurrence

Ly (xy) =s+1, Ly =2, (1<k<r),
L(”)(x y) = xLV () + YL (x,y),  (n > 1),

n+1

The terms of the sequence (L&9(x, ¥)),, are called r-Lucas polynomials of type s.

Remark 3.5 (cf. [1]). Note that when s = 0, we get the shifted bivariate r-Fibonacci sequence.

The following theorem gives an explicit formula for ( LI (x, y)) in terms of s and (F,,,(x,y)).

Theorem 3.6 ([1]). Let r and s be nonnegative integers such that 1 < s < r. For n > r, we have the following

L’(,Lr,s)(x’ y) = Fr,n+l(x7 y) + SyFr,n—r(xa y)
We also obtain the explicit form for n > 1, given by the following expression

Theorem 3.7 (c¢f. [1]). Forn > 1, we have

L]
n—(r-skn-rk\ ,_.,
L09(x, y) = Z (r-=s ( . )x" Dk

cd n— rk
In the following, we give the generating function of (Lﬁf’s)(x, y))n.

Theorem 3.8 (c¢f. [1]). The generating function of the sequence (Lflr’s)(x, Y)uso IS given by

(1 +5) — sxz
—xz— yZH—l

V@) = Y LIy =

n>0
In the following theorem, we provide the formula for the sum of the general term of the sequence (L(n“) M)

Theorem 3.9. The sum of terms of the sequence (Lf{’”(x, ), is given by

n (r s) (r.5)
(r,s) n+r+1( xy) - L, y) 1- (rs ()
;Lj (0y) = S Z(Ln+,+1<x » =L@y |,
with x +y # 1 and the convention that the empty sum is 0.
Proof. The proof follows by induction. O

For r = 1, we get the following result.

Corollary 3.10. The sum of terms of the bivariate Lucas polynomials of type s, Lﬁzl’s)(x, y), is given by

Z": 109 y) = L0y + (1 =L (y) + (x = Ds — 1
= oY x+y-1 '
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3.1.2. Direction (a,1,8)

Now, we deal with the general case, starting with r > 0. According to (3.1), we have the following result.

Theorem 3.11 (cf. [20]). The sequence (uy), satisfies the following linear recurrence relation, given by

Uy, — (Cly)xun_1 + (;)xzun_z + -+ (=" (a)x"un_a = VU (> +T),
@

withuy = uy = -+ = ug = 0 and w4 =(§>xk’ﬁygfor,8$k§,8+a+r—l.

In the case where r < 0, the sequence (u,), is of order @ for any r (—a < r < 0), and the coefficient y* of u,_,—,
is subtracted from one of the coefficients of the terms u,,_1, ..., u,—,. Otherwise, the terms of a sequence can overlap.
This is what we call the Morgan-Voyce phenomenon, see [2].

The second recurrence sequence, satisfied when r < 0, is given by the following theorem.

Theorem 3.12 (cf. [2, 20]). The sequence (u,), satisfies the following linear recurrence relation, given by
Uy — (a)xunl +--- 4+ ((_X)H—a( ¢ ) - ya) Upq—r + -+ (_1)0(&,))6(1“”& = 03 (I’l > a’)»
1 a+r a
withuy = uy = -+ = ug = 0 and ugyy = (z)xk‘ﬁygforﬂsksﬁ+a.

Theorem 3.13 (c¢f. [20]). The generating function associated to the sum of elements lying along a finite ray crossing
the Binomial Coefficient Triangle is given by

YA - xg)r !
(1 _ )CZ)Q _ yaZaJrr :

U(z) = Z Up12" =

We provide another approach to prove this result since the original paper contains a misprint as the power of z is
B+ 1. We need the following lemma.

Lemma 3.14 (c¢f. [20]). For s > k, we have
k ;
S0
=) —JI\ T
Here we propose a direct way to establish Theorem 3.13 as an alternative to the one given in [20].

Proof of Theorem 3.13. Let consider the generating function of (u,),>0 given by U(z) = 3,50 Un+12". We know that
the linear recurrence relation of u, is of the form (see [13]):

a+r

j—1
Up = Z(_l)j a;iy—j,
J=1

where .
4 = x/(‘;), | forj=1,...,a+r—1,
Y=/t forj=a+r.
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Then, we have

1

Q
2
Nk

U@ = ) "+ D pa?"
n=0 na+r
a+r—1 a+r
n j—1 n
= Ups1Z" + Z Z(—l)’ AjUps1-j |2
n=0 n2a+r \ j=1
a+r-1 a+r
= un+1Z"+Z(—1)J’lasz Z Ups1-j2" 7
n=0 j=1 n>a+r
a+r-1 a+r a+r—j-1
= un+1z”+2(—1)’_laj2’ U(z) - Z Up12" |
n=0 j=1 n=0
Thus
a+r a+r a+r—j-1 a+r=1( k
. . . . . x
D (Wad |UG) = Y (~1Vad uin'|= ) | D W aue g |2
J=0 Jj=0 n=0 k=0 \ j=0
Therefore

S (B Vano ) A
- S (=Diajz " BR)

U(z)

Let evaluate A(z) and B(z), we have

a+r

. . u fa\ ;. )
B(z) = Z(—l)/ajz’ = (—l)f(j)sz/ + Y020 = (1 — x2)® -y
=0 7=0

and
a+r=1( k )
AR =) {Z(—l)’a;uk-j+1]zk
k=0 \j=0
a+r—1 k .
St e
k=0 \j=0 J B
a+r—1 k a\k — i
= [ (—1)/‘( )( f)]xkﬁzk.
k=0 \ j=0 JN B
We have

k . k . k- .
)l g S
;0< )(J 5 )= )%( 4 PR (-1) 12;( Mg i\ 5

We apply Lemma 3.14, we obtain

a+r—-1

(—xz)’(“ - 1) = (2P (1 — x2P,

a+r-1
_ k@ =B-1) _
AR =y éo( x) z( - p )—(yz)ﬁ

=0

The desired result is obtained.
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A bivariate generating function
Note that for u = xzand v = x%’ we obtain the following result.

n—rk

Corollary 3.15. The bivariate generating function of the sequence {(ﬂ mk)},,,k is given by
Z n-— rk _ uﬁ(l —u)* A1
+ ak (1 — )@ —yuatr’
Proof. Note that

w1 — w) A1 _ ub 1

— )@ — a+r _ +1 _urtr
(1 —w)* —vu (I—wp+l ] - e

This gives that

Mﬁ(l _ u)a—ﬁ—l W utr o\ . ylatnn+p )
(1 —w) —vuetr (1 — u)p+! ;((1 - u)”) V= Z((l _ u)(m+,6+l)v .

n>0

It is well known that
(Z _ rk) u(a+r)k+ﬁ
\B+ ak (1- u)"’”ﬁ+1

Z n-— rk _ WPl — u)*#!
+ ak (1 = w)e — et

Therefore

Remark 3.16. This result can be deduced also by using
Z (n + a)u” WP
=\ B (1= up!

Sum of terms of sequence (u,)

The following theorem provides the formula for the partial sums of the terms of the sequence (u,,),,.

Theorem 3.17. The sum of the terms of the sequence (u,), is given by

e forr>0 .
n 1 a+r—1 ((H—r— J ( ) ] ]
Uj= D | Ganegr = |
jz(; STy ==y jZ; ZO: T
e Forr<0
n a-1 (a-1-j
2= 5 _(]_x)a (Z > (( 1)( ) Siaasry )](un+j+1—uj>],

=0 /=0 \ =0

where ¢,  is the Kronecker delta.
Proof. The proof is established through induction.

Refer to [17] for the linear recurrence sequences related to the rays of the negatively extended BCT.
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3.1.3. Hyper (a,r)-Fibonacci polynomials
For a fixed non-negative integer k, Dil and Mez6 [26] introduced the hyper-Fibonacci numbers F ,(f), defined by
the recurrence

n
FED =3 PO, FP =0, F = F,
=0

and provided the generating function

F0zm = < )
Z (1-z-22)(1 =)t

n>0
The hyper-Fibonacci numbers F, % also satisfy the recurrence relation
k (k) k-1
FO=F +F&Y n>1,k>1
and have the explicit formula
1n/2] ki
F(k) _ Z n+Kk-— J
n+l = k + J *

In [12], the authors introduced the bivariate hyper-Fibonacci polynomials F ,Sk) (x,y), defined by the recurrence relation

F{ (x,y) =0,
FO (x,y) = Fo(x,y), n>0
FP (e,y) = xF®, (e, 9) +yFE (), k=1,n> 1.

Also, they provide the associated generating function

k
F,Sk)(x, y)zn — Yz ,
; (1= xz-y2) (1 = x2)*

and the closed-form expression

(k) Lp/2] n+ k - ]
— —2jk+j
Fn+l(x7y)_ ;( k+] )xn yoo.

In this subsection, we introduce the hyper (e, r)-Fibonacci polynomials.

Definition 3.18 (¢f. [21]). Leta € N, r € Z such that @ + r > 0. Then for a fixed non negative integer k, the hyper
(ka,r)

(a, r)-Fibonacci polynomials, G, """, are defined, for n > 0, as
[n/(a+r)] .
G(k:fw) _ n+k—rj (e k+aj
n+l - k+ai y ’
J

=0
with GS" = 0.

According to Definition 3.18 and (3.1), for n > 0, we have

(kayr) _ o (a.rk)
G =u when k < a.
Note that for a fixed non negative integer k,
. m+k
G;];fl’r) = ( v )x’”yk, for0<m<a+r-1.

Remark 3.19. The formula in Definition 3.18 represents a truncated sum of the elements lying along a finite ray
crossing the Binomial Coefficient Triangle.
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Theorem 3.20 (cf. [21]). Let a@ € N, r € N. The terms of the sequence (G;k;a’r))nsatisﬁ the recurrence relation

a n—a—r»

G = ()G + o+ (0 ()G =GR fork 2 a

n-a

{G;’“"” —x()GET + -+ ()G =y GED, for0<k<a,
a

Note that the second relation is a non-homogeneous linear recurrence relation.
As a consequence of Theorem 3.20, the following corollary provides a connection between Gﬁ,k;a’r) and
0<j<a.

(k—a;a,r)
Gj

s

Corollary 3.21 (cf. [21]). Fork > a, r = 0 and n > @, we have

n—1 .
G;k;a,r) — yrt Z xnfjfl n+a—-2- J G(i—la;a,r).
= a—1 7

We now present a non-homogeneous recurrence relation of (G,(lk ;"’r)).
Theorem 3.22 (cf. [21]). Let @ € N, r € Z such that a + r > 0. Then for a fixed non negative integer k, we have

n+k-1-«a
k—

0 otherwise.

a —1,,k
N . X"y, fork > a,
Y n%Jots - et - Jertr
=0 /
Now, we give the generating function of (Gﬁ,k;“’r)).

(k;a,r))
n

Theorem 3.23 (c¢f. [21]). For a fixed non negative integers k and r, the generating function of (G B is given by

Z G(k;a,r)zn _ yk(l - xz)a—k—l

n+l _ Q& _ Xt
n>0 (1 XZ) Yz

3.1.4. Incomplete (a, r)-Fibonacci polynomials
The incomplete Fibonacci numbers were introduced by Flipponi [29] and are defined, for n > 0, by

! ;
Fant () = Z(” . J), 0<I<(n/2].
=N
They satisfy, for n > 1, the recurrence relation
Foi(D=F,(D+F,1(-1).
Recent studies have proposed and explored interesting generalisations, as highlighted by [27, 37, 39, 41, 46]. For
instance, the authors in [46] defined and examined the incomplete r-Fibonacci numbers, given by
Ll i
Fraen (1) = Z( . ’), 0<I<n/(r+ 1),
=\
J
They satisfy for n > r, the recurrence relation
Fr,n+l(l) = Fr,n(l) + Fr,n—r(l - 1)

In the following, we introduce the incomplete (a, r)-Fibonacci polynomials.
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Definition 3.24 (c¢f. [21]). The incomplete (e, r)-Fibonacci polynomials defined, fora e N,re Z,B < a,a +r > 0,
and n > 0 by

/ .
n-—r —B—(a+r)j B+aj
MYOEDY (B ’.)x" prlasniprel 0 <1< |- )l + 1),
S\B+aj
with ugg(l) = 0.

Note that

Un15(0) = (Z)x”ﬁyﬁ forB<n<pB+a+r.
As long as specifying the value of § is not required, we will denote the sequence (”"’ﬁ(l))n simply as (u,(1)),.
We now present the recurrence relation and some properties of (u,(/)),.

Theorem 3.25 (c¢f. [21]). For n > max(a,a + 1),
(07 [
Z(_x)j( .)un—j(l + 1) = yaun—a—r(l)~
=0 J

This recurrence can be rewritten as a non-homogeneous recurrence, which is necessary to establish the generating
function of (u,(1)).

Theorem 3.26 (cf. [21]). For n > max(a, a + 1),

a
Z(_ x)j(CZ,)u,1_j(l) = 0 r(]) (” —l-rd+D-a Bl pratis )
= J B+ al

The generating function of (,(l)), is given by the following theorem.

Theorem 3.27 (¢f. [21]). Fora € N, r € Z* and B < a, we have

_Zﬁ+l+<y(1—l)+r(l+l)yB+a(l+1)
u, (D" = .
Z n(D) x2a [(1 _ .XZ)O( _ yarZa+r] (1- xz),/}+(tl+l

n>0

For a fixed k and a, we establish a connection between the sequences (u,([)), and (Gf,k“”))

Theorem 3.28 (cf. [21]). Let k, a and s be non negative integers such that k = s[a]. Then for n > 0,

kia,
u:ilz-iz’Lk/aJ = G + g kg (Lkfa) = 1).

Corollary 3.29 (cf. [21]). Let k, @ and s be non negative integers such that k = s[r]. Then for n > 0,

lk/a]-1 K
G(k;ar,r) _ u(a,r,s) _ n+k+r I_k/CKJ -1- rj xn+k—1—s+r|_k/a]—(a+r)j s+aj
no T Wk k/a) s+aj yo
Jj=0

3.2. Direction in Lucas Triangle

The directions in the Lucas Triangle are expressible in the form

n+p+ (- r)k(; - rk)ﬂﬁ(a“)kygmk'

n-—rk + ak
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For a fixed direction («, , 8) and a fixed value of 3, let us consider the sequence (v,),>; defined by

L(n=B)/(a+r)]
- Z ntpB+(@-nkin xn (@ prak
" + ak

e n-—rk
with v; = 0for j=0,....8 - Land v, = ZE()x" Py for f<n<f+a+r.

Theorem 3.30. The terms of the sequence (v,,), satisfy the recurrence relation

Vn = (Cly)xvn—l - (Czl)xzvn—2 R (_1)(1+1 (a’)xwvn—a + yavn—r—a (n za+ r)» for rz0
a

and

Vn = (a,)xvn—l R (ya - (_x)r+a( ¢ )) Vi—q—r t -+ (_1)a+1(a)xavn_d (I’l 2 a), fOV r<0.
1 a+r a

Theorem 3.31. The generating function of the sequence (v,),>0, is given by

B - — a—p-1
V<z>=zvnzn=>ﬁz Q- x( = xyF

oy (1 _ )CZ)O/ _ ywza+r

Remark 3.32. The relation between the generating functions of the sequences (u,), and (v,), is given by
V() = 2 -xU(2).
Note that, for u = xzand v = y—+, we obtain the following result.
x(}‘ r

n+p+(a—rk (n—rk

Corollary 3.33. The bivariate generating function of the sequence {—=— +ak)}”’k is given by

n—rk + ak (1 —w)? —utry

3 M(g - rk)unvk AR w(1 -t

nk

Theorem 3.34. The sum of the terms of the elements of sequence (v,),, is given by

o forr>0

- 1 a+r—1 (a+r-1-j o

E A ——— (_l)i( .)xi] (Vnsjar = Vj)] 5
e forr<0
1 a-1 (a-1-j
' 1 ta r n+itl —Vi)l.
R 5 DS
Proof. The proof is established through induction. .

3.3. Direction in Bi-periodic Binomial Coefficient Triangle

We begin with the definition of the bi-periodic Binomial Coefficient Triangle, which generalizes the Binomial
Coeflicient Triangle.
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. .b) . .. .o .
Definition 3.35 (¢f. [10]). Let (Z)(u be the k-th element of the n-th row of the bi-periodic BCT, this triangle is given
by

a(”z')(a’b) + (Z_})(a’b), for n + k odd,

7\ @)
(k) - b(”zl)(a’b) + (Z:;)(G’b), for n + k even,
with (3) " = @by, (" = 1, and (2" = 0 for k > nor k < 0.

This is illustrated by Figure 12.

n\k 0 1 2 3 4 5 6 7 8 9
0 1
1 a 1
2 ab 2a 1
3 a’b 3ab 3a 1
4 a’b®>  4d*b 6ab 4a 1
5 ab*>  54*b* 10a*b 10ab Sa 1
6 @b’ 6a’b*  154°b*  20a%b 15ab 6a 1
7 a*b® 1403 21a°0*  354%D? 354*b 21ab Ta 1
8 a*b*  8at*b® 284 564°b* 704°b? 56a*b 28ab 8a 1
9 @b*  9a*b* 364D’ 844’ 12640 1264’0 84a’b  36ab  9a 1

Figure 12: Bi-periodic Binomial coefficient triangle

Note that for a = b = 1, we obtain the classical BCT.

The bi-periodic Fibonacci sequence (g,), generalizes Fibonacci sequence and is defined for any non-zero real or
complex numbers a and b by the following relation, [28],

agn—1 + qu—, forneven,

=0, =1,and g, = n>2).
? n 1 {bqn1 + gn—, fornodd, ) )

It also satisfies the bi-quadratic linear recurrence relation [49]

qn = (ab +2) qn-2 — qn-4 (n>4).

In addition, the authors in [28] established the generating function for the bi-periodic Fibonacci sequence as

. z(l+az—z2)
207 = l—@h+2)2+2

n=0

The sums of the diagonals in bi-periodic BCT gives the bi-periodic Fibonacci sequence (see Figure 13),

_ £ Ln/2)-k
Gn+1 = d ( )(ab) ,
k=0 k

where &(n) = n —2|n/2] is the parity function, i.e., £(n) = 0 when r is even and &(n) = 1 when 7 is odd.
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/ ab + 1

a®b + 2a

a*b? +3ab + 1

/ 1 / a’b? + 4a’b + 3a
/ / @b +5a%b* + 6ab + 1

a*b’ + 6a3b* + 10a%b + 4a

//

a*b? 5a%b? 10a%b 10ab Sa 1
a*b’ 6a°b* 1542 20a2%b 15ab 6a 1
a*b? 74303 21a3b*  354%b* 354%b 2lab 7a 1

Figure 13: Bi-periodic Fibonacci sequence in bi-periodic BCT

The bivariate bi-periodic Fibonacci sequence is given by

n-2°
(“ b) + yuff‘ Z), for n odd.

n

@ _ Jaxu® D 4y for n even,
bxu,

The relationship between the bi-periodic BCT and the bivariate BCT is given by

(a,b) &(n—k)
n xn—kyk _ \/E n s " (ab)\_(n K/2) n= kyk (3.2)
k b k oy

From Definition 3.35 and the above relation, we obtain that the directions in the Binomial Coefficient Triangle are
expressible in the form

(a,b)
n— rk xn—ﬂ—(a/+r)kyb'+ak — a_f(n—ﬁ—((l+r)k) n-— rk (ab)[(n—ﬁ—(a/+r)k)/2j xn—ﬂ—(a"'r)kyﬁ+ak
+ ak + ak ’

where x and y are variables.
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Let ufﬁ) be the sum of its elements, i.e., for n > 8
L(n=B)/(a+r)] n—rk
:: I;) — Z ag(n—ﬁ—(aw)k)(ﬂ )(ab)L(n—ﬁ—(rHr)k)/ZJ xn—ﬁ—(a+r)k)ﬁ+ak, (3.3)
+ ak
k=0
with some initial values u(oa’b) = u(la’b) =...= u}f’b) =0.

3.3.1. Direction (1,r,0)
The sequence associated to the direction (1, 7, 0), with r > 0, is given by

L/ D) @D Ln/(r+ 1)) "= Tk
u(u,li)l — Z xn—(r+1)kyk — Z GO0+ DR) (ab)lr=(r+Db/2) xn—(r+l)kyk7
. k=0 k k=0 k

with u(“ b =0,

Theorem 3.36 (cf. [10]). The terms of the sequence (ugfl,;b))n satisfy, for n > 2(r + 1), the linear recurrence relation

)= b 2

with u(aob) 0, u(“b) = €UV (b)) ) for i = 1,
In addition, for odd r, the sequence (u,,), satisfies, for n > r+ 1, the shorter couple of recurrence relation
L@ @b .
uab) - axu,, =y +yu, ., forneven;
" bx”(a b) + yu(a » for n odd.

rn—r—1°

The theorem below establishes the generating function for the sequence (u(,”nb)) .
n

Theorem 3.37 (cf. [10]). The generating function for the sequence (u(,anb)) is given by

Z L@ 1 +axz—yz'*"
o+l T 2,2 _ r+1 2,2(1+r)
e 1 —abx?*z? - 2y77t! +y*z
The following theorem provides the formula for the partial sums of the terms of the sequence (uianb)) .
n
Theorem 3.38 (cf. [10]). Forn > 0, we have
n 2 r 2 r=2
@p _  abx"—=1+2y (@b) (@.b) abx® -1 (@.b) (@b)
ur,j - 1-— abx2 — v+ 2 (ur,n+j+1 - ur,j )+ 1-— abx2 —2v+ 2 (ur,n+r+j+2 - ur,r+l+j)
= y+y: o y+y?
(a,b) (a,b) (a,b) (a,b)
ur,n+2r+1 + ur,n+2r+2 - ur,2r+1 - ur,2r

1 —abx* -2y +y?

3.3.2. Direction (a, r,8)
The following theorem presents a linear recurrence relation for the terms of the sequence (u, ( (a- b)) when a +r > 0.

Theorem 3.39 (c¢f. [10]). The terms of the sequence (u,, ) given by (3.3), satisfy, for n > 2max(a,a + r), the
following linear recurrence relation

La/2]

N i@ (ab) _ 5. @ (a.b) 2a, (a.b)
; (_1) (l) abx ) n —2i 2 Z (21) (abx ) n (a+r+2i) -y ul’t—2((y+r)' (34)

i=0
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In addition, for (a + r) even, the sequence (uga’b)) satisfies, for n > max(a, @ + r), the shorter couple of recurrence
n
relations: '
2?:0(_1)1615(1)((;) (ab)li? XD for (n+ B) even,

n—i’
a (a.b)

YUy oy = (3.5
(= DBEO(S) @b) P XD for (n+B) odd.
From the relationship between the bivariate bi-periodic BCT and the bivariate BCT given in (3.2), we establish

the generating function of the sequence (uﬁ,“’b)) .
n

Theorem 3.40 (cf. [10]). The generating function for the sequence (uﬁla’b))n is given by

Z u(u,b)zn _ yBZﬁT(l _ sz)zy—ﬂ—l ((1 + HXZ)Q _ yzyZ(Hr) + ,7.(1 + sz)(z—ﬁ—l ((1 _ sz)a/ _ yrzzzy+r)
n+l 2((1 + 6x2)* — yeze+r) (1 - 0x7)% — YAZAHT) >

n>0

where‘r:1+\/§,‘?:l—\/g,and9: Vab.

The sum of the terms of the sequence (uff”b))n is given by the following theorem.

Theorem 3.41 (c¢f. [10]). For n > 0 and d = max(«, @ + r), we have

n 2d-1 v @by . (ab)
LD — 2j%0 CJ(X’Y)(“MH Uj )

e ) =) (- ) )

where
L2d—j-1)/2]

_ il [ A o
C(x,y) = A§_0 (( D (,-)( b2) = Gianry )+2y
with 6, ; is the Kronecker delta.

LQd-a—r—j-1)/2]

(; ) (abs?) .

i=0

3.4. Direction in Generalized Arithmetic Triangle

The Generalized Arithmetic Triangle (GAT) is a arithmetic triangle that extends the concept of BCT. It preserves
the weighted Pascal’s rule and replaces its legs with two arbitrary sequences, denoted by (a,) and (b,), where ay =
by = Q (constant). In the GAT the first element of each row corresponds to (a,), and the last element corresponds to
(bn), while the interior elements are generated by the sum of the two elements directly above them Pascal’s rule.

Definition 3.42. Let (a,),>0 and (b,),>0 be two real or complex sequences, x and y two real or complex numbers. The
Generalized Arithmetic Triangle, denoted by GAT, contains elements <Z> in the nth row and kth column defined, for

n > 2, as follows:
-1 -1
<n> :x<n > +y<n > , forl <k<n-1,
k (X,y,@n,bn) k (X,y,@n,bn) k=1 (X,,an,bn)

with <g>(x’y’ambn) = a,, <Z>(x’y’ambn) = b,, <g>(x’y’ambn) = ag = byp = Q, and the convention <Z> = 0 whenever k < 0 or

k> n.

The first few rows of the GAT are shown in Figure 14.

Q

a by

ap ya; + Xb] b2

as y(xa; + ay) + x%b, y2a1 + x(yb; + by) bs

ay y(x*a; + xas + a3) + xX>b; y*(2xay + az) + x*(2yby + by) y3ai + x(3?by + yby + b3) by

Figure 14: First rows of the GAT

The authors in [18] provide the explicit formula for the GAT, as stated in the following theorem.
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Theorem 3.43 (c¢f. [18]). Let (ay)ns0 and (by)nso0 be two sequences and x and y two variables. The corresponding
GAT has, for (n, k) # (0,0), the expression

n K1 -i\a K n=1-i\b n—k
= xkyk = =1+
<k>(x,y,an,b,,> g [Z( k=1 )x’ ,Z‘( k=i )Y’] { n

i=1

a, +

k

_J b
n
Note that the GAT does not have symmetry. It is concerned by a quasi-symmetry, i.e.,

K yanby =K an

For a fixed direction («, r, 8) and a fixed value of 8, we denote the sequence (G(,f’r’ﬁ ))n by

L(n=p)/(a+r)] k

g(a,rﬁ) _ n—r
n+l + ak ’
k=0 (x.,an,b1)

with Qéa’r’ﬁ ) = 0. This sequence represents the sum of elements lying on the corresponding ray in the GAT. Note that

G = = Qg”rﬁ) =0and G\ = <";1> forB+1<n<B+a+r.
The following result provides a recurrence relation for the sum of elements lying along a finite ray in the GAT,
generated by the sequences (a,), and (b,),.

Theorem 3.44 (cf. [18]). ForB > 0andp = (n —B)/(a + r), we have

(@rf) _ $ -k ok PE k=1 =i\a; R (n—rk—1-i\b, n-p b
G =) 2 B+ak—1 Y Brak—i |y ﬂ n J“” T Opraplpe]s

k=0 i=1 i=1

where the bracketed notation [S ] stands for 1 if § is true, 0 otherwise.

The following proposition shows that there exists a grid point (m, ) and a direction (a’, —r) with r > 0 that defines
a transversal ray of the GAT containing the same elements in reverse order.

Proposition 3.45 (c¢f. [18]). Leta e N, r<0,8=0,...,a — 1 such that @ + r > 0. Then
Lo-Blanl |81 +)] I
;0 <ﬂ + a,k>(x,y,un,b”) - kZ:O <ﬂ + a/lk>(y,x,bma,,)’
withm=n—-r|(n-B)/(@+r),r =-rad =a+rn =n-B—-(a+r)(n-B)/(a+r)].

Establishing the recurrence relation
According to Proposition 3.45, we consider the case a > 0. First, we set, form > 1,

(m) . m(& ~ 1
Ay = (=1) ( m )
and for s > 1,

A= oy (TS
iy m—1

Note that the A”’s, 1 < s < @ — m, are the binomial coefficients given by the extension of BCT to negative rows. By
induction, we have the following.

Lemma 3.46 (cf. [18]). Forr>2and1 <m<a -1,

Hi A = 0.
s=0
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Letnowbeo-,-z%,fersiSa—l.Fora'ieNandaz 1, we define

M, = _bﬁJratro + ywbﬁﬂm'o—r’

and, for j > 1, , ) .

Mj = —x/ (/l(()J)b[Hmr/ + /l(lj)bﬂwm‘/—ly +-t Agijbﬁ+mr/—(t+j + ya_j) .
We denote the sequence (gﬁf”’ﬁ ))n by (Gu)n- In the following theorem, we provide the recurrence relation for the
sequence (G,)n.

Theorem 3.47 (cf. [18]). The terms of the sequence (G,), satisfy the recurrence relation

@

a—f _ a-1
Z(—x)l(‘:)gn = ;(—xy(“ 7 )anﬁl i+ Y Milo; € N1 =Y Gooer

i=0 i=0
The theorem below provides the generating function for the sequence (G,),.

Theorem 3.48 (¢f. [18]). Fora e N, 0 < B < @, r € Z and y # 0, the generating function G(2) = Y.,50 Gu+12"
associated to (G,) is given by

(I = x2)"
=— = Co2),
G T xoy = yozor 0(2)
with
C()—bzﬁ+( X )ﬁz (o Zﬁ: 1_xzkb
0(z) = bp 1— xz n>oanZ l_xzkzl y k|-

In the next section, we explore the Bi*nomial Coefficient Triangle (B*CT) as an extension of the Binomial Coeffi-
cient Triangle (BCT) where the Pascal rule is generalized to s terms in each row.

4. Direction with Bi*nomial Coefficient Triangle (B*CT)

In the Binomial Coefficient Triangle (BCT), the direction (1, 1,0) generates the Fibonacci sequence, while the
direction (1, , 0) gives the r-Fibonacci sequence. However, the Tribonacci and more generally multibonacci sequences
do not correspond to any direction in the BCT. In this context, for s € N, we introduce the Bi*nomial Coefficients
Triangle, denoted (Z)Y, in witch the Pascal rule is extended to s terms in the same line

n >\ (n— 1)
=5 . 4.1)
(k)x pary (k—l s

Consider two integers, s > 1 and n > 0. For an integer k = 0, 1, ..., sn, the bi’nomial coefficient (Z) corresponds
. . . . s
to the coefficient corresponding to the k-th term in the expansion

n
(1+z+zz+--~+z“) =

.
2]
(=)

ny
i

with (Z)Y =0fork > nsork < 0and (Z)l corresponds to (Z)
The relation (4.1) corresponds to a recurrence on n. We also have the following recurrence relation over s

) =500
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The absorption identity [8] is given by

for a general case see [19].
The symmetric relation for the bi*nomial coefficient is given by

AL

An expression for the classic binomial coefficients is provided by
n _ n l.])“.(l.x_])
(k)s i +i2+~Z~+ix:k (il )(i2 is

Using multinomial coeflicient, see for instance, [11, 16], we get

k., i i M1 B2 T

De Moivre’s Formula is established as (see [11, 16]
n _Lk/(iim(_l)jn k—js+1D)+n-1
L J n-1 '

Recently, Belbachir and Benmezai [15] established the following relation

(n) = (=1 Z (n)( i )...(r.l)aj|+2jz+---+sj.\’
ks itinrimk SN2 s

where a = exp (—2in/(s + 1)), with i* = —1.
From (4.2), the sum of the bi*nomial coefficients is given as

sn

> (Z) = (s+ 1)

k=0

Note that for s = 1, we obtain the classical binomial coefficients, see Figure 2. Similarly, for s = 2, we obtain the
bi’nomial coefficients forming the Bi’nomial Coefficient Triangle (see [32, 36, 44]), as illustrated in Figure 15.

n\k |0 1 2 3 4 5 6 7 8§ 9 10 11 12 13
0 |1

1 1 1 1

2 /1 2 3 2 1

311 3 6 7 6 3 1

4 11 4 10 16 19 16 10 4 1

511 5 15 30 45 51 45 30 15 5 1

6 |1 6 21 50 90 126 141 126 90 50 21 6 1

Figure 15: Bi*>nomial Coefficient Triangle (s = 2)

For s = 3, we obtain the bi*nomial coefficients forming the Bi*nomial Coefficient Triangle, as illustrated in Figure
16.
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n\k |1 1 2 3 4 5 6 7 8 9 100 11 12 13 14 15
0 |1

1 1 1 1 1

2 /1 2 3 4 3 2 1

3|1 3 6 10 12 12 10 6 3 1

4 11 4 10 20 31 40 44 40 31 20 10 4 1

5 |1 5 15 35 65 101 135 155 155 135 101 65 35 15 5 1

Figure 16: Bi®nomial Coefficient Triangle (s = 3)

4.1. Direction (1,1,0)
In this subsection, we consider the direction (1, 7, 0) in BSCT.

Theorem 4.1 (c¢f. [34]). For s > 1 andr > 1, we have

leal
Sn+1 = ( ) xsn—(sr+1)kyk
K

k=0 k

satisfies for n > 0 the relation

withS,=1andSoy=S_1=---=8,_,=0.
The theorem below provides the general formula for the sum of the terms of the sequences (S ).

Theorem 4.2. Forn > 0, we have

n sr—1 sr—j
ZS]‘ — (X _y) (Sn+1+sr - Ssr) + X—y Z [1 _ Z:JXS_L%JyL#JIrl(i—I) (Sn+l+j — S])
j=0

xs+1 _ys+1 —-Xx+y xs+1 _ys+1 —x+y = P

where

L = 1, ifrdividesn,
= 0, otherwise.

Here, 1p denotes the indicator function, which takes the value 1 if the condition P holds and 0 otherwise.

Proof. The proof is established through induction. O

5. Catalan Triangle

In this section, we discuss the Catalan Triangle. The properties of this triangle and its relationship to the Catalan
numbers are explored.

The entries of the Catalan Triangle are defined by the recurrence relation
n\ (n-1 +2n—1 N n—1
k), \k+1), k). \k=1)/
The Catalan Triangle is illustrated in Figure 17.
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w1 2 3 4 5 6
11

2 |2 1

305 1

414 14 6 1

5 |42 4 27 8 1
6 | 132 165 110 44 10 1

Figure 17: Catalan Triangle

The first column consists of the sequence of Catalan numbers, given by (see [43])

c. = 1 (Zn)
n+1\n

The explicit formula in terms of binomial coefficients is:

Theorem 5.1 (cf. [43]). We have the following identity

n\ _kf{2n) 2k (2n-1

k], n\n—k] n-k\n+k/
Theorem 5.2 (c¢f. [43]). The sum of the rows of Catalan Triangle is expressed as

200 =30 o=

k=1

Theorem 5.3 (cf. [43]). The connection with Catalan numbers is given by:

(Z) - Z C,,Cy, -+ C;,

i1+ ++ig=n

sl ny\ (n2 ny
=1 (k)c(k)c~--(k)c=Cn,+,12+,__+nk_

and

6. Triangles with Delannoy rule

In the following section, we explore triangles that follow the Delannoy rule, where each entry is the sum of the
three entries directly above it.

6.1. Direction in Delannoy Triangle

The number of lattice paths from (0, 0) to (n, k), where movements are restricted to the right (east) (1,0) and up
(north) (0, 1), is given by the binomial coefficient (’”k> or equivalently ("Zk).

The Delannoy numbers are defined by the follovzing recurrence relation

{1, forn=0o0rk =0,
Dn,k =

D,_1x+Dyj-1 +Dy_14-1, otherwise.
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These numbers represent the number of paths from (0, 0) to (n, k) using only steps of (1, 0), (0, 1), or (1, 1) (right, up,
or diagonal). The Delannoy numbers are also given by the following sums

min(k,n) min(k,n) .
Z k\(n\.; Z k+n—1i\(k
i=0 i=0

Alladi and Hoggat [3] have structured these numbers in the form of a BC-like Triangle known as Delannoy Triangle,
as illustrated in Figure 18 below.

1

3 1

5 5 1

7 13 7 1

9 25 25 9 1

11 41 63 41 11 1

13 61 129 129 61 13 1

15 8 231 321 231 85 15 1

17 113 377 681 681 377 113 17 1

S
\DOO\]O\UI-&-L»JN»—kO;
e e e ) K =)

Figure 18: Delannoy Triangle

Let (Z)D] denote the entry in the k-th column of the n-th row of the Delannoy Triangle. According to the definition

1 e e A
k[2] k (2] k_1[2] k_l[Z]’

where (8)[2] = (2)[2] =1and (Z)m =0fork¢{0,1,...,n}

The connection between the Delannoy numbers D, ; and the entries of the Delannoy Triangle <Z)[2] is expressed

n
( k) =Dy ik
[2]

({5000 = 1, - 22007

These are two expressions of Delannoy coefficients in terms of binomial coefficients.
The sum of the elements on the rising diagonal is the Tribonacci sequence

Inyl = ( ) .
k [2]

k=0

of the triangle, we have (see [3])

through the following formula:

Barry [9] showed that

The Tribonacci numbers, (#,), satisfy 7o = 0,#; = 1,#, = 1, and for n > 3,

Iy =1 + -2 + 3.
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6.1.1. Direction (1,r,0)
Let T, be the sum of elements laying over the transversal of direction (1, r, 0)

L/l
Tyt = .
! Z ( k )[2]

k=0
In the following result, we present the linear recurrence relation for the sequence (77,),.
Theorem 6.1 (cf. [7]). The sequence (T,), satisfies the following linear recurrence relation
Ty=Th1+ Tyt + Ty,
with the initial values Ty = 1, and Ty =T_y =---=T_, = 0.
The next result presents the generating function for the sequence (7,),.
Theorem 6.2 (cf. [4]). The generating function of the sequence (Ty+1)n>0 IS
Z Thn2' = ﬁ
nz0 TiTE TR
The sum of the terms of the sequence (7},), is given by the following formula.

Theorem 6.3. Forn > 0, we have

< 1
2, 7i= 5 T + Ty = 1),
Jj=0

Proof. The proof is established through induction. U

For r = 1, we obtain the sum of the Tribonacci sequence (see [24]),

n 1
§ tj:_(tn+2+tn_1)~
, 2

j=0

6.1.2. General case
Consider the sequence (T,ﬁ”"ﬁ ))n defined by the sum on the elements lying on the transversal of direction («, r, ),

i.e.,
L(n=p)/(a+1)]
T(a,r,ﬁ) — Z (; - rk) )
[2]

n+l
+
e ak

In the subsequent result, we present the linear recurrence relation for the sequence (T,(f"r”g )>n.

Theorem 6.4 (cf. [4]). The sequence (T,(la’r’ﬂ ))n satisfies, for n > 2a + r, the following linear recurrence relation

@

[0 . o - ) . y
;(—1) (S)T,g_sm _ Z (S)Tf._(fﬁ_x.

s=0

In the subsequent result, we determine the generating function for the sequence (T,(f”’ﬁ ))n.

Theorem 6.5 (cf. [4]). The generating function of the sequence (T,ia’r’ﬁ ))n is given by

n+l (1 _ Z)a _ (1 + Z)QZ‘HV'

Z T@rB) 0 _ (1 =21+ 27
n>0
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The sum of the terms of the sequences associated with the Delannoy Triangle is given by the following formula.
Theorem 6.6. Forn > 0, we have
n @rf) 1 2a+r-1 (2a+r-1-j [ a ) )
;Tj =% ,Zo [ Zoj (—1)(l.)—(i_a_r)](TMHj—Tj ).
Proof. The proof is established through induction. O

6.2. Direction in generalized Delannoy Triangle

The generalized Delannoy numbers, denoted as D, .(n, k), represent the number of weighted lattice paths from
(0,0) to (n, k) using only the east (1, 0), north (0, 1), and northeast (1, 1) steps (i.e., —, T, and 7). These steps are
assigned weights x, y, and z, respectively, where x, y and z are real or complex variables [25]. They are given by the
recurrence relation, see [7], forn,k > 1

Dy, .(nk)=xDy,.(n—1,k) +yDyy (n,k—1)+ 2Dy, (n—1,k—1),
with the legs values Dy, .(0,k) = y* and D, ,.(n,0) = x". They are also given by the sum, [30],
SNk =1\ o
e
i=0
Note that when x = y = z = 1, the sequence D ;i (n, k) reduces to the ordinary Delannoy numbers D, .
Cheon et al. [25] introduced the generalized Delannoy Triangle with entries [(Z):;’]y")]n,keN’ where

(n)(x,y,z) B { Dy, (n—kk) fornz>k,

k 21 0 forn < k,

which gives the following recurrence relation

(n)(x,y,z) (n _ 1)(x,y,z) .\ (n _ 1)(x,y,z) .\ (n _ 2)(}6,}%)
=y X Z >

k[2] k (2] k-1 (2] k=1 (2]

0

with initial condition (O)E;)”Z) = 1. The initial terms of the generalized Delannoy Triangle are shown in Figure 19.

n/k | 0 1 2 3 4 5
0 1
1 y X
2 | y? 7+ 2xy x?
3 |y yQ2z+3xy) x(2z + 3xy) X
4 |yt 2Bz +4xy) 22 + 6xy(z + xy) x*(3z + 4xy) x4
5 [y Y@z+5xy) 10x%° + 12xy%z+3yz2 1032 + 12x%yz + 3x22 @z +5xy) )

Figure 19: Generalized Delannoy Triangle

It is clear that when x = y = z = 1, we obtain the classical Delannoy Triangle [3].
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6.2.1. Direction (1,r,0)
Consider the sequence 7, := 7',51”ﬁ)(x, ¥, z) given by

T o1 =

ln/(r+1)] (x,y,2)
n—rk .
( « ) , with 79 =0.

k=0 [2]
The recurrence relation for the sequence (77,), is as follows.

Theorem 6.7 (cf. [7]). The sequence (T,), satisfies the following linear recurrence relation
7;1 = yT—l + m—r—l + Z7~n—r—27

with the initial values 71 = 1, and Ty = T_;

=7_,=0.
In the following result, we derive the generating function for the sequence (7,,),.

Theorem 6.8 (cf. [7]). The generating function of the sequence (T,)us1 is

1
n_
ZﬂHt Tl =yt — Xt — g2

n=0

The sum of the terms associated with the sequence (7,), is given by the following formula.

Theorem 6.9. Forn > 0, we have
. 1
T =

o Pr— [)’Tn+r+1 + 20 =T +(1=y) Z 4 — 7'/) .
Proof. The proof is established through induction.

6.2.2. General case
Consider the sequence 7.""? := 7" (x, y, z) defined by

b . L(n_%(fm” (; - rk)(x’”)
n+l . .
e + ak 2]

The recurrence relation for the sequence (ﬂa’r’ﬁ )) is as follows.
n
Theorem 6.10 (cf. [7]). The sequence (‘T(a B )) , satisfies, for n > 2a + r, the following linear recurrence relation

Z( y)( )7*“@ S ( )7‘(";’? .

s=0
with T = T = 70D — 0 and TP = () forp+ 1 <k <pra+r-1
The next result presents the generating function for the sequence (Téa,rﬁ))n.

Theorem 6.11 (cf. [7]). The generating function of the sequence (T,fa’r’ﬁ ))n> 0 is given by

Z T(a r,B) (1 - yt)wiﬁil(.x + Zt)ﬁl’g
T (L= yh = (x + )t

n>0
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When x =y = z = 1, we obtain the sequence (T,(,a’r’ﬁ ))n associated with the classical Delannoy Triangle.
a

X z . .
Note that for u = yt, v = ——, and w = —, we obtain the following result.
yarr xz

Corollary 6.12. The trivariate generating function of the sequence {(’8 +fk)("g:ﬁ;j)}n,k, ; is given by

ZZZ(H n—rk—j )nk j uﬁ(l—u)("ﬁ‘l(l+uw)ﬁ
.. Juvwe = .
+ak—-jjn—(@+nk-B—j (1 —w)® —v(1 + uw)@u*r

n=0 k=0 j=0

In the following theorem, we give the general formula of the sum of the sequences associated to the generalized
Delannoy Triangle.

Theorem 6.13. Forn > 0, we have

2a+r-1 (2a+r-1-j
1 (a 107 .
(a.rf) _ RN _ 2a+r—i i—a-r (@,rf) _ q{arp)
ZT (x+22—-(1 -y Z [ Z ( y)(l') (i_a_r)x < ](Tn+1+j Tj )

J=0 j=0 i=0

Proof. The proof is established through induction. O

7. Quasi s-Delannoy Triangle (Q*DT))

In this section, we propose a generalization of the BCT and Delannoy Triangle, called the Quasi s-Delannoy
Triangle, where the sum of the elements along the direction (1, 1,0) gives the terms of the s-Fibonacci sequence.

7.1. The quasi B°C Triangle
Definition 7.1 (c¢f. [5]). The quasi-bi*nomial coefficient (Z)[Y] is defined by the number of lattice path from (0, 0) to

(n, k) with steps in (1, 0), (1, 1), (2, 1),...,(s, 1), with (?) ~=(") =1 and the convention (7) =0fork >nork <O0.
P 0/ts) — \n/is) k5]

The quasi-bi*nomial coefficient (Z)m satisfies the following recurrence relation
AP G ) o R
ki) kifg \k=1g k=1 k=1
Here the extended Pascal rule is generated vertically.
Theorem 7.2 (cf. [5]). The explicit formula for the quasi-bi*nomial coefficient is given by

(), -2 2666205

JuoJ2

(n) _y ( k )(n+k—2§=liki)
kg = ke ks k :

2peees

the multinomial version is

where (kl,kz]f...,k) T 'k2' T forki+ky+ -+ kg =kandk; > 0, and (kl,kzlf...,kx) = 0 else.

For s = 3, we obtain the quasi-bi*nomial coefficient triangle, as shown in Figure 20, which is given by the the
following recurrence
1 G L e
k[3] k [3] k_1[3] k_1[3] k_1[3]
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nk | 01 2 3 4 5 6 7 8 9
0 |1

1 |1 1

2 |1 3 1

311 6 5 1

4 |1 9 15 7 1

5|1 12 33 28 9 1

6 |1 15 60 81 45 11 1

7 |1 18 96 189 66 33 13 1

8 |1 21 141 378 459 281 91 15 1

9 |1 24 195 675 1107 946 449 120 17 1

Figure 20: Quasi-bi*nomial coefficient triangle

7.1.1. The s-Fibonacci sequence
Let (%), be the terms of the sequence obtained by summing the elements located on the direction (1, 1, 0) of the
quasi-bi*nomial coefficient Triangle, then

_k .
Fuet = Farts = (”k ) , with 7 = 0.
[s]

k
Theorem 7.3 (cf. [S]). Forn >0, (,), satisfies the following recurrence relation
Froi1 = Fn+ Fpr + -+ Fus,

with¥1 =land ¥_; =0 fori e {0,-1,...,—(s — 1)}

Note that when s = 1 and s = 2, we obtain the terms of the Fibonacci and Tribonacci sequences, respectively.
The relationship between the quasi-bi*nomial coefficient and the bi*nomial coefficient is given by the following

formula (see [5])
n n—i\(k
(k)[v] B Zl( k )(i)sl, $= 1

The quasi Bi*nomial Coefficient Triangle (quasi B*CT) is a kind of convolution of the Binomial Coefficient Triangle
(BCT) and the Bi*nomial Coefficient Triangle (B*CT).

7.1.2. Direction (a, 1, 5)
Let (7’,50""'5 ))n be a sequence defined by

(@rh) _ n—rk o @rB) _
Fol _Zk:(ﬁ+ak m, w1th5”0 =0.

The following theorem describes the recurrence relation satisfied by the sequence (ﬁa’r’ﬁ ) )n.
Theorem 7.4 (cf. [5]). Forn > as + r, the sequence (T,fa’r’ﬁ ))n, satisfies the following linear recurrence relation

@ o a(s—1) o

i (,rf) _ (a,r,B)
Y= S (5) e
i= -

i=0

- o i (@rp) _ (@rp) _ -k . B
with the initial conditions F, =0and Tj = (ﬁ+0k)[s] forj=1,...,as+r—1.

457



Belaggoun and Belbachir /| Montes Taurus J. Pure Appl. Math. 6 (3), 428-462, 2024

Theorem 7.5 (cf. [S]). The generating function is given by

Z ?-(a-r,ﬁ)zn _ (1 _ Z)(rﬁ*l(z + ZZ 4o+ Z‘Y)B _ Zﬁ(l _ 2)211721371(1 _ ZS)B

T n+l1 - (1= —z+¢(1 474+ Zs—l)a/ - (1- Z)Za —7+e(] = Zs)a'

In the following theorem, we give the general formula of the sum of the terms of the sequence associated to the
quasi-bi*nomial coefficient Triangle.

Theorem 7.6. Forn > 0, we have
i;;m,w _ 1 mi_] miH Y (T(a,r,ﬂ) B 7__<a,r,ﬁ))
/ J T g / ' i i—a—r B n+l+j j :
Jj=0 Jj=0 i=0 K
Proof. The proof is established through induction. O

7.2. The quasi s-Lucas Triangle

Let’s start by defining the quasi-s-Lucas coefficient.

Definition 7.7 (cf. [6]). The quasi-s-Lucas coefficient L®)(n, k) is defined the following recurrence relation

-1 n-—2 n—s
] o], A,
k[s] k_l[s] k_l[s] k_I[S]

with the initial conditions L®(0,0) = s + 1, L®(#,0) = 1, and L (n, n) = 2.
The following theorem provides the explicit formula for the quasi-s-Lucas coefficient L) (n, k).

Theorem 7.8 (cf. [6]). The explicit formula for L')(n, k) is given, for n > 0, by

k\( 7 Jsa\(n— 2] ji) n+k
L9, k) = =1 ,
0=, 2, Z(jl)(jz) (11)( PR P

o2 Js-1

with the summation is taken for values such that j; + -+ + js_1 <n.

7.2.1. The s-Lucas sequence
Definition 7.9. Let us consider the sequence (L, ), given by L, ; = >, L (n — k, k).

Theorem 7.10 (cf. [6]). The sequence (Ly )0 satisfies the following recurrence relation
Ln,s =T n+1,s + 7:n—l,s + 27:n—2,s +-0+ syrn—s,sa

and forn > s + 1, we have
Ln,s = Ln—l,s + Ln—2,s + Ln—3,s +eee Ln—(s+1),s'

with the initial conditions Loy = s+ 1, Ly =1, Ly, = 22-1,... yLgs =27 = 1.

7.2.2. Direction (a,r,3)
Let the sequence (Lff;rﬁ))n be defined by

L(;f;’ﬁ ) .= Z LY - rk, B + ak).
%

The following theorem gives the recurrence relation of the sequence (Lﬁff;r’ﬁ ) ) )
n
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Theorem 7.11 (cf. [6]). Forn > rs + «, the sequence (Lfﬁ;r’ﬁ ))n>0 satisfies the following recurrence relation

a o a(s—1) o
Z i (arp) _ 2 : (a.rB)
(_ 1 )l( l')Lni"Y - ( i ) an—afrfi,s‘
S—

i=0 i=0
In the following theorem, we give the general formula of the sum of the terms of the sequence associated to the
quasi-s-Lucas coefficient Triangle.

Theorem 7.12. Forn > 0, we have
Do LTS e @ @) _ @)
2w 2 3 (ol)-liess) Jest -
Proof. The proof is established through induction. O
The explicit formula for the quasi-s-Lucas coefficient L®)(n, k) is provided in the following theorem.
Theorem 7.13 (cf. [6]). For fixed integers n, k, and s, with s > 1, we have

. ) n—i\lk n+k
L (n,k)—Z( K )(i)s_ln-"'

1

This identity is also a kind of weighted convolution between the BC and the B°C.

In the following section, we introduce the BC Rhombus Triangle as an arithmetic triangle merging the Bi’nomial
Coefficient Triangle and the Delannoy rule. We explore the directions (1, 1,0) and (1, , 0), establish the recurrence
sequences associated with these directions, and derive the generating function and sum of the terms of these sequences.

8. BC Rhombus Triangle

The BC rhombus Triangle is an arithmetic triangle introduced by Klostermeyer et al. in 1997 [33] as a merge of
Bi’nomial Coefficient Triangle and Delannoy rule. Unlike the classical Delannoy Triangle, where each entry is the
sum of two entries from the previous row, the BC rhombus coefficient constructs each entry by summing four specific
earlier terms. It is defined by the following recurrence

n n—1 n—1 n-—1 n—2
- ; + + forn > 2, all k, 8.1
1 Py R S e R @
with (8)R =1 and (S)R = (Z'Z)R = 1 for all n, and the convention (Z)R =0fork <Oork>2n.
The BC rhombus Triangle is illustrated in Figure 21.
1
1 1 1
1 2 4 2 1
1 3 8 9 8 3 1

1 4 13 22 29 22 13 4 1
1 5 19 42 72 82 72 42 19 5 1
1 6 26 70 146 218 255 218 146 70 26 6 1

Figure 21: BC Rhombus Triangle

Ramirez [42] provided an explicit expression as follows

(Z)R _ Z lkzj’" (me+ k)(Zm +lk + z)(n » —ZZm ) 1).

m=0 =
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8.1. Direction (1,1,0)
The sum of the elements on the rising diagonal lines in BC Rhombus Triangle is denoted

23l
The next result provides the recurrence relation for the sequence (A,),.
Theorem 8.1. The sequence (A,), satisfies for n > 4 the following recurrence relation,
A=A 1 +A 2+ A3+ A4,
with initial conditions Ag =0, A; =1, A, =1, A3 = 2.
Proof. From (8.1), we get result. O

This sequence, known as the Tetranacci sequence (A000078), is a generalization of the Fibonacci numbers, and it
has the following generating function
Z A7 = < _ (82)

o2 _ 53 _
n>0 l-z-z < Z4

8.2. Direction (1,r,0)
Let r € N and (A,,,), be the sequence associated with the direction (1, r, 0), defined by

Lw/@rent
Apt1 = Apsry = kz:(; ( X )R-
We give the recurrence relation for the sequence (4,,,), in the following theorem.
Theorem 8.2. The sequence (A,), satisfies a linear recurrence relation, given by
A1 = A, + A+ A0+ A0, (n=2r+1), (8.3)
withAy=0andA,=---=A, =1, and A, =n—-rforn=r+1,...,2r.
Proof. From (8.1) and (8.2), we obtain

Ay +A, +A, 0 +A, 0 = (” - ’: - 1) + Z (n -1 —kr(k + 1))
k=0 R k=0 R
"—l—r(k 2) n—2—rk-2)
2 ) )
k=0 k=0

(" ’“) (), ), 22
-2,

For r = 1, we obtain the Tetranacci sequence, and for » = 2, we get the sequence (A079962), in Sloane [44].
The next result establishes the generating function for the sequence (4,),.

Theorem 8.3. The generating function associated to the sequence (A,), is given by

A " !
Z nH = e R P T

n>0
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Proof. Using the recurrence relation (8.3), we get the result. O
In the following theorem, we give the general formula of the sum of the terms of the sequence (A,),

Theorem 8.4. Forn > 0, we have

n r—1

1
A A= 3 Anpors1 +A, — 1 — Z(An+l+j —Aj) .
Jj=0 Jj=0
Proof. We use the principle of mathematical induction. O

For example the sum of the terms of the Tetranacci numbers is

n
1
245 = 3 Aus = A + 4, - D).
j=0

9. Conclusion

This survey provides a comprehensive study of linear recurrence sequences derived from sums of elements along
transversals in classical arithmetic triangles. We established their recurrence relations and generating functions, un-
covered new combinatorial identities, derived explicit formulas for the sums of their general terms, and provided a
general formula for their partial sums. These results contribute to the broader study of recurrence sequences and their
combinatorial properties, offering potential directions for further research.
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