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Abstract

In the paper, with the aid of some properties of the extended mean values, the authors provide two alternative proofs of two lemmas
employed in the paper (B.-Y. Xi and F. Qi, Necessary and sufficient conditions of Schur m-power convexity of a new mixed mean,
Filomat 38 (19), 6937-6944, 2024).
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1. Introduction
In [30, Section 2], the authors proved the following two propositions.
Proposition 1.1 (¢f. [30, Lemma 2]). Forr e (—1,1) and x € (0, 1), let

1 xr+1 -1

Vi(x) = GrlEr o1 (1.1)
Then the following conclusions are true:
1. The function V.(x) is decreasing in x € (0, 1) for given r € (-1, 1).
2. The double inequality 4(%'1) < V.(x) < 0isvalid for x € (0,1)and r € (-1, 1).
Proposition 1.2 (¢f. [30, Lemma 3]). Forw > 0andr € R, let
Fro(x) = (x+ D?(1 = x"7) + dox'"(x™ = 1), x€(0,1]. (1.2)

Then the following conclusions are true:
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1. The non-negativity F,,(x) > 0 holds for x € (0, 1] if and only if
1
(r,w) € {(r,a)) r<l, H—lw >-1l,w> O}.
r—
2. The non-positivity F,(x) < 0 holds for x € (0, 1] if and only if
(rnw)e{(rnw):r>1,w > 0}.

Taking x = e for ¢ € (0, c0) in (1.1) yields

1 sinh[(r+ )]
4 cosh® rsinh[(r — 1)1]

Vi = Vil = € (0,00).

By Proposition 1.1, we derive that the function V,(¥) is negative and increasing in ¢ € (0, o) for fixed r € (-1, 1), as
well as =L < V,(x) < O forall 7 € (0, 00) and r € (-1, 1).

r—1
The aim of this paper is to provide two alternative proofs of Propositions 1.1 and 1.2, with the aid of some

properties of the extended mean values E(r, s; a, 8) defined by the formula (2.1) below.

2. Alternative proofs

We now start out to state our two alternative proofs of Propositions 1.1 and 1.2.

2.1. An alternative proof of Proposition 1.1
The function V,(x) defined in (1.1) can be rewritten as

V()_r+1 1 (r—lxr”—l)l/z]z_r+1[E(”—1,”+1;x’1)2
S [P P T -1 X+ 1 ’
where 1/(s—r)

rB5—a s—r

(Elgf—a’) , rs(r=s)a-p)#0

1 N 1/r

(g ing) - rep#0mds=0

E(rns;a.f) =1 | 0\ /@) @b

m(BT) , a#fBandr=s5%#0

VagB, a#tfBandr=s5s=0

a, a=pLandr,seR

for (r,s) € R? and (a,B) € (0,c0)? denotes the extended mean values. The mean values E(r, s;,3) have been
systematically studied, comprehensively reviewed, and briefly surveyed in [1]-[18], [22]-[28], [31, 32], for example.
As a result, it suffices to prove that the function W is increasing in x € (0, 1) for given r € (-1, 1).

Let f : R X (0, 0) — R be defined by

st—1

- t O;
=] 1 *

Ins, t=0.

The function f(z, s) can be reformulated as the integral representation

f(t,s) = f ' u' ! du. (2.2)
1
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The integral representation (2.2) has been investigated and applied in [7, 8], [16]-[18], [22, 23], for example. Since

fr+1,x772
f(r—1,x) ’

taking the logarithm and differentiating with respect to x lead to

E(r—l,r+1;x,1)=[

lnE(r_l,r+1;x,1):llnM—ln(X"'l)
x+1 2 fr-1x
_1 r+1 6f(S,X)/6S
—zﬁ_l st—ln(x+1)

and

9 EC-Lr+lixl) 1f’+‘ ﬁ[@f(s,x)/as]d 1

ox PR 20 axl fGsx) T+l
1 f’“ A*[In f(s, )] o 1
204 0x0s x+1

_lfm > (lnxs_l)ds— !
2, 9sdx s x+1

1f’+‘ 9 ( sx*! 1

A A

2 Jo1 Os\x* -1 x+1
1 a( LS )d 1
C2x J 6ss x5 =1 s x+1

1 ! o( s 1
L [ e
2x ,,1[ +6s x5 =1 g x+1

1 1 1 r+1
6( > )ds.

—_— +_ _
x x+1 2xJ, o0s\x*—1

From the relation
s s 1 s1n(1/x)

-1 1-(/0°  In(l/x)1—em/9’

we derive that

ﬁ( S )__ 1 i( v )a[sln(l/x)] W)
As\xs —1)  In(1/x)dv\l —e™ ds B ’
where v = sIn 1 and
t
1 1 , t#0
7‘{(t) = — =t = = 1- e_l (23)
faeD T fere |, —o
with the first derivative
e'(e'-1-1)
W’ t+0;
H@ =1, (e 2.4)
=, t=0.
2
As a result, we obtain
d Er-Lr+Lx1) 1 1 (rDIncl/0 1
—1In (r rE X )=— - HW)dv| - —.
Ox x+1 X 21n(1/x) (r=1)In(1/x) x+1
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Since the function H(r) in (2.3) satisfies the identity H(f) — H(—t) = t on (—co, o), see [20, Lemma 2.3] and [21,
Lemma 9], then the first derivative H’(f) in (2.4) satisfies the identity H’(¢) + H'(—t) = 1 on (—o0, ), see [19,
Lemma 2.3] and [21, Lemma 1]. This means that the function H’(¢) — % is odd on (—co, 00). Then the integral

(r+1)In(1/x) 1 (r+1)In(1/x) 1
f H'(vydv = In— + f [7{'(\1) - E]dv
( (

r—1)In(1/x) X r—1)In(1/x)
(1-r)In(1/x) (1+7) In(1/x) 1
f +f “7—(’(\/) - —] dv
(r—=1)In(1/x) (1-r)In(1/x) 2
1 (1+r)In(1/x) 1
=Iln—- +f [7‘('(1})— —]dv.
a 2

X —r)In(1/x)

=In-+
x

In [19, Lemma 2.3], see also [21, Lemma 1], the first derivative H’(¢) in (2.4) was proved to be concave in ¢ € (0, o).
Thus, by the Hermite—Hadamard integral inequality for concave functions [5, 9, 29], we find

(1+r)In(1/x) 1 (1+r)In(1/x) (1+r)In(1/x) 1
f [‘H’(V)— —]dv = f (H’(v)dv—f —dv
(=P In(1/x) 2 (=P In(1/x) A=p)in(l/y) 2

1 1 1
< 2r7{’(ln —)ln 2 rin-
X X X
1 1 1
- 2r[7{'(1n —) - —] In-.
X 2 X

Accordingly, we arrive at

(1+r)In(1/x) ,
0, E¢-lLr+lixl) _1(1 Jicoyma /g [H'O) = 51dvy
ox x+1 “x\2 21n(1/x) x+1
1/1 1 1 1
> == In=)-=1]-
- x(2 r[ﬂ (ln x) 2 ) x+1
Il +r A, 1 1
_}[ 2 _m(ln})]_xﬂ

r(1+x)(x* =2xInx—1)+1-3x+3x> - x3

2x(x + D)(x = 1)?

forr e (—1,1) and x € (0, 1).
In [19, Lemma 2.3], see also [21, Lemma 1], the first derivative H'(¢) in (2.4) was proved to be increasing in
t € (—o0, 00). This implies that

I w’(lnl) <1, xe(1)
2 X

Consequently, we attain

0 Er-1,r+1;x1) l[l—i—r
—1n > —
ox x+1 2
forr € (—1,0] and x € (0, 1).

It is standard to prove that the function x*> — 2x1In x — 1 is negative in x € (0, 1). As a result, we obtain

o)

] ]nE(r—l,r+1;x,1) N r(1+x)(x* =2xInx—1)+1-3x+3x> - x3

ox x+1 - 2x(x + 1)(x = 1)?
Loe-n
TR BT *

>0
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for r € (—1,1) and x € (0, 1), where

2x—1) ] (x— 1)
x| =22 <, 0,1
x+1 " o <% xeOD
and 2x—1 2x—1
C=D s lim[ @D |20 xe)
x+1 x—1-L x4+

This means that the function w is positive and increasing in x € (0, 1) for fixed r € (-1, 1). Consequently,

the function V,(x) is negative and decreasing in x € (0, 1) for given r € (-1, 1).

From the definition in (2.1), it is easy to see that

lir(r)1+E(r—1,r+1;x,1)=O and E(r—-1,r+1;1,1)=1.
Consequently, we acquire
. r+17.. 2
V.(x) < hr(r)l V.(x) = —1[11151 E(r-1,r+1;x, 1)] =0
x—0* r— x—0*

and

I[Er-1,r+ 11, 1r+1
V,(x)zlir{[V,(x)zr+ (r-lr+ )]__r+

r—1 2 C4r-1
The alternative proof of Proposition 1.1 is thus complete.

2.2. An alternative proof of Proposition 1.2

Forw > 0, r € R, and x € (0, 1], we reformulate

x’”—lr—l([ x+1 2 r+1)

Fro(0) = '
w(X) r+1 xT\lEr-1,r+1;1,%) “r

2.5)

Observing the expressions (1.2) and (2.5), we easily see that,
1. if r — 1 > 0, the non-positivity F,,(x) < 0in x € (0, 1) for all w > 0 is trivial;
2. if r +1 <0, the non-negativity F,,(x) > 0in x € (0, 1) for all w > 0 is trivial;

3. the value F, (1) = 0 for all w > 0 and r € R is also trivial.

E(r—1Lr+1;x,1)

~ is increasing in x € (0, 1) for any

From the alternative proof of Proposition 1.1, we see that the function
given r € (-1, 1). Therefore, we obtain

Er-1,r+1;x,1) - Er-1,r+1;1,1)

1
x+1 2
and
Er—-1,r+1;x,1) . E(r—-1,r+1;x,1)
> lim =0
x+1 x—0*t x+1

for x € (0,1) and r € (-1, 1). Accordingly, when 1 + w% > 0, the non-negativity F,,(x) > 0 is valid for x € (0, x),
r € (-1,1), and w > 0O; but the non-positivity F,,(x) < 0 is not valid for x € (0,x), r € (-1,1), and w > 0. The
alternative proof of Proposition 1.2 is thus complete.
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