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Abstract

In this study, we investigate a fixed point for a group of contractive mappings in the context of a complete b-multiplicative metric
space. This research employs the Rus contraction to derive novel findings related to the complete b-multiplicative metric space.
Furthermore, we establish a theorem on common fixed points for two mappings in complete b-multiplicative metric spaces. To
validate our results, we provide several non-trivial examples.
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1. Introduction

The use of fixed point theory is essential in various scientific, engineering, applied science, and nonlinear analysis
research areas.

A highly valuable tool in this field is the Banach contraction theorem. This theorem asserts that if 7" is a mapping
on a complete metric space (X, d) into itself and it meets the condition d(Tz, T'y) < Kd(z,y) where K € [0, 1) for
all z,y € X, then T possesses a unique fixed point on X. Banach presented this theorem in 1922 [6]. Since then,
numerous authors have built upon this result by utilizing various contractions and mappings in diverse metric spaces.

In the year 1972, multiplicative calculus, also known as non-Newtonian calculus, was first introduced by Grossman
and Katz [14] by substituting the functions of division and multiplication for those of subtraction and addition,
respectively. The concept of the multiplicative metric was defined by Bashirov et al. [7] utilizing concepts from
Grossman and Katz [14] in the year 2008.

In further research examining the topological characteristics of multiplicative metric spaces, Ozavsar and Cevikel
[18] established several kinds of contraction mappings in the year 2012. The following have provided an effective
contribution in this direction: He et al. [15] have introduced common fixed point results for weak commutative
mappings in 2014; Abbas et al. [1] have studied common fixed points of generalized rational type concyclic mappings
in 2015; Rome and Sarwar [21] for characterization of multiplicative metric completeness in the year 2016 etc.
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In the year 1989, the analog of the Banach contraction principle in b-metric space was established, which Bakhtin
[5] suggested as a generalization of metric space. Usman et al. [4] introduce the concept of b-multiplicative metric
space and discuss some of its topological properties based on the aforementioned observations in the year 2017.

Rus [19] first introduced the Rus contraction in the year 2006. Rus’s primary area of study was contractions
in metric space with fixed point properties. Recently Datta et al. [13] studied a common fixed point theorem in
bi-complex valued b-metric space.

In the year 2021 Akkouchi [3] study “On sequences of certain contractive mappings and their fixed points”. In the
year 2022, “Nadler’s fixed point theorem for set-valued mappings in b-metric spaces” established by Czerwik ([11],
[12]), he also study “Generalized metric spaces”. Recently Bhattacharjee et al. [19] study the “Fixed point theorems
on complete b-metric space by using Rus contraction mapping”.

Assuming these above remarks are accurate, we would like to introduce certain new fixed point theorems that can
be used in b-multiplicative metric spaces by implementing the Rus contraction method in this case.

2. Preliminary and basic definition
This section gathers some fundamental definitions and findings.

Definition 2.1 (c¢f. [7]). Let P # () be any set and a mapping ® : P x P — [1,00) is considered a multiplicative
metric if all of the subsequent circumstances hold:

ml) ®(p,2) > 1 forall g,z € Pwith g # %,

The pair (P, ®) is referred to as multiplicative metric space.

Example 2.2 (cf. [18]). Let R’} be the collection of all n-tubles of positive real numbers. Let ®* : R} x R} — R
be described as follows:

. T * Lo * T, *
@ (r,y) = |22 || |22
U Y2 Yn
where x = (z1,...,2,),y = (Y1,...,yn) € R} and |.|* : Ry — R is defined as follows
a if a>1;
al* = =7 2.1
o {(11 if a <1. @b

Then, it is clear that all the criteria of the multiplicative metric are fulfilled.

Definition 2.3 (cf. [4]). Let P be a non-empty set and s > 1 and a mapping ® : P x P — [1,00) is referred to as
b-multiplicative metric if the following conditions hold:

mpl) ®(5,2) > 1 forall ¢,z € Pwith @ # z;

(9, 2)
mp2) O(p,2)=1 <= p=2;
(mp3) @(@72) = @(27 @)’
mpd) O(p,2) < O(p,w)* - ®(w, 2)° forall G, z,w € P

The triplet (P, ®, s) is called a b-multiplicative metric space.

475



Bhattacharjee, Das and Tripathy / Montes Taurus J. Pure Appl. Math. 6 (3), 474—484, 2024

Example 2.4. Let W = [0, 00). Define a mapping my, : W x W — [1, 00)
|m?2—n?|
a )

my(m,n) =

where for any fixed real number a > 1 and m > n, my is a b-multiplicative metric on W for each a, with s > 1. It’s
important to note that m, is also a multiplicative metric on W.

Remark 2.5. A b-multiplicative metric space is a multiplicative metric space if for all s > 1 the condition (m4)
satisfy.

Example 2.6. Let K = {|v| € N: 0 < v < 5}. Define a mapping 6, : K x K — [1,00)

_ 3
alm=nl’

Op(m,n) =

where @ > 1 is any fixed real number and m > n. Then for each a; 6, is b-multiplicative metric on K with s = 2.
Note that 6 is not a multiplicative metric on K as the triangle inequality is not satisfied by this.

Definition 2.7 (c¢f. [22]). Let P # () be any random set and p > 1 be any real number. A mappingd : P x P — [0, c0)
is regarded as b-metric with coefficient “p”, if the following conditions hold:

The pair (P, d) is said to be a b-metric space.
Remark 2.8 (cf. [4]). Every b-metric space (137 d) generates a b-multiplicative metric space (]5, ®, s) defined as
O(x,y) = e@y) Va,ye P.

Definition 2.9 (cf. [18]). Let (P, ®) be a multiplicative metric space, 2 € P and ¢ > 1. We now define a set
B.(x) ={y € P: ®(x,y) < ¢}, which is called multiplicative open ball of radius £ with can describe multiplicative
closed ball as B.(z) = {y € P : ®(z,y) < ¢e}.

Definition 2.10 (cf. [4]). Let (P, ®,s) be a b-multiplicative metric space and {n} be a sequence in P. Then the
sequence { g, } is referred to as a convergent sequence and converges to some p in P if for every multiplicative open
ball B.(p), there exists a natural number n > N = g, € B.(p) . Itis denoted by p,, = p(n — o).

Lemma 2.11 (cf. [18]). Let (P, ®, s) be a multiplicative metric space and {p, } be a sequence in P and o € P. Then
Pn = 0 = P(pn,p) = 1(n— 00).

Definition 2.12 (cf. [4]). Let (P, ®, s) be a b-multiplicative metric space and {,, } be a sequence in P. The sequence
{pn} is termed as a multiplicative Cauchy sequence if it satisfies the condition that, for every ¢ > 1, there exists a
natural number Ny such that ®(p,,, o) < € for all m,n > Nj.

Lemma 2.13 (c¢f. [4]). In a b-multiplicative metric space (P, ®, s), if a sequence {p,} is multiplicative convergent,
then the multiplicative limit point is unique.

Lemma 2.14 (c¢f. [18]). Let (]5, ®, s) be a multiplicative metric space and {p,} be a sequence in P. The sequence
{pn} is a multiplicative Cauchy sequence <= ® (., pm) — 1 (as m,n — o).

Definition 2.15 (c¢f. [4]). A b-multiplicative metric space (P,®,s) is said to be complete if every multiplicative
Cauchy sequence {,, } is convergent in P.
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Definition 2.16 (cf. [8]). Suppose there exist two self-mappings L and J that are defined on a multiplicative metric
space (P, ®). Then a point u € P is considered as a fixed point of L if ®(L(u),u) = 1,1i.e., L(u) = u. Moreover, if
O(L(u),u) = ®(J(u),u) = 1, then w is referred to as a common fixed point of the mappings L and J.

Definition 2.17 (c¢f. [18]). Let (P, ®) be a multiplicative metric space. A self-map P on a multiplicative metric
space (P, ®) is referred to as a Multiplicative contraction mapping if there exists a real constant 0 < A < 1 such that
®(Pp, Pu) < ®(p,u)* forall g, u € X.

Theorem 2.18 (cf. [18]). Let (]5, ®) be a complete multiplicative metric space. Let P : P — P be a multiplicative
contraction mapping. Then P has a unique fixed point on P.

3. Summary of the article

In this paper, we have studied fixed points for contractive mappings in the context of a complete b-multiplicative
metric space. We obtain novel conclusions, such as a theorem on common fixed points for two mappings in this setting,
using the Rus contraction. Nontrivial examples that have been shown the validity of the theoretical conclusions are used
to support the research. In order to demonstrate the uniqueness of fixed points under different contractive conditions,
we wrapped up our investigation with the overall framework of b-multiplicative metric spaces. We are optimistic that
their results may be applied to additional metric spaces, including controlled b-metric spaces, cone b-metric spaces,
and rectangular b-metric spaces, indicating that more study in this area may be possible.

4. Main results

In this part, we present the confirmed key results of this study and offer illustrations to illustrate those principles.

By combining the Banach contraction [6], Kannan contraction [9], and Chatterjee contraction [16], a new type of
contraction mapping known as the multiplicative Rus contraction mapping has been established. This new contraction
aims to provide a generalization of the three well-known contractions. The existence and uniqueness of the fixed point
in the Rus contraction guarantee the existence and uniqueness of the fixed point in the aforementioned contractions.

Definition 4.1. Let (P, ®) be a multiplicative metric space.A self-map P on a multiplicative metric space (P, ®)
is referred to as Multiplicative Rus contraction mapping if there exists real valued numbers a,b,c > 0, where
0 < a+ 2b+ 2c < 1, such that, for each @, u € X satisfies

(P, Pu) < ®(p,u)" - (2(Pp, ) - @(pa,a))b (®(Pp, 1) - @(@,Pﬂ))c. 4.1

Example 4.2. Let P = {p € R : 1 < p < 2}. Considering the standard metric of R, we have ®(p,y) = elo—vl
where p,y € P. It is straightforward to confirm that (P, ®) forms a complete b-multiplicative metric space for any
s> 1.

Let P represent a self mapping on P that is defined as follows:

% if =1,
P(p) = 0 if 1<p<2,
—% if p=2.

Let us select @ > 0.14,b > 0.15,¢ > 0.15 ensuring that a + 2b + 2¢ < 1. As a result, the condition (4.1) holds for
any selected values of a, b, and c. Therefore, P forms a Rus contraction mapping on P.

Lemma 4.3. Let (P, ®, s) be a b-multiplicative metric space and {p,, } be a sequence in P and o € P. Then p,, — o
iff @(pn, 9) = 1 (n = 00).

Proof. Assume that the sequence (g,,) is b-multiplicative convergent to p. This means that for any € > 1, there exists
a natural number N such that ® (p,,, p) < € when n > N. Consequently, the following inequality holds:

1
- <D (pp,p) <1l-e forall n> N.
€
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This means |® (., )| < e for all n > N, which implies that the sequence ® (p,,, ) is multiplicative convergent to
1.

It is easy to confirm the contrary. U

Lemma 4.4. Let (P, ®, s) be a b-multiplicative metric space and {,,} be a sequence in P. The sequence {p,} is a
multiplicative Cauchy sequence iff ®(pn, pm) — 1 (m,n — 00).

Proof. Let (p,,) be ab-multiplicative Cauchy sequence. Then, forevery ¢ > 1, there exists N such that ® (p,,, p,) < €
for all m,n > N. Hence, we have |® (p,,, pm)| < € whenever n,m > N. This means ® (p,,, pm) — 1(m,n — c0)
in (R, -|).

It is simple to demonstrate Lemma’s sufficiency side. O

4.1. Result on complete b-multiplicative metric spaces
In this subsection of we have established some new results on complete b-multiplicative metric spaces.

Theorem 4.5. Let (P, ®, s) be a complete b-multiplicative metric space. If the mapping P : P — P satisfies
(Pp, Pu) < (p, u)"* - (2(P, p) - (Pu, u))"* - (2(Pp, u) - D(p, Pu))"?, 4.2)
where (11, 12, pt3 > 0 such that 0 < py + 20 + 2sp3 < % then P has a unique fixed point on P.

Proof. let (o € P, then we take Picard’s iteration such that o1 = PGg, G2 = Po1 = P20, ..., 9ns1 = P"@o. If
©n = On+1, then itis evident that (,, is a fixed point of P. However, if ©,, # (41 foralln > 0, then we need to prove
that the sequence {{,,} is a Cauchy sequence. Firstly, we demonstrate that the sequence {,, } is a Cauchy sequence.
Now, we have

q)(@_vwh @n) = ¢
(2P, on) - P(PPn—1,Pn-1))"* - (2P, Pn—1) - (Hn, PHn—1))"
Ons On—1)"" - (2(Pn+1, On) * P(On, Pn—1))"* - (P(Pn+1, Pn—1) + (O, Pn))"**

Ons On—1)"" - (2(PPn, on) - P(PPn—1,9n-1))"* - (2(Pn+1, Pn-1))",

as D(on, Pn) = 1 by (b2),

I IA
T
3
i
i

I
K

@(@7%%17 @n) < (D(@vu @nfl)/“ : ((I)(p@na @n) : (I)(p@nfh @nfl))uz : q)(@nJrla @n)sﬂs : (I)(@T“ @nfl)s“?’
= (b(@"’ @nil)(ﬂlJruers,ug) . (D(@n+1a @n)(uz+su3).

— @(@n+1, @n)(l—uz—ug) < q’(@m @nil)(m—wz-&-ug).

(H1tpatsps)

= P(On+1,Pn) < P(Pn, Pn—1) T2 (4.3)
Now let % = k. Soclearly k < 1 as s(u1 + 202 + 2u3) < 1.

So from equation (4.3) it follows that:

O(Gni1, On) < (On,Pn1)"

n

= ®(Gnt1,0n) < P(H1,00)" . (4.4)
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Then by using triangular inequality and (4.2), for any positive integers m > n, we have

(m—1)

— — — " — — s(n+1) — — \s
D(Pns om) < P(Pns Pnt1)” - P(Onr1; Pnr2) - @ (Pm—1, Pm)
— s _ _ sk)ynt? _ _ sk)ym—1
< D(p1, Go) )" @(@1 @0)( R - ®(H1, Ho) P
= (g, @>8k> [4sbtportn=e2]
< B o) (0" 5]

-
= @(@1,@0){1 Sk] —p 1 as (k)" — Owhenn — co.

Therefore, the sequence {(,,} demonstrates multiplicative Cauchy properties in P. As P represents a complete
b-multiplicative metric space, there exists a ¢ € P such that (,, converges to o* (as n — 00).
Again we have,

(Pp*, 97

i

(P@*, @TH-l)S

cO(Ppy1,07)°

IA N IA

(g%, Pn)* - (P(PH*

(
(0", pn) - (R(PPT,

’ @*) ! ‘I)(p@na @n))ﬂ&

: ((I)(p@*v @n)*

' @(p_*’p@n))su

. (b(p@n’ @*)S

@*) ! (I)(@n+la @n))q

P2 (R(PE", on) - R(9", Pnt1))™ - D(Pnr1,07)°,

when n — oo, O, = p*,

d(Po*,0") < @(p",07)M - (R(PRT, 6%) - B(p",0%))77 - (B(PE",0%) - (0%, 67)) T B(p", 67)°.

— (I)(P@*’ K3>s<)(1—suz—s/u) < (I)(@*’ @*)(SM1+3M2+5H3+3).

(sp1+spgtsugz+s)
(1—spo—sp3)

= O(Pp", 07) < (%, 97) 4.5)

Since ®(p*, p*) = 1 as n — oo then ¢(Pp*, p*) < 1 which leads to a contradiction as ®(Pp*, ¢*) > 1. Therefore
we conclude that ®(Pp*, 0*) =1 = DPp* = g*. Therefore, ¢* is a fixed point of b.

Eventually, we exposition that ¢* € P is a unique fixed point of P. Let’s assume the presence of another fixed
point 4* € P for which ®(Pu*,u*) = 1. We get

d(p*,u*) = ®(
(G5, @) - (B(Pg*,§*) - d(Pa*, @)™ - (B(P@",a) - (5", Pa"))"
= ®(p",u" )" - (B(PG",u) - (g, Pur))"
( )
)

IN
A
Tl
. *
<

) p—* 17/* 1 ( (p* ’[L*) ¢<@* ’[L*))HS
= d(p*, " (n142p3) (%, u*)

which is a contradiction as (1 + 2u3) < 1. So we conclude that ®(¢*, w*) = 1, that implies ¢* = u*. Hence (" is

a unique fixed point of P.Hence P has a unique fixed point on P. O

Example 4.6. Let W = {z € Z* : 1 < 2 < co}. Define a mapping my, : W x W — [1, 00)

[m?—n?|

mp(m,n) =a

where a > 1 is any fixed real number. Then (W, m;, s) be a complete b-multiplicative metric space with s = 2. Let
P : W — W be a function defined by
1
P(z) =47
(@) {1

Then for 1 = 0.1, s = 0.01, p3 = 0.01, we get 0 < g + 2u0 + 4ps = 0.16 < 0.5 = % and the condition (4.2) is
satisfied. Here the unique fixed point P is z = 1.

if xis even
if zis odd.
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Theorem 4.7. Let (P7 D, 5) be a complete b-multiplicative metric space. If the mapping {P;} be a sequence of self
mappings of P satisfying

O(Pbjp, bju) < (p,u)" - (2(P;0, ) - P(Pju,u)) - (®(P;p,u) - (o, Pju))"

where [, 12, i3 > 0 with 0 < py + 2p0 + 2sp3 < % and possess a unique fixed points u; € P. Suppose {P;}

converges uniformly to a mapping P : P — P then u; converges to a unique fixed point of P.
Proof. Since {P;} converges uniformly to P : P — P, P also satisfies

According to theorem (4.5), we assert that P possesses a unique fixed point « in X.
Utilizing (4.7), we obtain

O(uj,u) = @(Pjuy,Pu)
< ®(Pjuy,Pju)* - ®(P;u, bu)®
< ®(uj,u)" - (®(Pjuz,up) - D(Pju,w) ™ - (2(Pyuy,a) - D(us, Pu))™ - &(Pju, Pu)®.
= O(uy,u)*" - (P(uy,u;) - ®(bju, bu))™ - (®(uy,u) - ®(uj,u))™ - &(bju,bu)®.

— (g, u) T2 H8) < @(ya, Pa)(STer T2 He),

(s+spuy+2s2p3)
= P(uj,u) < ®(Pju, bu) t-smi-27n3) 4.7
So, ®(P,u,bPu) — 1as j — oo. Since ®(u;,u) £ 1. So we conclude ®(u;,u) — 1 as j — oo, that implies,
lim @; = u.
]*}OO
Hence, we can confidently assert that @; converges to the unique fixed point @ of P. O

Theorem 4.8. Let (P, ®, s) be a complete b-multiplicative metric space with s > 1. If the mapping P, ¥ : PP

satisfies

where (11, o, 3 > 0, such that 0 < py + 2p0 + 2sps < %, then P and 1) have a unique common fixed point on P.

Proof. Let ug € X then we set

1_/42n+1 = p(ﬂ2n) 5 1_/42n+2 = 1/1(112n+1)-
Then we get
O(Uont1, U2nt2) =  P(Plgn, Yloni1)
< B(lign, tzng1)™ - (B(Plizn, lizn) - P(Uznt1, Yiiznt1))"”

((I)(pu?n» u2n+1) (I)( 2n wu2n+1))ﬂ3
D (g, Uzns1)"  (P(Plizy, tzn) - P(Ylioni1, Uzni1))
(@ (Plgn, Gont1) - (Uan, Ylzni1)) . 4.9)

IA
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Further, we have
_ _ _ _ (m)
(I)(¢u2n+1; u2n+1) < ‘I)(pu%u U2n tm2=suy

+potsps
O (Pugy,, Usp) < P(Uan, U2n—1) (Hll’“gg’s“?)

(I)(pf@ny ﬁ2n+1) =1
O (Pan—1,U2,) =1
(I)(EQny ¢ﬂ2n+1) = (I)(ﬂgn, a2n+2) S (I)(ﬂ2n7 7127;+1)S~(I)(ﬂ2n+17 a2n+2)s~
Putting the values of (4.10), (4.11) and (4.12) in (4.9) we obtain,

(B1+po+sp3)
(I)(a?ru ﬂQn-l-l)#1 . ((I)(pa?ny ﬂ?n)#z . (I)(pﬂQn; ﬂQn) (“2 1@“2“35‘L3u3 )

@ (U2, Usn41) M2 . P (Ugng1, Uzny2)*H?

IN

(I)(ﬂ2n+1 ) ﬂ2n+2)

_ _ _ _ _ _ no(pgtpotsps)
= (I)(u27L+17U2n)#1 : ((I)(u27L+17U2n)#2 '(I)(u2n+17U2n)( BRI )

@ (Uap g1, Uz ) *H2 . P (Ugpg1, Uzny2)*H2.

u 7 - — _ (pitpatsps)(—sp3)
= D(Uant1, Uony2)t 1) < (b(u2n7u2n+1)( )

_ _ _ _ p1tuatsus
= O(Usnt1,U2n42) < ‘I’(U2n+1,u2n)( 1=z =53 )

Next let ("f%%‘”) K. Soclearly k' < 1as 1 + 2z + 2p3 < *

So from (4.13) it foflows

_ _ o K’
D(tUgpt1, lzng2) < (P(Uon, Uzntr))

B B o k)2t
= ®(Ugn41,Uont2) < (P(to,u1)) .

So it follows from the above that

_ _ _ _ k/ n
B (i, T y1) < (B(tig, 1)) ")

(4.10)

@.11)

(4.12)

(4.13)

(4.14)

4.15)

By applying (mp4) and referencing equation (4.15), we can establish the following for any positive integers m where

m > n, we have

o _ n _ _ S(ntD) _ _ S(ntp—1)
(I)(um“nﬂ)) < (I)( ) Un ) @ (U1, Uny2) : '(I)(unﬂklaunﬂ))
_ s _ s n+1 _ _ s "\n+p—1

< ®(uy, i )( k™ ® (i, uO)( O™ <I>(U1,uo)( k)
— o 1,ao>[<sk k) ok (k)
_ () [k )]

(sk )n |: Z (sk/)m:|
< ®(u,up) m=0

{(sk/)n}

1—sk’/

= ®(uy,uo) —1 asn — oo, () — 0.
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Hence, {u, } is a multiplicative Cauchy sequence in X. Given that X is a complete b-multiplicative metric space, we
can conclude that there is a value u* € X for which u,, converges to «* as n approaches infinity.
Again we have,

B S P o) Bl 1)’

= @(Pu", Yugny1)’ - L(Puntr, u”)’

< Q@ tgng1) - (R(PUF, W) - B(Pilign i1, Uont1))
(D(PT", Ugng1) - (", Yligngr)) ™" - P(Yilgn i1, 0*)®

< Q@ tgngr)™ - (R(PTF, W) - B(lizn2, lans1))
(D(PU*, lopt1) - P(U*, tong2))™ - P(lansa, u*)*

when n — oo, u,, — u*,
BPu,a) = @(@,a)™ - (B(ba,a) - @, a))"? - (BP",a") - B, @)™ - (@, a)°

— <I>(Pu i )(1 Sp2—Su3) <<I>(u i )(é+é}t1+éﬂ2+éus)

) (s+su1+su2+su3 )

= O(bu*,u*) < d(u* T=spa—wpy (4.16)
Therefore ®(u*,u*) = 1 by (mp2) = ®(Pu,u) < 1, which contradict the property (m;1). So, we conclude that
®(bu*,u*) =1 = Pu* = u" for every u* € P. (4.17)
So, u* is a fixed point of P. Similarly, we can prove that
d(Yu*,u*) =1 = Yu* = u*, as (yu*,u*) £ 1 for every u* € P.
So, u* is a fixed point of . Therefore v* is a common fixed point of P and 1/ and uniqueness of u* is obvious.
O

Example 4.9. In example (4.6) if we take 1) : W — W be a function defined by

b(r) = % if ?:is even
1 if = is odd

Then for 3 = 0.1, e = 0.1, ug = 0.01, we get 0 < pg + 2us +4us = 0.34 < 0.5 = % and the condition (4.8) is
satisfied. Here the unique fixed point P is x = 1.

Theorem 4.10. Let (Q, ®, s) be a complete b-multiplicative metric space. If the mapping {P} be a sequence of self
mappings of Q satisfying
®(Pg, bu) < &(p, u)"* - (2(Pp, o) - D(Pu, w))"** - (B(PH, u) - (p, b)), (4.18)
where i1, pio, 3 > 0with 0 < py + 29 + 2sps < L. If the sequence {B" (o)} for some o € Q, has a subsequence
{B"* (p0)} with 1i_>m {B" (o)} = ¢ € Q, then g is the unique fixed points of P and li_>m {(P"(po)} = ¢
n (oo} n oo

Proof. Since lim {P"*(po)} = @ and ¢ € Q. Therefore,
n— o0

®(bp.g) < ®(0p,B" " (p0)" - 2(B" " (p0), 9)°
< ®(bp,P(E™ (p0))" @(B" " (p0), )"

< (3, B () - [@(Bg, ) - (D™ (pn). B (0))] ™

@B, B (p0)) - (5, B (o))" - @ (B (00), )

B (5, B (o)) - [8(Pp. 6) - 2(B™ " (p0), 9)° - (5, D™ (0))°] ™"
[®(BG,0)° - (5,5 (90)° - D(5, 2™ (p0))] " - @ (B" T (p0), 6)”.
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— (B, ) < BB (), ) D) D5, B () o),

s(p1tspotng) s(uitspotspg)

— B(Bp, ) < BB (), 9) T ) - B(H, D" (pg)) G- e (4.19)

On taking limit as n — oo we get, " (po) = @. So from (4.19) we obtain, ®(P@, 3) — 1. Hence ¢ be a fixed point
of P and it is obvious that  be the unique fixed point.
. _ = _ = _ =2 _ =n
Since, p1 = Ppo, P2 = PP1 =P o, ..., Pnt1 =P po---.
Now

=N

(I)(p (WO)’@) = ¢

IN A
L

(00), D" (9))" . (4.20)

IN
A

Again we get,

®(b" (p0), " (p) = ®(P(B"p0), B(P

( B" ! (90), B (0)) - ®(B" "' 5, B" )]
+1 _
0)

(p0), D" (o)) - ®(B" " 5, B" )]
(90), B"(50)) - B(B" (90), B" ) - ®(B" (o), B"p) - ®(B" 5, D" ' )"

IN
b

(@B (00).B"5) - (B" (), B"
(B" (p0),B" )" - [0(B""

. [(I)(f)n+1

]ua

IN

Since <I>(I_3n+1@, P"g) = (PP ), P 5) = ®(Pp, §) = 1 as (s a fixed point of P and P" () = @, so we get,

®(b" " (p0), " (H) < ®(B"(p0), 9" - [B(B" (o), B (p0))]"

n+1
(

—n+1

= <I>(p (90), "t

(@)) < @(f;"(po)’ @)(#1+2u3) . q;(f)”+1(po)7f)"(@o))(ugﬂts)_ 4.21)

Then from (4.20) we obtain,

-n _ —n —n+1 s —n —\s2 1 3 —n+1 -n, _ s2 2 .
(D" (po), ) < @(P"(p0), P (p0))* - ®(B" (o), p)* M) - B(D"T (), B ()" W2tH)
<

o(b p"

n

(0), @52(“14_2“3) -®(P (@0),I_)n(@()))s+s2(“2+“3).

—n+1

— B(P"(po), )1 < @B (), B (o)) e et e,

1 n (st+s2po+s2ng)

= (B"(p0), ) < D" (o), B" () -2

(s+s2puo+s3u3)

— (D" (po), p) < B(g"H, o) =P —2Pug) | (4.22)

Since ¢ is the unique fixed point of_I_D. Therefore "t = 6" = 6 (n — 00) = ®(p" ™, 9") =1 (asn — o).

So from (4.22) we conclude that ®(P" (o), ) = 1 (asn — 00) = lim {P"(pg)} = . Hence proved. O
n—oo
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5. Conclusion

The general framework of b-multiplicative metric space has been updated, and we have illustrated various estab-
lished fixed points outcomes in complete b-multiplicative metric space in the sections mentioned earlier. Our intention
is that our findings will provide clarity on the uniqueness of a fixed point under diverse contractive conditions and
support further exploration in this area. If we apply the concepts outlined in this paper in the future and engage in
similar research on different metric spaces, such as controlled b-metric space, cone b-metric space, rectangular b-metric
space, etc., we may discover some valuable insights.
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