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Abstract
In this paper, we explore the generalized partition functions p 41, ((n) as defined by their generating functions

. A+
n (1 24
Zp[]"OlMl](n)q = o

n=0

where 7(7) is the Dedekind eta function, / prime number, k positive integer and Ay, A; arbitrary integers. We establish Ramanujan-
type congruences for these partition functions py i s, (1) modulo powers of primes / = 2,3,5,7, 11, 13, 17 for any integers Ao, and
A;. Our results not only confirm but also extend the previous work of Atkin, Gordon, Wang, and others concerning congruences
for various partition functions.
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1. Introduction
A partition of a positive integer » is a finite non-increasing sequence of positive integers 1; > A, > --- > A, such
r
that >, A; = n. The A; are called the parts of the partition. For example, partitions of 5 are 5,4+ 1,3 +2,3 + 1 +

i=1
L24+2+1L,24+1+1+1, 1+1+1+1+1.
In 1753, Euler [7] established the generating function of p(n), given by the following formula:

ﬁ 1_1qm = ip(n)q”, gl < 1.
n=0

m=1

Furthermore, Euler [7] proved the formula for the generating function of partitions into distinct parts as follows:

D pamd = [ +q™, lal <1, pa(0) = 1.
n=0 m=1
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He also established a generating formula for the partition function into odd parts.

(o] ; (o) 1
;po<n>q = H T <L @ =1

Throughout this paper, we use the following g-series notation

(a;9) = 1_[ (1 - aq’H).
k=1

The partition function p(n) of positive integers, satisfies the following recurrence relation discovered by Euler (cf.

[7]):
n .3._1 -3. 1
p(n)=Z(p(n—¥)+p(n—%)). (1.1)

J=1

Here, the terms involve the generalized pentagonal numbers, given by @ and @ for j € N\{0}. For small
values of n, the recurrence can be computed explicitly:

p(1) =p0) =1,

p(2) = p(1) + p(0) = 2,

p3)=p2)+pl) =3,

p@) =p3)+p2) =35,

pOS) =p@ +p3)—-p0) =7
and so on.

In 1916, MacMahon [20] utilized (1.1) to compute the values of p(n) for 1 < n < 200.
In 1918, Hardy and Ramanujan [13] proved the following asymptotic formula

JT

o
e 3

p(n) ~ (1.2)

1
4v3n
which gives p(200) ~ 4.10025 x 10'2.

The formula (1.2) was improved in 1936 [21] to a convergent one by Rademacher [21] leading to the Hardy-
Ramanujan-Rademacher formula.

N(n) k-1

—2ninh 2” T 312 TTLS —
py~ Y N e ’/kxﬂ@) M0 5 ()L 5 (di () + O(D), (1.3)
k=1 h=1
(hho=1

k=1

h
where s(h, k) = Z (%)(n%) is the Dedekind sum and di(n) = 7 /3 (n - ﬁ) and N(n) ~ n'/2.
1

In [22]-[24] R:amanujan find congruence relations for p(n).
For I € {5, 7, 11}, for all positive integers j, let d; ; be the reciprocal of 24 modulo Vie., 246;; =1 (mod /). For
n > 0, it is known that

p(sfn + 6, j) =0 (mod 5% (1.4)
p(7jn + 67, j) =0 (mod 7/2+1) (1.5)
p(1n+611;)=0 (mod 11%). (1.6)

In 1919, Ramanujan [22] proved the first two congruences for j = 1, using the Jacobi triple product, and later in
[23] using modular forms theory on S Ly(Z). In 1938, Watson [27] proved the congruences (1.4) and (1.5) for arbitrary
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J» using modular equations of degrees 5 and 7. In 1967, Atkin [1] proved the congruence (1.6), using the modular
equation of degree 11. In 1981, Hirschhorn and Hunt [17], and in 1982, Garvan [9], provided simple proofs for (1.4)
and (1.5). Their demonstrations primarily rely on the Jacobi triple product and Euler’s theorem.

To study a large class of restricted partitions, in this paper we are interested in the partition functions P[ito ,ul](n)
defined by

o o+

N " 1 _ 4
;p[lioﬂwll](”)q - 1—[ (1 _ qn)/lo(l _ qlkn)/ll - 7’](7’)/107](]]“1')’11 s

n=1

where

n(r) = qi l_[ a-4", g=e"" Im(t) >0
n=1

is the Dedekind eta function.
In the paper Wang [26] proved the following congruences.

Theorem 1.1 (c¢f. [26]). For any integersn > 1 and r > 1, we have

P (I +11"=5) =0 (mod11"),

7-11>1 -5
p[lll,n](nzf—lmT)zo (mod117),
1+ 1
p[lll,l](11’n+ i )zo (mod117).

Mestrige [22] proved the following congruences by using Gordon’s approach.
Theorem 1.2 (cf. [22]). For any integers c, d and for any positive integer r, we have
Plic11d] (11"m+n,)=0 (mod] lA’),

where 24n, = (¢ + 11d) (mod 117) and A, depends only on c and d.

2. Main results and corollaries

In this section. Let A, 4; € Z and k be a positive integer. We define a sequence (1)), of integers as follows. For
r < k, we have

A

<N~

| A ifriseven,
“1 0 ifrisodd,

X = Ao+ A, ifkiseven,
ET0 A if k is odd

and for r > k, we set

V= A, ifr=k (mod?2),
"l 4, ifr#k (mod2).
Theorem 2.1. For{ =15,7, 11, 13 and 17, Ay, A1 € Z and for any positive integers r, k, we have
Privo gan(m +n,) =0 (mod ZA'I), VYmeN 2.1

r—1 X
with n, ¢ = —([22:11) 2, A€ and A, depend only on the integers Ao, A1, 1, € and k.
i=0
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Corollary 2.2. Forl =5, 7, 13 and any positive integers r, k, we obtain
1
Ppio lmll(lrm +n,)=0 (mod 2" ™8, VmeN, 2.2)

where 24n,; = (4o + A1) (mod I"), € = O(logldy + FA1]). Moreover, when Ay +1FA; > 0, o depends on the residue of
Ao+ ¥, (mod 24) which is shown in the following table, Ay + IFA, < O the entries in the last column need to changed
to 1 forl=15,7(Table 1).

1(2(3(4(5(6|7(8|9|10 |11 12|13 |14 | 15|16 | 17|18 |19 |20 |21 |22 |23 |24
=5 |21 |1|1]|2|2|1|1]1]1 1 0|00 1 1 0|00 1 1 0|00
=7 |1 (11211 [1]{0]0|O 1 0|0 1 0O[0 |0 1 0|0 1 0|00
[=13|0|0}0}0O}0O}O}]O}1|OJO}]O]O]O]O]O0O}|O0O]O}JO|O0O]O0]O0]O0]O0]|O0

Table 1. Values of «;

From Corollary 2.2, we obtain Atkin’s result (¢f. [2, 3, Theorem 1]) for / = 5,7,13. For [ = 11, we obtain the
following corollary:

Corollary 2.3. Forl = 11 and for any positive integers r, k, we have
puo iy (1m +m) =0 (mod113907#€) | m e N, (2.3)

where 24n,; = (Ao + 11%2)) (mod 117), € = O(loglAg + 11%44]). Moreover when Ay + 11¥4, > 0, a; depends on the
residue of Ao + 11¥; (mod 120) which is shown in Table 2, for Ay + 11¥, < O, the entries in the last column need to
changed to 2,2,2,0, 2.

112|314 |5(6|7[8[9 (1011|1213 |14 |15| 16|17 |18 |19 |20 |21 |22 |23 |24
Of(2|1 (21|11 2|2|1]1 2 |2 1 2 1 010 1 1 0|0 1 1 0
2401 (1|1 (1212|1122 1 O[O0 |00 1 1 0] 0 1 1 1 0] 0
48 |1 (1|22 |1]1|1]0]1]0 1 010 1 1 0] 0 1 0 1 0 1 0] 0
72120111 |2|1|2|1]2]|1 2 |2 1 1 1 2 1 2 1 2 1 1 1 0
% 0|01 ]O0|1]O|1]O]|1]1 0|0/} O0 1 0 1 0 1 0 1 1 0|00

Table 2. Values of @

Here in Table 2, the entry in the row labeled 24i and the column labeled j is @;(24i + j). Our Corollary 2.3
generalizes Gordon’s result [15, Theorem 1.2].
Moreover, for [ = 17 we can obtain the following result.

Corollary 2.4. For [ = 17 and for any positive integers r, k, we have
Py (17 m+ny7) =0 (mod17:77€) ¥ m e N, (2.4)

where 24n, = (g + 17%4;) (mod 177), € = O(logldg + 17%A,|). Moreover when Ay + 17°4; > 0, a7 depends on the
residue of Ao + 1752, (mod 96), which is shown in Table 3, for Ay + 171, < 0, the entries in the last column need to
changed t0 0,2,0,0.

112345678910 |11 |12 13|14 |15 |16 |17 |18 |19 |20 |21 |22 |23 |24
ojoyj0jry0404040{0f0[fO0OJ}0}0}jO0OfO]O]O0O]O0O]O0O]|O0]1 0j]0|0/|O0
2410(0(0[0]|0O]O|O]O]|O] OO 1 o0o(o0ojo0ojo0jo0ojoy,o0j0}j0|]0]|0]|O0
481|111 |1}2|140/00[O0]O0|O0|0|O0]O0 1|{0|0]O0]O0]0]|O0]|O0
72(0(0(0j0|0}j0jO0OjOjO|1 OO} O0O]O|O|O]O]O]O|O|O]O0O]O0]O

Table 3. Values of a7
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Note that Corollary 2.4 generalizes Hughes result (c¢f. [14, Theorem 3]).
Let us consider the following modular forms.

i n(fr))’ _wg;»(n(f%))t 25
I (77(7) > 1 n(t) =

with ¢ be a positive integer.
From Theorem 2.1, we obtain the following corollaries.

Corollary 2.5. For{ =7,k =2andt = 1, we have

Prit49-1 (7rn - 2) =0 (mod 7r), Yr> 1, Vn>1. (26)

Corollary 2.6. Let{ =5, 7andt = v, witht = 3 t] ¢, such that ty=12andt; =0,1, Vi 2 1. We have
i=0

24
ged(0-1,24)
Pl e (frn - t/) =0 (InOd fr), Vr> 1, VneN.

Corollary 2.7. Fort = %(13"’+1 + 2) with m be a positive integer, we obtain

t .
P 131 (13% - 5) =0 (mod 13™™) > 1,Vn meN. 2.7

Corollary 2.8. Fort= ) t; 5i such thatty = 1,2 and t; = 0,1, Y i > 1. We have
i=0

P[1’25*’] (Srn - I) = 0 (mod Sr), Yr > 1, Vne N (28)

3. Further results on modular forms and Hecke operators

Modular forms have been used extensively to prove partition congruences. See previous studies [18, 19] for basic
definitions, theoretical properties, and applications. This is due to the generating functions of partitions are related to
modular forms.

Let H = {r € C | Im(7) > 0} the Poincaré half-plane and the modular group

SLz(Z)z{(z Z): a,b,c,deZ,ad—bczl}

act on H by
at+b

ct+d’

V'y:(? Z)ESLZ(Z),VTEH:')/.‘r:

In particular, the congruence subgroups I'g(¢), defined by

To(0) := {( i Z ) € SLy(Z): C| c}, where £ € N*

operate through the same action on H. A modular function f for I'y(£), is a function f : H — C that satisfies the
following conditions:

(i) f is meromorphic on H,
. ar a b
(ii) f(ﬁ) = f(1) for( ¢ d ) € I'o(}) and for any 7 € H,

(iii) f is meromorphic at cusps.
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The Dedekind eta function is non-vanishing on the upper half plane as a function. Precisely we have

Definition 3.1. Let 7 € H and g = ¢?*". The Dedekind Eta function, 7(7) is defined as:

nm=q% [ |0 -q". (3.1)

n=1
The generating function for p(n) is given by
1/24

N D TT_ L g
;”(”)q o=@

n=1

Now we introduce Atkin’s operators, is a class of linear operators acting on modular forms, which play a crucial
role in the theory of modular forms and their applications.

Definition 3.2. For a Laurent series f(7) = ), a, ¢", we define the Atkin U,-operator by
n>N

Ur(f@) = ) altng", (g=e"). (3.2)

{n>=N

Let g(1) = Y, b(n)q" be an another Laurent series.
n>N

Ue (f(1)g(€1) = g(r) Ue(f(7)).

Theorem 3.3 (Atkin-Lehner). Let € be an integer, if f(7) is a modular function for To(N) and if €*|N, then U, (f(1))
is a modular function for T'o(N/?).

Next we give the relation between Atkin and Hecke’s operator.

Lemma 3.4. Let f(t) = >, a,q" be Laurent series and € an integer. We have

T+h
=)

Proof. See [4, Lemma 3.3]. O

o~
—_

1
Ue(f(1) =

|

h

Il
=]

3.1. Modular equations and divisibility

Letz,(7) = (”;f;))r and ¢,(7) = "7(;:), where r is minimum positive integers which satisfies r({—1) = 0 (mod 24).

Definition 3.5. The modular equation for prime ¢, we mean the equation connecting two modular z,(7) and ¢,(7).

(1) | ¢e(T)
(n(ST))6 n(257)

()

77((7T‘r)) 4 777(74;)

7 ( n() )2 n(x)
77(137)) n(1697)

13 ( n() n(x)

Table 4. Modular forms corresponding to £ = 5,7, 13
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Theorem 3.6 (cf. [3, 8]). Forl =15, 7 and 13. We have the following modular equations
$3(1) = 25(7) (S263(7) + 5%3(0) + 3.543() + 565(7) + 1),

G1(1) = Z7(TNT*B5(7) + 5.793(7) + T3(1)) + BT P5(T) + TP 3(7) + 3.7243(1) + T*$3(1) + 3.7¢3(7) + T (1) + 1)

and

13 7
PO+ Z (M G =
:1

r+2

2

the explicit values of m,, are given in Table 5.

) p 1 2 3 4 5 6 7
1 —11.13 | =36.13%2 | -38.13° | -20.13* | -6.13° | -13° —-13°
2 204.13 | 346.13% | 222.13° 74.13% 136 136
3 -36.13 | —-126.13% | —102.13% | =38.13* | -7.13° | -7.13°
4 346.13 422.13% | 184.13° | 37.13% 3.13°
5 -38.13 | -102.13% | -56.13% | —135 | —15.13%
6 222.13 | 184.13% | 51.13% | 5.13°%
6 222.13 | 184.13% | 51.13° | 5.13%
7 -20.13 | -38.13%2 | —-13* | -19.133
8 74.13 | 37.13%2 | 5.13°
9 -6.13 | -7.13% | —-15.13?
10 13? 3.137
11 -13 -7.13
12 13
13 -1

Table 5. Table of m,.,

Definition 3.7. For any integer r, we define S, (1) = €Uy (qb;(‘r)). This is the sum of the # power of the roots of
modular equations for prime ¢.

Proposition 3.8. We have
(i) For any integer r, S ¢ is a modular function on I'y({).
(i) For € =5, 7, 13, a basis for the vector space of modular functions on Ty(€), can be given as powers of z,(T).

(iii) Let r be any integer and € = 5, 7, 13. Then

+00

S =) a2
p=—o0
Proof. See [2, 8, 15]. O
Let my(a) be the £-adic order of the number a.
Lemma 3.9. Let £ =5, 7, for r and p two integers, we have
7r5(afp) > [w , 717(a,p) > [w

where
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@) afp =0 unless [(r+4)/5]1<p<rm,
(ii) azp =0 unless [2r+6)/7] <p < 2r.
Lemma 3.10. Let £ = 13, for r and p two integers, we have

130 -7r+13
14

>

13
mi3(a,,) = [

where aif) =0 unless [%] <p<Tr

Theorem 3.11 (cf. [8, 15]). For € =11, let t;; = ¢13 (ql/“), t11 satisfies the following modular equation of degree 11
with coefficients in Vi,

11
i Z(—l)kakt“_k =0, (3.3)
k=1

where the oy are given in [15].

Theorem 3.12 (cf. [14]). For € = 17, let t;7 = ¢17(¢""7), t17 satisfies following modular equation of degree 17 with
coefficients in V7

17
ty + ) Dfow!™ =0, (34)
k=1

where the o are given in [14].

4. Proofs of Theorem 2.1, Corollaries 2.2, 2.3 and 2.4

4.1. Modular functions associated to py g1 (n)

We construct a sequence of modular functions on I'y(€) that are the generating functions for the partition ppy2 (1)
restricted to certain arithmetic progressions. Let

Loe(r) =1

00 (1 _ qt”‘n)/l'
Lio(7) = Ur| ()™ 1—[ m
n=1 {1 —¢""

¢ \A
_ U[ {qé(ﬂo ﬁ (1 _ qL’Zn)/lo (1 _ qﬂn) 1]

n=l (1 =g (] _ qé’kn)/ll

— ﬁ (1 _ qfn)/lo '<] _ q[kfln)/ll . Z Pie gkﬂl](fn " i’l1,()61n,

n=1 n=uy ¢

_ -1
where (5[ =57 -

Lo ¢(7) = Up(¢e(1)° Ly (7).
Define ,
L) = U, (¢§f*l(r)Lr_1,g<r>), itr>1,

where the integers A, are defined for r < k as

A “4.1)

| Ay ifriseven,
1 0 ifrisodd,

510



Atmani and Bayad / Montes Taurus J. Pure Appl. Math. 6 (3), 503-516, 2024

, | Ao+ A ifkiseven,
A= { A if k is odd, 4.2)
=) e A
Loe@ = [ JA =gy (1=¢""")" > by (P + nane) ",
n=1 n2por ¢
= A k—2r+ 1 _ n
Loy-1.o(t) = ]_[ (1 _ qfn) 0 (1 _ q{A ln) 1 Z Pl g (er 1, +nzr71,5)q )
n=1 n2py-1,¢
From the recurrence relation between Ly, () and Ly,_; ¢(7),
210021 _ Ao (52[%1 - 1)
= _/1 e b=\, 0 S S k
Y Hrt 240 "
For r > k, we set:
A ifr=k (mod 2)
’_ k N
A { A ifr#k (mod2). “@3)
Theorem 4.1. For r > k be a positive integers, we have
= , X .
L@ =]]a-g" (1-¢")"" > puwen (€ n+n0),
n=1 n2piy e
where
r=1 r-1
(> - 1) ' i (> - 1) ;
e = — /Lfl, e = 0.
e 24 ; A YV ; ’
We write the proof for k even. We have
Lie@ = [ =g > prus sy (6n+ nie) g,
n=1 n2py ¢
Li1.o(r) = Ug (@e(0)"™ Ly (7))
_ = £n)lot k+1 -1 4 n
—l_[(l—q ) Z P[1ﬂowl](5+”+ﬂk,f—(7 " (o +A))q",
n=1 N2k, 0
Liyo,o(7) = Ug(Lgy, (7))
:ﬁa_q")‘o”l Z Prvo gy | 20 + ¢ — £-1 &+ )| " (4.4)
[140 ¢kt1] K, € 24 o+ 4 .
n=1 N2[g+2,
and for any non-negative integer s, we have
{Lk+(2s+1),é’(7 )=U, (¢e(T YOI L (T )) @5)
Lis2s.0(7) = Up (Lgr25-1), (7)) -

From (4.4), we obtain

(o]

L@ =T =g (1=a")"" > proen (€ n+n.0).

n=1 n2 ¢

Again, from (4.4) and (4.5), we deduce

fk -1 52 [(r—k+1)/2] _ 1

— o+ ) ————, W=
7 (Ao + A1) 7 Hrt

511
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Similarly, for k odd we have

Ly (1) = n(l —q"™" (1 -g"" Z Prvio g (€0 + me g
n=1

n2py, ¢

%M@=W@MWMN»

/l -1
= l_[(l n)/ln 1- : Z p[l/lo £k (karll’l + Ny, ¢ — (T)/l] fk) qn,

N2+, ¢

Li2,e(7) = Up ((155(7') 0Lk+1,£(‘1'))

= . ) -1 -1 )
= l_[(l — g™ (1 - gt Z Prvo (€2 + my ¢ = (T)ﬁlfk - (T)ﬂofhl)q (4.6)
n=1 N2pks2, 0
and for any non-negative integer s, we have
Lir@sen,e(t) = Ue <¢1(T)A'Lk+2s,c(7' )) @7
Licias, () = Ug ($e()* Lisias1), (7)) '
From (4.6), we obtain
rf(T) 1_[(1 q ) fn i Z p[ll[)[k/ll](f }’l-‘r}‘lr[)
n ¢
Again, from (4.6) and (4.7), we deduce
A0 pootir 2lo=k+D/21 _
= =20 (kRAC-R2IEL gy gk g
Nyg 24( ) Y
B /10 fZ[(r—k)/2]+1 +/11 ZZ[(r—k-*—l)/Z] ~ /10 +£k11
Hrt = 24 (- 2407
Lemma 4.2. With the same notations as before, we have
24n,,= Ao+ 5 2) (mod £).
Proof. We have
r—1 r—1 r—1
2n,, = [Z A z'] (1-0)=>qe-> e
i=0 i=0 i=0
=+l Y (=) E =N, - x e (4.8)
2<i<r-3
From the equations (4.1), (4.2) and (4.3), we get
r _ ’ _ Y _ /1], if r==k
A=, 11=0, 4 -2, = { 0. else. 4.9
Therefore, from (4.8) and (4.9), we obtain
— k r
24n0= (Ao + ) (mod 7).
O

The constants y,; are given in the following result.
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Theorem 4.3. Let k and r be positive integers, we have

12[(r+1)/2]—r
(k) = [/IOT] o) if ol <l 0<r<k (4.10)
with
[ 1 if <0 and 24|2,
w(do) = { 0 else
and
Ao+ A lZ[(r—k+l)/2]—r+k
“o + 1) o + oo, ) if Ao+ Fq| <, r>k, k even
Hr1 = Ao PL=R/21+1=rsk 4 3 PLo—k+1)/2)=r+k “.1D)
{ 5 %wuo,/ll) if Ao+ 4| <, r>k, k odd,
where . .
1 if A+ <0 and 24/ + FA))
w(do, A1) _{ 0 else.

4.2. Computation of 6,(A, )
Let f be a modular function on I'y(£) and consider the linear transformation,

Ty : f(r) — Ur(¢e(@)' £()),

where A is an integer. Let (Cﬁ,v)# , be the matrix of the linear transformation 7 with respect to the basis elements Z;.

Fourier series of T/l(z’éf ) has all coefficients divisible by ¢ if and only if
C;/},v =0 (mod ¢) for all v.

Now we define 6,(4, 1) by
1 if QU (¢2))

0 otherwise.

Op(A, 1) = {

Lemma 4.4. Let £ = 5, for any integers A and u, we have

1 ifu+ad=1,2 (modS5)
0 else.

Os(A, 1) = {

Lemma 4.5. Let £ =7, for any integer A and u, we have

1 fu+21=1,2 (mod?7
97(/19/1) = { 0 e{;,ell ( )

Lemma 4.6. Let £ = 13, for any integer A and u, we have

1 if2u+1=10 (mod 13)
0 else.

913(/1’111) = {

4.2.1. Thecas € =11

Let V}; be the vector space of modular functions on I'g(11), which are holomorphic everywhere except possibly
at 0 and oo.

In [1] Atkin constructed a basis for V;;. Gordon in [15] slightly modified the basis elements and defined

{J,, veZzl.
For more information about the construction of this basis see [1].
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Lemma 4.7 (cf. [15]). Forall v € Z, we have
B Jyes(m) = J(1)J5(7)
(ii) ord, J(7)=v

v if v=0 (mod 5),
(iii) ordy J,(r) =4 —-v—-1 if v=1,20r3 (mod)),
-v—=2 if v=4 (mod 5).

(iv) The Fourier series of J,(T) has integer coefficients, and is of the form J,(t) = ¢ + - --.

Let (C //11,"),1 , be the matrix of the linear transformation 7T';, with respect to the basis elements J,
Un (60 (@' (D) = Y. CLL1(@.

In [15] Gordon has proven:
1ly—u-52-1
A |

Lemma 4.8. For any integers A and p, we have

0114 =11, @) = 611(4, p)
011(A+ 12, u—=5) =614, w), 0<A<10.

4.2.2. The case t =17
Let V)7 be the vector space of modular functions on I'yg(17), which are holomorphic everywhere except possibly
at 0 and oo.

Lemma 4.9 (c¢f. [14]). For all v € Z, we have
@) Jyra(r) = (1) Ja(7)
(i) {J,(7)| — 00 < v < 400} is basis of Vi7
(iii) orde J, (1) =v

-v if v=0 (mod 4),
(iv) ordy J,(r) =3 —v—=1 if v=1o0r2 (mod4),
-v—-2 if v=3 (mod4).
(v) The Fourier series of J,(7) has integer coefficients, and is of the form J,(t) =q" +--- .

Let (Cﬁ’v)ﬂ , be the matrix of linear transformation 7', with respect to the basis elements {J,(7)}.
Urs (¢170)'0u(@) = > Ch (o).

In [14] Hughes proved the following:

ﬂ(CI/}’V) > [17V—ﬂ2:‘-121 - ZJ

Lemma 4.10. For any integers A and u, we have

O17(A, 1) = O17(A — 17, p)
O17(A, 1) = O17(A+6,u—4), 0<a<L16.
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4.3. Evaluation of A, (Ao, A1)
For ¢ =5, 7, 11, 13 and 17, we define

r—1

A= 00X, i), Aoy =0. (4.12)
i=0

We have two cases
e For r < k, we obtain
1
Anp = Soer+ O(log|4o))

with
ar = 607(0,119/24] + w(Ag)) + 6¢(Ao, [0/24] + w(Ap)).

e For r > k, we obtain
1
Are = 5ar+0 (log 4o + £-,))

with
(g + A Ao+ 4
ap =06y ﬁ],[—( 0ot l)-‘ +a)(/l(),/l]) +9[(/lo,’7 0ot l-‘ +a)(/l(),/l|)) k even
24 24
and / /
Ao+ A A A
ap =0y (/11, " 02: ! -‘ + a)(/l(), /l])) + 6, (/10, ’V 0F ] -‘ + a)(/l(), /1])) , k odd.

Theorem 4.11. Foreachr >0, for 1 =5, 7, 11, 13, 17 and for any integers Ay, A1, we have
7 (Lre(1)) = Are(do, 11).

Note that ay, € € {5, 7, 13} depends on g + £*A; with period 24 and k positive integer. Periodicity follows by the
fact that a;(1y + £1;) is invariant under the maps

dg— Ag+24—-€d and A — A; +d for each integer d.
For ¢ = 11, Periodicity follows by the fact that (1 + 11%4,) is invariant under the maps
Adg— Ap+120—-11d and A, — A; +d for each integer d.
Also note that when ¢ = 17, a@17(1y + 17¥4,) is invariant under the maps

Ay — A +96—-17d and Ay — A +d for each integer d.

5. Conclusion and future perspectives

In this work, we study the Fourier coefficients of the following eta-quotients

Ao+

kA
g @y e

We establish Ramanujan-type congruences for the Fourier coefficients of these eta-quotients modulo powers of prime
[. Our main result is Theorem 2.1. Interesting corollaries are given. From Corollary 2.2 we obtain Atkin’s result
[2, 3, Theorem 1]. The Corollary 2.3 generalize Gordon’s result [15, Theorem 1.2] to the c-colored partitions, with
¢ = Ap+11%2;. Corollary 2.4 generalizes Hughes result [ 14, Theorem 3] to the c-colored partitions, with ¢ = g+17%;.

The theme of partition theory in relation to modular forms is particularly rich and inspires both active and dynamic
current research. We continue to explore this direction in order to lay the groundwork for promising future studies.

It is pertinent to examine the generalizations of the relationships (1.2) and (1.3) established by Hardy-Ramanujan
and Rademacher concerning the partition function p(n). More specifically, we aim to investigate the extensions of
these relationships in the context of partition functions P[itorn ](n) .
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