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Abstract

In this paper, a three-compartment SIRI epidemic model with reintroduced susceptibles under incorporated time delay on sus-
ceptible individuals is considered. Determined disease free, endemic equilibrium points and discussed local stability at endemic
equilibrium point. Identified the point where the system stabilizes by means of Hopf bifurcation. Ascertained the results by nu-
merical simulation using MATLAB. Observed that the system becomes unstable in both the cases of increase in the transmission
rate and additional transaction rate respectively at a fixed critical time delay parameter using numerical examples.
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1. Introduction

An epidemic is the fast change of location of a disease that affects a large percentage of the population in a certain
area. Epidemiology is the study of epidemics. A mathematical model is a creation of a real-world system or process
through mathematical ideas and principles such as variables, equations, and functions to describe and analyze its be-
havior. These models aim to simplify complex systems by capturing essential relationships and dynamics in a mathe-
matical form. The key components of a mathematical model include variables (which represent changing quantities),
parameters (which are fixed values), and equations that describe the interactions between variables. Mathematical
models are widely used in various fields such as physics, engineering, economics, biology, and social sciences. In
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physics, they are used to describe forces and motion (e.g., Newton’s laws), while in economics, they help analyze
market behaviors or optimize resource allocation. In biology, mathematical models explain population dynamics or
the spread of diseases through epidemiological models like SIR. Environmental science uses models to predict cli-
mate change and pollution spread, while operations research applies mathematical models to optimize logistics and
production processes. Furthermore, machine learning models, which are based on mathematical algorithms, are used
in artificial intelligence for tasks such as classification, prediction, and decision-making. Ultimately, mathematical
models are essential tools for understanding, predicting, and controlling real-world systems and phenomena.

Among the various epidemiological models, the SIS and SIR models are considered the most effective and ex-
tensively studied. Dokala et al. [2]-[7] have conducted in-depth analyses on the stability of these SIR models. Sub-
sequently, Gummala et al. [10], explored the stability of the SIR epidemic model, particularly under vaccination
coverage for newborns. They also examined the dynamics of delays by incorporating time delays in the interactions
between susceptible and infected individuals (cf. [11]). The SIR model can be made more complex by incorporat-
ing several infection stages, age structure, and spatial variability, among other things. The SIRI model is one such
extension. The book “Population Biology and Criticality” covers partial immunity models, also known as Susceptible-
Infected-Recovered-Infected (SIRI) models (cf. [13]). David [1] created an epidemiological model for a community
using SIRI. The three compartments in this paradigm are identified by the letters S, I, and R: susceptible, infectious,
and removed people. This theory states that removable persons have three phases in their life cycle: infectious,
immune-mediated, and infectious again. The SIRI paradigm is applicable to certain disorders, including as herpes
and tuberculosis in humans and animals (cf. [12, 14, 15]), where recovered individuals may relapse into the infectious
class due to inadequate treatment or the reactivation of a latent infection. This type of SIRI pandemic model has been
studied by certain authors in order to comprehend the theory behind illness spread. As a result, a large number of
mathematicians and scientists started focusing on SIRI epidemic models to better understand disease transmission.
Time delays were introduced to account for various factors influencing how the disease spreads within the population.
Emandi et al. [8] explored the stability of the SIRI epidemic model with the reintroduction of susceptibles, assuming
a constant population, and applied analytical methods. They also examined the delay dynamics of the same model,
incorporating time delays in the interactions between susceptible and infected individuals, and found that an increase
in the transmission rate leads to system instability (cf. [9]). The term “time delay” in epidemic models describes the
incorporation of lags or delays in the transitions between the model’s various compartments. Individuals are some-
times classified into several categories or compartments in compartmental epidemic models according to their disease
status, such as susceptible (S ), infected (I), and recovered (R). Time delays in the susceptible population are included
in mathematical models of infectious illness dissemination to better represent the dynamics of disease transmission.
The concept of time delay in the susceptible population refers to the time it takes for susceptible individuals to tran-
sition into the infectious compartment after exposure to the infectious agent. This enables the model to account for
the lag between exposure and infectiousness, which can have implications for predicting the course of an epidemic,
estimating the effectiveness of control measures, and understanding the impact of interventions such as vaccination or
quarantine. Reducing the initial spread of the disease by introducing a temporal delay for the susceptible population.
This is due to the fact that people exposed to the disease do not spread the infection right away, which lowers the rate
of transmission.

In the second section, governing equations are formed by incorporating time delay in the susceptible individuals
and by choosing suitable parameters and variables. In the third section, derived the steady state points from governing
equations. In the fourth section, discussed the local stability at endemic equilibrium point and identified the conditions
at which the system becomes stable. In the fifth section, identified the critical point where the stability of the system
switches by using Hopf bifurcation. In the sixth section, an attempt is made to ascertained the results by numerical
simulation using MATLAB. Also to observe the stability of the system with respective to transmission and additional
transaction rates numerical examples are considered and it is observed that the system becomes unstable in both the
cases of increase in the transmission rate and additional transaction rate at a fixed critical time delay parameter.

2. Basic equations of the model

Stollenwerk and Jansen [13] discussed the partial immunity models, in specific discussed (Susceptible - infected
- recovered - infected) SIRI models (cf. [13]). The SIRI epidemic model is essential for understanding how diseases
spread within populations. By categorizing individuals into susceptible, infected, recovered, and isolated groups, it
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helps predict transmission dynamics. Writing the basic equations of this model aids in analyzing disease progression,
guiding public health decisions, and optimizing control strategies for outbreaks. We considered one of such models in

which a three-compartment SIRI model with reintroduced susceptibles i.e., SIR
I

S
model in one of our paper (cf. [9])

and discussed in detail by incorporating delay in the interaction of susceptible and infected individuals. In this paper,
the same model with time delay incorporated in susceptible individuals is considered. The flowchart of the model is
presented in Figure 1 based on the model’s assumptions. The transit of people between the model compartments can
be seen in this flow chart. The description of variables and parameters that are considered in [9] are presented for
ready reference Tables 1 and 2.

Figure 1. Flowchart demonstrating how people travel across the model compartments

Variable Description
S (t) Susceptible individuals with respective to time t
I(t) Infected individuals with respective to time t
R(t) Recovered individuals with respective to time t

Table 1. Variables and its description

Parameter Description
β Rate of infection or Reinfection rate
γ Recovery rate of infected individual
α The additional rate at which recovered individuals (R) return to the susceptible (S ) class
τ Parameter for time delay
τ0 Critical time delay parameter or Bifurcation point

Table 2. Parameters and its description

Using the model assumptions, we formulated the governing equations of the model are

dS
dt
= αR − βS (t − τ)I,

dI
dt
= βS (t − τ)I − γI + βRI,

dR
dt
= γI − αR − βRI. (2.1)

3. Steady-state points

In understanding the disease dynamics, equilibrium points play a vital role. Hence, an attempt is made to identify
disease-free and endemic equilibrium points using the governing equations in (2.1). The disease-free equilibrium
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represents when no infection exists, while the endemic equilibrium shows long-term disease persistence. Analyzing
both helps guide intervention strategies and predict future outbreak trends. In this section, the equilibrium points,
namely a disease-free equilibrium point, and endemic equilibrium point are determined by solving the equations in
(2.1) after equating them individually to zero. i.e.,

dS
dt
= 0,

dI
dt
= 0,

dR
dt
= 0.

The equilibrium points are as follows:

E1 : Disease free equilibrium point is

E1(S ∗, I∗,R∗) = (N, 0, 0). (3.1)

E2 : Endemic equilibrium point is

E2(S ∗, I∗,R∗) =
(

α(βγN − γ2)
β(α + βN − γ)(βN − γ)

,
βN − γ
β

,
βγN − γ2

β(α + βN − γ)

)
. (3.2)

Here, the basic reproduction rate of the system (2.1) is identified as R0 =
βN
γ

. Also it is observed that if R0 > 1, the
endemic equilibrium point exist and if R0 < 1 the system has no feasible solution.

4. Stability at equilibrium points

To predict long term disease behavior in epidemic models, the stability at endemic equilibrium point is essential.
Stability analysis helps to determine whether the disease will persist or decline. The analysis guides effective public
health interventions and strategies to control and manage ongoing disease spread in populations. In this section, we
prove that the system is asymptotically stable at the endemic equilibrium point E2 subject to the condition stated in the
following theorem. Stability is studied even when time delay is introduced in the susceptible individuals and identified
the point at which the system becomes unstable to stable using Hopf bifurcation.

Theorem 4.1. The system (2.1) is locally asymptotically stable at endemic equilibrium point E2(S ∗, I∗,R∗).

Proof. Let us represents the equations in (2.1) individually as g1, g2, g3. That is

g1 = αR − βS (t − τ)I,

g2 = βS (t − τ)I − γI + βRI,

g3 = γI − αR − βRI. (4.1)

The Jocobian matrix for the above system (4.1) is

J =



∂g1

∂S
∂g1

∂I
∂g1

∂R
∂g2

∂S
∂g2

∂I
∂g2

∂R
∂g3

∂S
∂g3

∂I
∂g3

∂R


.

Hence,

J =

−βe−λτI −βS α
βe−λτI βS − γ + βR βI

0 γ − βR −α − βI

 .
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The Jacobean matrix for the system (4.1) at endemic equilibrium point E2(S ∗, I∗,R∗) is

J =

−βe−λτI∗ −βS ∗ α
βe−λτI∗ βS ∗ − γ + βR∗ βI∗

0 γ − βR∗ −α − βI∗

 . (4.2)

The characteristic equation of (4.2) with λ as a parameter is given by

|J − λI| = 0

λ3 + λ2(γ + α + β(I∗ − (S ∗ + R∗))) + λ(αγ − βα(S ∗ + R∗) − β2S ∗I∗)

+e−λτ[λ2(βI∗) + λ(βγI∗ + αβI∗ + β2I∗(I∗ − (S ∗ + R∗)) + β2S ∗I∗)] = 0

i.e.,
φ(λ, τ) = λ3 + u1λ

2 + u2λ + e−λτ(v1λ
2 + v2λ) = 0, (4.3)

where
u1 = γ + α + β(I∗ − (S ∗ + R∗)),

u2 = αγ − βα(S ∗ + R∗) − β2S ∗I∗,

v1 = βI∗,

v2 = βγI∗ + αβI∗ + β2I∗(I∗ − (S ∗ + R∗)) + β2S ∗I∗.

To find the condition for existence of negative real roots of (4.3),

Case (i): For τ = 0, the equation (4.3) becomes

φ(λ, 0) = λ[λ2 + λ(γ + α + βI∗ + β(I∗ − (S ∗ + R∗))) + (αγ + βγI∗ + αβ(I∗ − (S ∗ + R∗))
+β2I∗(I∗ − (S ∗ + R∗)))]

= 0 (4.4)

which gives that
λ = 0

or

λ2 + λ(γ + α + βI∗ + β(I∗ − (S ∗ + R∗))) + (αγ + βγI∗ + αβ(I∗ − (S ∗ + R∗)) + β2I∗(I∗ − (S ∗ + R∗))) = 0. (4.5)

Thus, one of the roots of (4.4) is zero and the system is stable if equation (4.5) possesses negative real roots. Here

−(γ + α + βI∗ + β(I∗ − (S ∗ + R∗)))
1

< 0 if 2I∗ > N and

αγ + βγI∗ + αβ(I∗ − (S ∗ + R∗)) + β2I∗(I∗ − (S ∗ + R∗))
1

> 0 if 2I∗ > N.

Therefore, the system (2.1) is locally asymptotically stable at endemic equilibrium point E2(S ∗, I∗,R∗), if 2I∗ > N.

Case (ii): For τ > 0, there exists a positive τ0 such that the equation (4.3) has pair of purely imaginary roots, and can
be taken as ±iω , ω > 0.

Since equation (4.3) is a transcendental equation, Routh-Hurwitz criterion cannot be applied to find the roots of the
equation. So, by Rouche’s theorem, the transcendental equation shall have positive real part only, when the equation
has purely imaginary roots.

Let λ = ±iω be a purely imaginary roots of the equation (4.3). Then (4.3) becomes

(iω)3 + u1(iω)2 + u2(iω) + e−iωτ(v1(iω)2 + v2(iω)) = 0,

(−ω2u1 − v1ω
2 cos(ωτ) + v2ω sin(ωτ)) + i(−ω3 + ωu2 + v2ω cos(ωτ) + v1ω

2 sin(ωτ)) = 0.
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Separating real and imaginary parts we get the following two equations

v2ω sin(ωτ) − v1ω
2 cos(ωτ) = ω2u1, (4.6)

v2ω cos(ωτ) + v1ω
2 sin(ωτ) = ω3 − ωu2. (4.7)

On adding, the equations (4.6) and (4.7) after squaring, we get

(v1ω
2)2 + (v2ω)2 = (ω2u1)2 + (ω3 − ωu2)2 (4.8)

i.e.,
ω6 + ω4(u2

1 − 2u2 − v2
1) + ω2(u2

2 − v2
2) = 0.

Let
ψ(t) = t3 + t2M1 + tM2 = 0,

where
M1 = u2

1 − 2u2 − v2
1,M2 = u2

2 − v2
2, t = ω

2. (4.9)

Therefore ψ(t) = 0.
If we assume that M1 > 0,M2 > 0 then equation (4.9) have no positive real roots.
Therefore the equation (4.9) admits negative real roots. Hence, we can derive the conditions for existences of

stability at endemic equilibrium point.

Theorem 4.2. The system is locally asymptotically stable for all τ, at endemic equilibrium E2 if following conditions
hold:

(i) R0 > 1, (ii) (u1 + v1) > 0, (u2 + v2) > 0, (iii) M1 > 0,M2 > 0.

Proof. Let any one of M1,M2 is negative then equation (4.9) has a positive root ω0. From the equation (4.6) and (4.7)
and by Cramer’s rule, we have

cos(ωτ) =

∣∣∣∣∣∣ ω2u1 v2ω
ω3 − ωu2 v1ω

2

∣∣∣∣∣∣∣∣∣∣∣∣−v1ω
2 v2ω

v2ω v1ω
2

∣∣∣∣∣∣
,

i.e.,

cos(ωτ) =
ω4(v2 − u1v1) − ω2u2v2

v2
1ω

4 + v2
2ω

2

or

τk =
1
ω0

cos−1
ω2

0(v2 − u1v1) − u2v2

v2
1ω

2
0 + v2

2

 + 2kπ
ω0

,

where k = 0, 1, 2, 3, . . ..

5. Hopf-bifurcation

A critical point where the system stability switches, and periodic solution arise is called Hopf-bifurcation. Bifur-
cation analysis helps identifing critical thresholds where disease dynamics change drastically. The Hopf-bifurcation
method allows us to figure out when the disease shifts from persistence to eradication, guiding the development of ef-
fective control strategies and interventions. Generally, the system losses its stability i.e., the system becomes unstable
due to unbounded periodic oscillations arise at this critical point. Hopf-bifurcation takes place when a pair of com-
plex conjugate eigen values cross the imaginary axis around the equilibrium points. Hopf-bifurcation exists for the
system when it is characterized by the system of ordinary differential equations. The following theorem establishes
the existence of Hopf-bifurcation for the three-dimensional system with time delay.
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Theorem 5.1. If R0 > 1 there exist a positive τ0 such that the following results hold

(i) If 0 < τ < τ0, the system of equations (2.1) is locally asymptotically stable at endemic equilibrium point E2.

(ii) The system (2.1) exhibits a Hopf-bifurcation if τ > τ0.

Proof. To obtain Hopf-bifurcation, we need to check the transversal condition for the existence of complex eigen
value at τ = τ0. i.e., the real part of λ(τ) become positive when τ > τ0. At this stage, the stable state become unstable.
That is the system exhibits Hopf-bifurcation when τ crosses the critical value τ0.

Differentiating (4.3) with respect to τ, we get

3λ2 dλ
dτ
+ 2u1λ

dλ
dτ
+ u2

dλ
dτ
+ e−λτ(2v1λ

dλ
dτ
+ v2

dλ
dτ

) + (v1λ
2 + v2λ)(−λ − τ

dλ
dτ

)e−λτ = 0,

i.e.,
dλ
dτ

[3λ2 + 2u1λ + u2 + e−λτ(2v1λ + v2) − (v1λ
2 + v2λ)τe−λτ] = (v1λ

2 + v2λ)λe−λτ

or (
dλ
dτ

)−1

=
[3λ2 + 2u1λ + u2 + e−λτ(2v1λ + v2) − (v1λ

2 + v2λ)τe−λτ]
(v1λ2 + v2λ)λe−λτ

,(
dλ
dτ

)−1

=
[3λ2 + 2u1λ + u2]
(v1λ2 + v2λ)λe−λτ

+
(2v1λ + v2)

(v1λ2 + v2λ)λ
−
τ

λ
,(

dλ
dτ

)−1

=
[3λ2 + 2u1λ + u2]
−λ(λ3 + u1λ2 + u2λ)

+
(2v1λ + v2)

(v1λ2 + v2λ)λ
−
τ

λ
,

λ = iω0,(
dλ
dτ

)−1

=
1
ω0

 [−3ω2
0 + 2iu1ω0 + u2]

(−ω3
0 + u2ω0 + iu1ω

2
0)
+

(2iv1ω0 + v2)
(−v2ω0 − iv1ω

2
0)
+ iτ

 ,(
dλ
dτ

)−1

=
1
ω0

 (−3ω2
0 + 2iu1ω0 + u2)(−ω3

0 + u2ω0 − iu1ω
2
0)

(−ω3
0 + u2ω0)2 + (u1ω

2
0)2

+
(2iv1ω0 + v2)(−v2ω0 + iv1ω

2
0)

(v2ω0)2 + (v1ω
2
0)2

+ iτ
 .

Now, real part of(
dλ
dτ

)−1

=
1
ω0

 (−3ω2
0 + u2)(−ω3

0 + u2ω0) + 2u1ω0(u1ω
2
0)

(−ω3
0 + u2ω0)2 + (u1ω

2
0)2

+
(−v2

2ω0 + 2v1ω0(v1ω
2
0))

(v2ω0)2 + (v1ω
2
0)2

 ,
i.e.,

(v1ω
2
0)2 + (v2ω0)2 = (ω2

0u1)2 + (−ω3
0 + ω0u2)2.

Which imply real part of (
dλ
dτ

)−1

=
1
ω0

3ω5
0 + ω

3
0(2u2

1 − u2 − 3u2 − 2v2
1) + (u2

2 − v2
2)ω0

(v2ω0)2 + (v1ω
2
0)2

 ,
i.e.,

Re
(

dλ
dτ

)−1

=

3ω4
0 + ω

2
0(2u2

1 − 4u2 − 2v2
1) + (u2

2 − v2
2)

(v2ω0)2 + (v1ω
2
0)2


or[

d
dτ

Re(λ)
]
=

Re
(

dλ
dτ

)−1
λ=iω0

=

3ω4
0 + ω

2
0(2u2

1 − 4u2 − 2v2
1) + (u2

2 − v2
2)

(v2ω0)2 + (v1ω
2
0)2

 i f u2
1 − 2u2 − v2

1 > 0 and u2
2 − v2

2 > 0.

Then [
d
dτ

Re(λ)
]
λ=iω0

> 0.

Therefore, the transversality condition holds and Hopf-bifurcation occurs at τ = τ0. This τ0 is called critical time
delay parameter from which the system becomes unstable to stable.
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6. Numerical Simulation

Numerical simulations of the system provides visual insight into the stability at the equilibrium points. These
graphs reveal critical thresholds where disease dynamics shift, guiding interventions. By analyzing bifurcation points,
we can predict disease persistence or eradication under varying conditions. These graphs help analyze how disease
prevalence changes over time, revealing whether the disease will persist or fade. Such simulations guide decision-
making in public health interventions and outbreak management.

In this section, numerical simulation for different sets of parametric values is carried out using MATLAB. Twenty
four examples (see Examples 6.1-6.24) are considered to analyse and ascertain our results. For all the examples,
fixed populations N = 60, S = 25, I = 31, R = 4 are considered. The following examples (see Examples 6.1-6.12)
illustrates the existence of the critical time delay parameter τ0 (bifurcation point) for three sets of parametric values
in which the transmission rate β, recovery rate γ varies separately or combinedly and the remaining parameters fixed
constant.

Example 6.1. For β = 0.02, γ = 0.5, α = 0.7, τ = 1.9 > τ0 = 1.82, the time series response and phase portraits
obtained through simulation, are shown in Figures 2 and 3.
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Figure 2. Demonstration of unstability of the system when τ = 1.9 >
τ0 = 1.82 in support of Theorem 5.1 by frequency response
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Figure 3. Demonstration of unstability of the system when τ = 1.9 >
τ0 = 1.82 in support of Theorem 5.1 by phase portraits

Example 6.2. For β = 0.02, γ = 0.5, α = 0.7, τ = 1.85 > τ0 = 1.82, the time series response and phase portraits
obtained through simulation, are shown in Figures 4 and 5.
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Figure 4. Demonstration of unstability of the system when τ = 1.85 >
τ0 = 1.82 in support of Theorem 5.1 by frequency response
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Figure 5. Demonstration of unstability of the system when τ = 1.85 >
τ0 = 1.82 in support of Theorem 5.1 by phase portraits
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Example 6.3. For β = 0.02, γ = 0.5, α = 0.7, the time series response and phase portraits obtained through
simulation, are shown in Figures 6 and 7.
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Figure 6. Demonstration of critical time delay parameter τ0 = 1.82 in
support of Theorem 5.1 by frequency response
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Figure 7. Demonstration of critical time delay parameter τ0 = 1.82 in
support of Theorem 5.1 by phase portraits

Example 6.4. For β = 0.02, γ = 0.5, α = 0.7, τ = 1.8 < τ0 = 1.82, the time series response and phase portraits
obtained through simulation, are shown in Figures 8 and 9.
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Figure 8. Demonstration of stability of the system when τ = 1.8 < τ0 =

1.82 in support of Theorem 5.1 by frequency response

4

50

6

8

30

10

re
m

o
v
a
b
le

 p
o
p
u
la

ti
o
n

40

12

20

infected population

14

susceptible population

16

1030
0

20 -10

Figure 9. Demonstration of stability of the system when τ = 1.8 < τ0 =

1.82 in support of Theorem 5.1 by phase portraits

In this case, the system converges to the fixed equilibrium point E(12,35,13) at τ = 1.8 < τ0 = 1.82 and hence
asymptotically stable. Thus, the Examples 6.1-6.4, illustrates the existence of the critical time delay parameter τ0 and
it is identified as 1.82.
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Example 6.5. For β = 0.018, γ = 0.3, α = 0.7, τ = 1.9 > τ0 = 1.78, the time series response and phase portraits
obtained through simulation, are shown in Figures 10 and 11.
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Figure 10. Demonstration of unstability of the system when τ = 1.9 >
τ0 = 1.78 in support of Theorem 5.1 by frequency response
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Figure 11. Demonstration of unstability of the system when τ = 1.9 >
τ0 = 1.78 in support of Theorem 5.1 by phase portraits.

Example 6.6. For β = 0.018, γ = 0.3, α = 0.7, τ = 1.8 > τ0 = 1.78, the time series response and phase portraits
obtained through simulation, are shown in Figures 12 and 13.
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Figure 12. Demonstration of unstability of the system when τ = 1.8 >
τ0 = 1.78 in support of Theorem 5.1 by frequency response
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Figure 13. Demonstration of unstability of the system when τ = 1.8 >
τ0 = 1.78 in support of Theorem 5.1 by phase portraits

Example 6.7. For β = 0.018, γ = 0.3, α = 0.7, the time series response and phase portraits obtained through
simulation, are shown in Figures 14 and 15.
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Figure 14. Demonstration of critical time delay parameter τ0 = 1.78 in
support of Theorem 5.1 by frequency response
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Figure 15. Demonstration of critical time delay parameter τ0 = 1.78 in
support of Theorem 5.1 by phase portraits

Example 6.8. For β = 0.018, γ = 0.3, α = 0.7, τ = 1.75 < τ0 = 1.78, the time series response and phase portraits
obtained through simulation, are shown in Figures 16 and 17.
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Figure 16. Demonstration of stability of the system when τ = 1.75 <
τ0 = 1.78 in support of Theorem 5.1 by frequency response.
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Figure 17. Demonstration of stability of the system when τ = 1.75 <
τ0 = 1.78 in support of Theorem 5.1 by phase portraits

From Figures 16 and 17, observe that the system converges to the fixed equilibrium point E(8,43,9) at τ = 1.75 <
τ0 = 1.78 and hence asymptotically stable. Thus, the Examples 6.5-6.8, illustrates the existence of the critical time
delay parameter τ0 and it is identified as 1.78.

Example 6.9. For β = 0.02, γ = 0.3, α = 0.7, τ = 1.78 > τ0 = 1.57, the time series response and phase portraits
obtained through simulation, are shown in Figures 18 and 19.
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Figure 18. Demonstration of unstability of the system when τ = 1.78 >
τ0 = 1.57 in support of Theorem 5.1 by frequency response
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Figure 19. Demonstration of unstability of the system when τ = 1.78 >
τ0 = 1.57 in support of Theorem 5.1 by phase portraits

Example 6.10. For β = 0.02, γ = 0.3, α = 0.7, τ = 1.62 > τ0 = 1.57, the time series response and phase portraits
obtained through simulation, are shown in Figures 20 and 21.
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Figure 20. Demonstration of unstability of the system when τ = 1.62 >
τ0 = 1.57 in support of Theorem 5.1 by frequency response
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Figure 21. Demonstration of unstability of the system when τ = 1.62 >
τ0 = 1.57 in support of Theorem 5.1 by phase portraits

Example 6.11. For β = 0.02, γ = 0.3, α = 0.7, the time series response and phase portraits obtained through
simulation, are shown in Figures 22 and 23.
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Figure 22. Demonstration of critical time delay parameter τ0 = 1.57 in
support of Theorem 5.1 by frequency response
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Figure 23. Demonstration of critical time delay parameter τ0 = 1.57 in
support of Theorem 5.1 by phase portraits

Example 6.12. For β = 0.02, γ = 0.3, α = 0.7, τ = 1.5 < τ0 = 1.57, the time series response and phase portraits
obtained through simulation, are shown in Figures 24 and 25.
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Figure 24. Demonstration of stability of the system when τ = 1.5 <
τ0 = 1.57 in support of Theorem 5.1 by frequency response
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Figure 25. Demonstration of stability of the system when τ = 1.5 <
τ0 = 1.57 in support of Theorem 5.1 by phase portraits

From Figures 24 and 25, observe that the system converges to the fixed equilibrium point E(7,45,8) at τ = 1.5 <
τ0 = 1.57 and hence asymptotically stable. Thus, the Examples 6.9-6.12, illustrates the existence of the critical time
delay parameter τ0 and it is identified as 1.57.

The parametric values and the corresponding critical time delay parameters (bifurcation points) are tabulated in
the Table 3.

S. No. Example Parametric Values Critical Bifurcation Parameter (τ0)
1 6.1-6.4 β = 0.02, γ = 0.5, α = 0.7 τ0 = 1.82
2 6.5-6.8 β = 0.018, γ = 0.3, α = 0.7 τ0 = 1.78
3 6.9-6.12 β = 0.02, γ = 0.3, α = 0.7 τ0 = 1.57

Table 3. Critical time delay parameters for different sets of parametric values
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For the above three sets of parametric values, the critical time delay parameter τ0 evaluated theoretically and it
is observed that the obtained values are closure to the values obtained graphically. The corresponding values are
tabulated in the Table 4.

Parameters β = 0.02, γ = 0.5, α = 0.7 β = 0.018, γ = 0.3, α = 0.7 β = 0.02, γ = 0.3, α = 0.7
u1 1.4 1.468 1.6
u2 -0.168 -0.115656 -0.126
v1 0.7 0.774 0.9
v2 1.148 1.247688 1.4512
N1 1.806 1.78726 2.002
N2 -1.28968 -1.54335 -2.089525
ω0 0.74 0.8 0.872

τ0 (Theoretical) 1.87 2.01 1.34
τ0 (Graphical) 1.82 1.78 1.57

Table 4. Comparison of theoretical and graphical values of critical time delay parameter τ0

In the following examples (see Examples 6.13 and 6.14), considered two sets of parametric values in which the
transmission rate β is varied to ascertain the unstability of the system at fixed critical time delay parameter τ0.

Example 6.13. For β = 0.018, γ = 0.5, α = 0.05, the time series response and phase portraits obtained through
simulation, are shown in Figures 26 and 27.
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Figure 26. Demonstration of how β influences the stability of the system
when β = 0.018 at critical time delay parameter τ0 = 2.49 by frequency
response.
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Figure 27. Demonstration of how β influences the stability of the system
when β = 0.018 at critical time delay paramter τ0 = 2.49 by phase
portraits.

Example 6.14. For β = 0.019, γ = 0.5, α = 0.05, τ0 = 2.49, the time series response and phase portraits obtained
through simulation, are shown in Figures 28 and 29.
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Figure 28. Demonstration of how β influences the stability of the system
when β = 0.019 at critical time delay parameter τ0 = 2.49 by frequency
response
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Figure 29. Demonstration of how β influences the stability of the system
when β = 0.019 at critical time delay parameter τ0 = 2.49 by phase
portraits

Example 6.15. For β = 0.02, γ = 0.5, α = 0.05, τ0 = 2.49, the time series response and phase portraits obtained
through simulation, are shown in Figures 30 and 31.
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Figure 30. Demonstration of how β influences the stability of the system
when β = 0.02 at critical time delay parameter τ0 = 2.49 by frequency
response.
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Figure 31. Demonstration of how β influences the stability of the system
when β = 0.02 at critical time delay parameter τ0 = 2.49 by phase
portraits.

From the Examples 6.13-6.15, it is observed that when the transmission rate (β) is increased at critical time delay
parameter τ0 = 2.49, the system becomes unstable.

Example 6.16. For β = 0.015, γ = 0.3, α = 0.7, the time series response and phase portraits obtained through
simulation, are shown in Figures 32 and 33.
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Figure 32. Demonstration of how β influences the stability of the system
when β = 0.015 at critical time delay parameter τ0 = 2.2 by frequency
response
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Figure 33. Demonstration of how β influences the stability of the system
when β = 0.015 at critical time delay parameter τ0 = 2.2 by phase
portraits

Example 6.17. For β = 0.016, γ = 0.3, α = 0.7, τ0 = 2.2, the time series response and phase portraits obtained
through simulation, are shown in Figures 34 and 35.
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Figure 34. Demonstration of how β influences the stability of the system
when β = 0.016 at critical time delay parameter τ0 = 2.2 by frequency
response
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Figure 35. Demonstration of how β influences the stability of the system
when β = 0.016 at critical time delay parameter τ0 = 2.2 by phase
portraits

Example 6.18. For β = 0.017, γ = 0.3, α = 0.7, τ0 = 2.2, the time series response and phase portraits obtained
through simulation, are shown in Figures 36 and 37.
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Figure 36. Demonstration of how β influences the stability of the system
when β = 0.017 at critical time delay parameter τ0 = 2.2 by frequency
response
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Figure 37. Demonstration of how β influences the stability of the system
when β = 0.017 at critical time delay parameter τ0 = 2.2 by phase
portraits

From the Examples 6.16-6.18, it is observed that when the transmission rate (β) is increased at critical time delay
parameter τ0 = 2.2, the system becomes unstable.

The parametric values and the corresponding transmission rate (β) are tabulated in the Table 5.

S. No. Example Parametric Values β Observation
1 6.13 γ = 0.5, α = 0.05, τ0 = 2.49 0.018 τ0 = 2.49
2 6.14 γ = 0.5, α = 0.05, τ0 = 2.49 0.019 unstable
3 6.15 γ = 0.5, α = 0.05, τ0 = 2.49 0.02 unstable
4 6.16 γ = 0.3, α = 0.7, τ0 = 2.2 0.015 τ0 = 2.2
5 6.17 γ = 0.3, α = 0.7, τ0 = 2.2 0.016 unstable
6 6.18 γ = 0.3, α = 0.7, τ0 = 2.2 0.017 unstable

Table 5. Table displaying the impact of the transmission rate β on the delay

Two sets of parametric values is considered in which the additional transaction rate α is varied to ascertain the
unstability of the system at fixed critical time delay parameter τ0 in the Examples 6.19-6.24.

Example 6.19. For β = 0.02, γ = 0.5, α = 0.3, the time series response and phase portraits obtained through
simulation, are shown in Figures 38 and 39.
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Figure 38. Demonstration of how α influences the stability of the system
when α = 0.3 at critical time delay parameter τ0 = 1.92 by frequency
response
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Figure 39. Demonstration of how α influences the stability of the sys-
tem when α = 0.3 at critical time delay parameter τ0 = 1.92 by phase
portraits
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Example 6.20. For β = 0.02, γ = 0.5, α = 0.5, τ0 = 1.92, the time series response and phase portraits obtained
through simulation, are shown in Figures 40 and 41.
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Figure 40. Demonstration of how α influences the stability of the system
when α = 0.5 at critical time delay parameter τ0 = 1.92 by frequency
response
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Figure 41. Demonstration of how α influences the stability of the sys-
tem when α = 0.5 at critical time delay parameter τ0 = 1.92 by phase
portraits

Example 6.21. For β = 0.02, γ = 0.5, α = 0.7, τ0 = 1.92, the time series response and phase portraits obtained
through simulation, are shown in Figures 42 and 43.
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Figure 42. Demonstration of how α influences the stability of the system
when α = 0.7 at critical time delay parameter τ0 = 1.92 by frequency
response
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Figure 43. Demonstration of how α influences the stability of the sys-
tem when α = 0.7 at critical time delay parameter τ0 = 1.92 by phase
portraits

In Examples 6.19 to 6.21, it is observed that as the additional transition rate α increases at the critical time delay
parameter τ0 = 1.92, the system becomes unstable.
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Example 6.22. For β = 0.018, γ = 0.3, α = 0.05, the time series response and phase portraits obtained through
simulation, are shown in Figures 44 and 45.
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Figure 44. Demonstration of how α influences the stability of the system
when α = 0.05 at critical time delay parameter τ0 = 1.93 by frequency
response
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Figure 45. Demonstration of how α influences the stability of the system
when α = 0.05 at critical time delay parameter τ0 = 1.93 by phase
portraits

Example 6.23. For β = 0.018, γ = 0.3, α = 0.1, τ0 = 1.93, the time series response and phase portraits obtained
through simulation, are shown in Figures 46 and 47.
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Figure 46. Demonstration of how α influences the stability of the system
when α = 0.1 at critical time delay parameter τ0 = 1.93 by frequency
response.
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Figure 47. Demonstration of how α influences the stability of the sys-
tem when α = 0.1 at critical time delay parameter τ0 = 1.93 by phase
portraits.

Example 6.24. For β = 0.018, γ = 0.3, α = 0.15, τ0 = 1.93, the time series response and phase portraits obtained
through simulation, are shown in Figures 48 and 49.
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Figure 48. Demonstration of how α influences the stability of the system
when α = 0.15 at critical time delay parameter τ0 = 1.93 by frequency
response.
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Figure 49. Demonstration of how α influences the stability of the system
when α = 0.15 at critical time delay parameter τ0 = 1.93 by phase
portraits

In Examples 6.22-6.24, it is observed that as the additional transition rate α increases at the critical time delay
parameter τ0 = 1.93, the system becomes unstable.

The parametric values and the corresponding to the additional transaction rate (α) is increases are tabulated in the
Table 6.

S. No. Example Parametric Values α Observation
1 6.19 β = 0.02, γ = 0.5, τ0 = 1.92 0.3 τ0 = 1.92
2 6.20 β = 0.02, γ = 0.5, τ0 = 1.92 0.5 unstable
3 6.21 β = 0.02, γ = 0.5, τ0 = 1.92 0.7 unstable
4 6.22 β = 0.018, γ = 0.3, τ0 = 1.93 0.05 τ0 = 1.93
5 6.23 β = 0.018, γ = 0.3, τ0 = 1.93 0.1 unstable
6 6.24 β = 0.018, γ = 0.3, τ0 = 1.93 0.15 unstable

Table 6. Table illustrating the impact of the additional transition rate α on the delay

7. Results and conclusions

A three-compartment SIRI epidemic model with reintroduced susceptibles (i.e., SIR
I

S
) under incorporated time

delay on susceptible individuals is considered. It is observed that the model admits a disease free equilibrium point
if the basic reproductive rate is less than one. Also the system admits an endemic equilibrium point, if the basic
reproductive rate is greater than one and from Theorem 4.1 the system is locally asymptotically stable if 2I∗ > N.
Numerical simulation is carried out by considering twenty four examples to support the results using MATLAB.
Obtained bifurcation points for three different sets of parametric values subject to variation in the transmission rate
β and recovery rate γ and the remaining parameters fixed constant. Also considered two sets of parametric values to
observe the effect of transmission rate β on delay and observed that when the transmission rate β is varied the system
is becoming unstable at fixed critical time delay parameter τ0. Further, considered two sets of parametric values to
observe the effect of additional transaction rate α on delay and observed that when the additional transaction rate α is
varied the system is becoming unstable at fixed critical time delay parameter τ0.
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