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Abstract
In this paper, we examine two parametric kinds of Apostol-Bernoulli, Apostol-Euler, and Apostol- Gennochi polynomials, which
are generalizations of the classical Bernoulli, Euler, and Genocchi polynomials, and the second type, unified Apostol-Bernoulli
type polynomials. Later, inspired by these studies, we give some polynomial expressions. We obtain some general forms of the
polynomials expressed by many authors. Then, we give some theorems and results about these polynomials. Finally, we prove that
the symmetric relation holds.

Keywords: Second type parametric unified Apostol-Bernoulli type polynomials, second type unified Apostol-Bernoulli type
polynomials, second type parametric generalized Apostol-Bernoulli polynomials, second type parametric generalized
Apostol-Euler polynomials, the second type parametric generalized Apostol-Genocchi polynomials, generalized Stirling numbers
of the second kind

2020 MSC: 11B68, 11B73, 11S80

This work is licensed under a Creative Commons Attribution 4.0 International License.

1. Introduction

In this section, we examine some generalizations to the classical Bernoulli, classical Euler, and classical Genocchi
polynomials. We first focus on both classical Bernoulli, Euler, and Genocchi polynomials (cf. [6, 8, 13, 14, 20])
and type 2 Bernoulli, type 2 Euler, and type 2 Genocchi polynomials (cf. [1, 5, 12]) and then on two parametric
kinds of Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi polynomials (cf. [7, 11, 19]). Finally, we examine the
generating functions that are involved in the unification of the classical Bernoulli polynomials, Euler polynomials,
and Genocchi polynomials defined by Ozden (cf. [14, 15]).

These generalizations show us that we can obtain a more general form of the polynomials we examined in this
section. Inspired by this, in the next section, we express new polynomials and give some properties and relations
provided by these polynomials.

Definition 1.1. The classical Bernoulli polynomials Bn (x), Euler polynomials En (x), Genocchi polynomials Gn (x)
are defined by the generating functions (cf. [2, 18]):

∞∑
n=0

Bn (x)
tn

n!
=

t
et − 1

ext, (|t| < 2π)

∞∑
n=0

En (x)
tn

n!
=

2
et + 1

ext, (|t| < π)
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and
∞∑

n=0

Gn (x)
tn

n!
=

2t
et + 1

ext, (|t| < π).

Definition 1.2. Type 2 Bernoulli polynomials, type 2 Euler polynomials, and type 2 Genocchi polynomials are defined
by means of the following generating function, respectively, by (cf. [1, 5, 12]):

∞∑
m=0

B̃m (x)
tm

m!
=

t
et − e−t ext, (|t| < π)

∞∑
m=0

Ẽm (x)
tm

m!
=

2
et + e−t ext,

(
|t| <

π

2

)
and

∞∑
m=0

G̃m (x)
tm

m!
=

2t
et + e−t ext,

(
|t| <

π

2

)
.

The following relations are provided (cf. [9]):

B̃m (x) = 2m−1Bm

(
x + 1

2

)
, (m ≥ 0)

and

Ẽm (x) = 2mEm

(
x + 1

2

)
, (m ≥ 0) .

A similar relation is also available in the following relation

G̃m (x) = 2m−1Gm

(
x + 1

2

)
, (m ≥ 0) .

Definition 1.3. Two parametric kinds of Apostol-Bernoulli polynomials, Apostol-Euler and Apostol-Gennochi poly-
nomials are defined as follows (cf. [11, 19]):

∞∑
m=0

B(c)
m (r,w, λ)

tm

m!
=

t
λet − 1

ert cos wt,

∞∑
m=0

B(s)
m (r,w, λ)

tm

m!
=

t
λet − 1

ert sin wt,

∞∑
m=0

E(c)
m (r,w, λ)

tm

m!
=

2
λet + 1

ert cos wt,

∞∑
m=0

E(s)
m (r,w, λ)

tm

m!
=

2
λet + 1

ert sin wt

and
∞∑

m=0

G(c)
m (r,w, λ)

tm

m!
=

2t
λet + 1

ert cos wt,

∞∑
m=0

G(s)
m (r,w, λ)

tm

m!
=

2t
λet + 1

ert sin wt.
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Definition 1.4. Stirling numbers of the second kind S 2 (m, k) are defined as follows (cf. [10]):

∞∑
m=k

S 2 (m, k)
tm

m!
=

1
k!

(
et − 1

)k
, (k ≥ 0) .

The generalized Stirling number of the second kind S 2 (m, v, a, b, β) is defined by the following generating function
(cf. [16, 17]):

∞∑
m=0

S 2 (m, v, a, b, β)
tm

m!
=

(
βbet − ab

)v

v!
, (v ∈ N0, a, b ∈ R+, β ∈ C).

Definition 1.5. Second type generalized Apostol-Bernoulli polynomials B̃(α)
l (x, λ), second type generalized Apostol-

Euler polynomials Ẽ(α)
l (x, λ), and second type generalized Apostol-Genocchi polynomials G̃(α)

l (x, λ) are defined by
the exponential generating functions, respectively, by (cf. [3]):

∞∑
l=0

B̃(α)
l (x, λ)

tl

l!
=

( t
λet − e−t

)α
ext,

∞∑
l=0

Ẽ(α)
l (x, λ)

tl

l!
=

(
2

λet + e−t

)α
ext

and
∞∑

l=0

G̃(α)
l (x, λ)

tl

l!
=

(
2t

λet + e−t

)α
ext.

Definition 1.6. For r, w ∈ R, λ, α ∈ C, we define the second type parametric generalized Apostol-Bernoulli, Apostol-
Euler, and Apostol-Genocchi polynomials by the following generating function, respectively

∞∑
f=0

B̃(c,α)
f (r,w, λ)

t f

f !
=

( t
λet − e−t

)α
ert cos wt,

∞∑
f=0

B̃(s,α)
f (r,w, λ)

t f

f !
=

( t
λet − e−t

)α
ert sin wt,

∞∑
f=0

Ẽ(c,α)
f (r,w, λ)

t f

f !
=

(
2

λet + e−t

)α
ert cos wt,

∞∑
f=0

Ẽ(s,α)
f (r,w, λ)

t f

f !
=

(
2

λet + e−t

)α
ert sin wt

and

∞∑
f=0

G̃(c,α)
f (r,w, λ)

t f

f !
=

(
2t

λet + e−t

)α
ert cos wt,

∞∑
f=0

G̃(s,α)
f (r,w, λ)

t f

f !
=

(
2t

λet + e−t

)α
ert sin wt.
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We get

B̃(c,1)
f (x, 0, 1) = B̃ f (x),

B̃(c,1)
f (0, 0, 1) = B̃ f ,

Ẽ(c,1)
f (x, 0, 1) = Ẽ f (x),

Ẽ(c,1)
f (0, 0, 1) = Ẽ f ,

G̃(c,1)
f (x, 0, 1) = G̃ f (x) ,

G̃(c,1)
f (0, 0, 1) = G̃ f .

For x ∈ R, β, α ∈ C, and w ∈ N0, second type unified Apostol-Bernoulli type polynomials are defined by (cf. [4, 3]):

∞∑
i=0

R̃(α)
i,β (x; w, a, b)

ti

i!
=

(
21−wtw

βbet − abe−t

)α
ext,

(∣∣∣∣∣2t + b log
(
β

a

)∣∣∣∣∣ < 2π, a , 0, 1α := 1
)
. (1.1)

Definition 1.7. For λ ∈ R or λ ∈ C, the generalized sum of integer powers Sm (l, λ) is defined as follows (cf. [21]):

∞∑
m=0

Sm (l, λ)
tm

m!
=
λe(l+1)t − 1
λet − 1

. (1.2)

2. Main results

Inspired by the polynomials in the first part of this paper, we worked on some generalizations. Then we give
some properties, theorems, and symmetric relations of these polynomials. When we focus on the special cases of the
polynomials we define, it is seen that they satisfy the definitions and relations given by some authors.

Definition 2.1. For p, q ∈ R, β, α ∈ C, and w ∈ N0, second type parametric unified Apostol-Bernoulli type polyno-
mials are defined by means of the generating function as follows:

∞∑
m=0

R̃(c,α)
m,β (p, q; w, a, b)

tm

m!
=

(
21−wtw

βbet − abe−t

)α
ept cos qt,

(∣∣∣∣∣2t + b log
(
β

a

)∣∣∣∣∣ < 2π, a , 0, 1α := 1
)

(2.1)

and
∞∑

m=0

R̃(s,α)
m,β (p, q; w, a, b)

tm

m!
=

(
21−wtw

βbet − abe−t

)α
ept sin qt,

(∣∣∣∣∣2t + b log
(
β

a

)∣∣∣∣∣ < 2π, a , 0, 1α := 1
)
.

Remark 2.2. In the expression (2.1), for q = 0, we have

R̃(c,α)
m,β (p, 0; w, a, b) = R̃(α)

m,β (p; w, a, b) .

Remark 2.3. In the expression (2.1), for q = 0, α = w = a = b = β = 1, we have

R̃(c,1)
m,1 (p, 0; 1, 1, 1) = B̃m (p) .

Remark 2.4. In the expression (2.1), for q = w = 0, a = −1, and β = α = b = 1, we have

R̃(c,1)
m,1 (p, 0; 0,−1, 1) = Ẽm (p) .

Remark 2.5. In the expression (2.1), for q = 0, α = w = b = 1, a = − 1
2 , β = 1

2 , we have

R̃(c,1)
m, 12

(
p, 0; 1,−

1
2
, 1

)
= G̃m (p) .
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Theorem 2.6. For f ≥ k, the following equations are provided between second type parametric unified Apostol-
Bernoulli type polynomials:

R̃(c,α)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
m f−kR̃(c,α)

k,β (p, q; w, a, b) . (2.2)

R̃(s,α)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
m f−kR̃(s,α)

k,β (p, q; w, a, b) . (2.3)

R̃(c,α)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
(p + m) f−k R̃(c,α)

k,β (0, q; w, a, b) . (2.4)

R̃(s,α)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
(p + m) f−k R̃(s,α)

k,β (0, q; w, a, b) . (2.5)

R̃(c,α1+α2)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
R̃(c,α1)

k,β (p, q; w, a, b) R̃(α2)
f−k,β (m; w, a, b) . (2.6)

R̃(s,α1+α2)
f ,β (p + m, q; w, a, b) =

f∑
k=0

(
f
k

)
R̃(s,α1)

k,β (p, q; w, a, b) R̃(α2)
f−k,β (m; w, a, b) . (2.7)

Proof. By using equation (2.1) and the definition of the exponential function,

∞∑
f=0

R̃(c,α)
f ,β (p + m, q; w, a, b)

t f

f !
=

∞∑
f=0

R̃(c,α)
f ,β (p, q; w, a, b)

t f

f !

∞∑
f=0

m f t f

f !

=

∞∑
f=0

f∑
k=0

(
f
k

)
m f−kR̃(c,α)

k,β (p, q; w, a, b)
t f

f !
.

When the coefficients are equalized, equation (2.2) is obtained. Equation (2.3) is obtained similarly.

∞∑
f=0

R̃(c,α)
f ,β (p + m, q; w, a, b)

t f

f !
=

∞∑
f=0

R̃(c,α)
f ,β (0, q; w, a, b)

t f

f !

∞∑
f=0

(p + m) f t f

f !
(2.8)

=

∞∑
f=0

f∑
k=0

(
f
k

)
(p + m) f−k R̃(c,α)

k,β (0, q; w, a, b)
t f

f !
.

Thus, by equating the coefficients of t f

f ! on both sides of equation (2.8), we obtain equation (2.4). Equation (2.5) is
obtained in a similar way as equation (2.4).

∞∑
f=0

R̃(c,α1+α2)
f ,β (p + m, q; w, a, b)

t f

f !
=

∞∑
f=0

R̃(c,α1)
f ,β (p, q; w, a, b)

t f

f !

∞∑
f=0

R̃(α2)
f ,β (m; w, a, b)

t f

f !
(2.9)

=

∞∑
f=0

f∑
k=0

(
f
k

)
R̃(c,α1)

k,β (0, q; w, a, b) R̃(α2)
f−k,β (m; w, a, b)

t f

f !
.

Finally, by comparing the coefficients of t f

f ! on the left side of equation (2.9) with the coefficients of t f

f ! on the equation
(2.10), equation (2.6) is obtained.

For equation (2.7), when equation (2.7) is processed similarly to (2.6), the desired equality is obtained.
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Theorem 2.7. For n ≥ w, the following relations are provided.

21−w n!
(n − w)!

R̃(c,α−1)
n−w,β (p, q; w, a, b) = βbR̃(c,α)

n,β (p + 1, q; w, a, b) − abR̃(c,α)
n,β (p − 1, q; w, a, b) . (2.10)

21−w n!
(n − w)!

R̃(s,α−1)
n−w,β (p, q; w, a, b) = βbR̃(s,α)

n,β (p + 1, q; w, a, b) − abR̃(s,α)
n,β (p − 1, q; w, a, b) . (2.11)

Proof. Using the definition of second type parametric unified Apostol-Bernoulli type polynomials, we have:
∞∑

m=0

R̃(c,α−1)
m,β (p, q; w, a, b)

tm

m!
=

1
21−wtw

βb
∞∑

m=0

R̃(c,α)
m,β (p + 1, q; w, a, b)

tm

m!
− ab

∞∑
m=0

R̃(c,α)
m,β (p − 1, q; w, a, b)

tm

m!

 .
Then we get,

1
21−w

∞∑
m=0

{
βbR̃(c,α)

m,β (p + 1, q; w, a, b) − abR̃(c,α)
m,β (p − 1, q; w, a, b)

} tm

m!
=

∞∑
m=0

R̃(c,α−1)
m,β (p, q; w, a, b)

tm+w

m!
. (2.12)

By putting n instead of m + w on the right side of equation (2.12),
∞∑

n=w

21−wn!
(n − w)!

R̃(c,α−1)
n−w,β (p, q; w, a, b)

tn

n!
=

∞∑
n=0

{
βbR̃(c,α)

n,β (p + 1, q; w, a, b) − abR̃(c,α)
n,β (p − 1, q; w, a, b)

} tn

n!
. (2.13)

Then equating the coefficients of tn

n! on both sides of the equation (2.13), we have (2.10). Equation (2.11) is found in
a similar way.

Corollary 2.8. By putting q = 0 in (2.10), we obtain the following relation:

βbR̃(α)
n,β (x + 1; w, a, b) − abR̃(α)

n,β (x − 1; w, a, b) = 21−w n!
(n − w)!

R̃(α−1)
n−w,β (x; w, a, b) . (2.14)

Corollary 2.9. By putting w = a = b = 1, β = λ in (2.14) or q = 0, w = a = b = 1, β = λ in (2.10), we can get the
following relation:

λB̃(α)
n,λ (x + 1, λ) − B̃(α)

n,λ (x − 1, λ) = nB̃(α−1)
n−w,λ (x, λ) .

Theorem 2.10. For v ∈ N0 and m ≥ wv, we get the following identity:

R̃(c,α−v)
m−wv,β (p, q; w, a, b) =

2(w−1)vv! (m − wv)!
m!

m∑
r=0

(
m
r

)
2rR̃(c,α)

m−r,β (p − v, q; w, a, b) S (r, v, a, b, β) (2.15)

and

R̃(s,α−v)
m−wv,β (p, q; w, a, b) =

2(w−1)vv! (m − wv)!
m!

m∑
r=0

(
m
r

)
2rR̃(s,α)

m−r,β (p − v, q; w, a, b) S (r, v, a, b, β) . (2.16)

Proof. By using the definition of second type parametric unified Apostol-Bernoulli type polynomials and the gener-
alized Stirling number of second kind, we have:

∞∑
m=0

R̃(c,α−v)
m,β (p, q; w, a, b)

tm

m!
= 2(w−1)vt−wvv!

∞∑
m=0

R̃(c,α)
m−wv,β (p − v, q; w, a, b)

tm

m!

∞∑
m=0

S (r, v, a, b, β)
2mtm

m!

we get,
∞∑

m=0

R̃(c,α−v)
m,β (p, q; w, a, b)

tm+wv

m!
=

∞∑
m=wv

R̃(c,α−v)
m−wv,β (p, q; w, a, b)

tm

(m − wv)!
(2.17)

= 2(w−1)vv!
∞∑

m=0

m∑
r=0

2r
(
m
r

)
R̃(c,α)

m−r,β (p − v, q; w, a, b) S (r, v, a, b, β)
tm

m!

=

∞∑
m=0

2(w−1)vv!
m∑

r=0

2r
(
m
r

)
R̃(c,α)

m−r,β (p − v, q; w, a, b) S (r, v, a, b, β)
tm

m!
. (2.18)
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Thus, by equating the coefficients of tm

m! on both sides of equations (2.17) and (2.18), we get the equation (2.15). It
can be seen that equation (2.16) also provides equality with a similar method.

Corollary 2.11. If q = 0 in the equation (2.15), the following equation is obtained.

R̃(α−v)
m−wv,β (x; w, a, b) =

2(w−1)vv! (m − wv)!
m!

m∑
r=0

(
m
r

)
2rR̃(α)

m−r,β (x − v; w, a, b) S (r, v, a, b, β)

 . (2.19)

Corollary 2.12. By putting w = a = b = 1, β = λ in equation (2.19), the following relation is obtained. Moreover, we
can also find the following equation by setting q = 0, w = a = b = 1 in equation (2.15).

B̃(α−v)
m−v (x, λ) =

v! (m − v)!
m!

m∑
r=0

(
m
r

)
2r B̃(α)

m−r (x − v, λ) S (r, v, 1, 1, λ) .

Theorem 2.13. The following equations are provided.

R̃(s,α1+α2)
i,β (p + m, 2q; w, a, b) = 2

i∑
r=0

(
i
r

)
R̃(s,α1)

r,β (p, q; w, a, b) R̃(c,α2)
i−r,β (m, q; w, a, b) .

R̃(s,α1+α2)
i,β (p + m, 2q; w, a, b) = 2

i∑
r=0

(
i
r

)
R̃(c,α1)

r,β (p, q; w, a, b) R̃(s,α2)
i−r,β (m, q; w, a, b) .

Proof. By applying trigonometric half-angle transformations in (2.1), we have

∞∑
i=0

R̃(s,α1+α2)
i,β (p + m, 2q; w, a, b)

ti

i!
=

(
21−wtw

βbet − abe−t

)α1+α2

e(p+m)t sin 2qt (2.20)

= 2
(

21−wtw

βbet − abe−t

)α1+α2

eptemt cos qt sin qt.

Then we get

2
∞∑

i=0

R̃(s,α1)
i,β (p, q; w, a, b)

ti

i!

∞∑
i=0

R̃(c,α2)
i,β (m, q; w, a, b)

ti

i!
= 2

∞∑
i=0

i∑
r=0

(
i
r

)
R̃(s,α1)

r,β (p, q; w, a, b) R̃(c,α2)
i−r,β (m, q; w, a, b)

ti

i!
.(2.21)

Finally, when the coefficients on the left side of (2.20) are compared with (2.21), the desired result is obtained. The
other equation is obtained in a similar way.

Theorem 2.14. The following relation is satisfied.

R̃(s,α1+α2)
i,β (p + m, q + l; w, a, b) =

i∑
r=0

(
i
r

) {
R̃(s,α1)

r,β (p, q; w, a, b) R̃(c,α2)
i−r,β (m, l; w, a, b)

+R̃(s,α1)
r,β (p, l; w, a, b) R̃(c,α2)

i−r,β (m, q; w, a, b)
}
.

R̃(s,α1+α2)
i,β (p + m, q + l; w, a, b) =

i∑
r=0

(
i
r

) {
R̃(c,α1)

r,β (p, q; w, a, b) R̃(s,α2)
i−r,β (m, l; w, a, b)

+R̃(c,α1)
r,β (p, l; w, a, b) R̃(s,α2)

i−r,β (m, q; w, a, b)
}
.
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Proof. By using trigonometric sum and difference formulas in (2.1), we get

∞∑
i=0

R̃(s,α1+α2)
i,β (p + m, q + l; w, a, b)

ti

i!
=

(
21−wtw

βbet − abe−t

)α1+α2

e(p+m)t sin(q + l)t. (2.22)

=

∞∑
i=0

i∑
r=0

(
i
r

)
R̃(s,α1)

r,β (p, q; w, a, b) R̃(c,α2)
i−r,β (m, l; w, a, b)

ti

i!

+

∞∑
i=0

i∑
r=0

(
i
r

)
R̃(s,α1)

r,β (p, l; w, a, b) R̃(c,α2)
i−r,β (m, q; w, a, b)

ti

i!

=

∞∑
i=0

i∑
r=0

(
i
r

) {
R̃(s,α1)

r,β (p, q; w, a, b) R̃(c,α2)
i−r,β (m, l; w, a, b) (2.23)

+R̃(s,α1)
r,β (p, l; w, a, b) R̃(c,α2)

i−r,β (m, q; w, a, b)
} ti

i!
.

If we compare the coefficients of equations (2.22) and (2.23), the desired result is obtained. The other equality is
obtained similarly.

Theorem 2.15. For c , d, and c, d , −1, the symmetry relation is provided.

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
ci−r (d + 1)r dr−lR̃(c,m)

i−r,β (dx; w, a, b)Sl

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b)
R̃(s,m−1)

r−l,,β (cy; w, a, b) (2.24)

=

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
di−r (c + 1)r cr−lR̃(c,m)

i−r,β (cx; w, a, b)Sl

(
d − 1 +

1 − d
1 + c

;
(
β

a

)b)
R̃(s,m−1)

r−l,β (dy; w, a, b) .

Proof. We define H(t) function that is symmetric in c and d. By using this H(t) function, equation (2.24) is obtained.

H (t) =
2(1−w)(2m−1)t2wm−wecdxt

(
βbecdt − abe−t

)
ecdyt(

βbect − abe−t)m (
βbedt − abe−t)m

1
2

sin 2qt.

First of all, we apply the following operations to prove that the H(t) function gives the left side of the equation (2.24).
By using equations (1.2) and (2.1), we get

H (t) =
1

cwmdw(m−1)

(
2w−1cwtw

βbect − abe−t

)m

ecdxt cos qt
(
βbecdt − abe−t

βbedt − abe−t

) (
2w−1dwtw

βbedt − abe−t

)m−1

ecdyt sin qt

=
1

cwmdw(m−1)

(
2w−1cwtw

βbect − abe−t

)m

ecdxt cos qt
(
βbe(cd+1)t − ab

βbe(d+1)t − ab

) (
2w−1dwtw

βbedt − abe−t

)m−1

ecdyt sin qt

=
1

cwmdw(m−1)

(
2w−1cwtw

βbect − abe−t

)m

ecdxt cos qt
βbe(c+ 1−c

1+d )(d+1)t − ab

βbe(d+1)t − ab

 ( 2w−1dwtw

βbedt − abe−t

)m−1

ecdyt sin qt.

We have,

=
1

cwmdw(m−1)

 ∞∑
i=0

R̃(c,m)
i,β (dx; w, a, b)

(ct)i

i!

  ∞∑
i=0

Si

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b) (d + 1)i ti

i!

  ∞∑
i=0

R̃(s,m−1)
i,β (cy; w, a, b)

(dt)i

i!


=

1
cwmdw(m−1)

∞∑
i=0

 i∑
r=0

(
i
r

)
ci−rR̃(c,m)

i−r,β (dx; w, a, b)
r∑

l=0

(
r
l

)
(d + 1)l dr−lSl

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b)
R̃(s,m−1)

r−l,β (cy; w, a, b)
ti

i!

 .
When similar operations are also applied on the other side and then the coefficients of the left and right sides are
equalized, the equation (2.24) is satisfied.

164
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Corollary 2.16. For all c, d,m ∈ N, i ∈ N0, and c , d, we have the following symmetry identity for the second type
parametric generalized Apostol-Bernoulli polynomials.

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
ci−r (d + 1)r dr−lB̃(c,m)

i−r (dx, λ)Sl

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b)
B̃(s,m−1)

r−l (cy, λ) (2.25)

=

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
di−r (c + 1)r cr−lB̃(c,m)

i−r (cx, λ)Sl

(
d − 1 +

1 − d
1 + c

;
(
β

a

)b)
B̃(s,m−1)

r−l (dy, λ) .

By setting w = a = b = 1 and β = λ in equation (2.24), we obtain (2.25).

Moreover, we can also obtain equation (2.25) using the definition of the second type parametric generalized
Apostol-Bernoulli polynomials.

Corollary 2.17. For all c, d,m ∈ N, i ∈ N0, and c , d, we have the following symmetry identity for the second type
parametric generalized Apostol-Euler polynomials.

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
ci−r (d + 1)r dr−lẼ(c,m)

i−r (dx, λ)Sl

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b)
Ẽ(s,m−1)

r−l (cy, λ) (2.26)

=

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
di−r (c + 1)r cr−lẼ(c,m)

i−r (cx, λ)Sl

(
d − 1 +

1 − d
1 + c

;
(
β

a

)b)
Ẽ(s,m−1)

r−l (dy, λ) .

By setting w = 0, −a = b = 1 and β = λ in equation (2.24), we obtain (2.26).

Moreover, we can also obtain equation (2.26) using the definition of the second type parametric generalized
Apostol-Euler polynomials.

Corollary 2.18. For all c, d,m ∈ N, i ∈ N0, and c , d, we have the following symmetry identity for the second type
parametric generalized Apostol-Genocchi polynomials.

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
ci−r (d + 1)r dr−lG̃(c,m)

i−r (dx, λ)Sl

(
c − 1 +

1 − c
1 + d

;
(
β

a

)b)
G̃(s,m−1)

r−l (cy, λ) (2.27)

=

i∑
r=0

r∑
l=0

(
r
l

)(
i
r

)
di−r (c + 1)r cr−lG̃(c,m)

i−r (cx, λ)Sl

(
d − 1 +

1 − d
1 + c

;
(
β

a

)b)
G̃(s,m−1)

r−l (dy, λ) .

By setting w = 1, a = − 1
2 , b = 1, β = λ2 in (2.24), we obtain (2.27).

Moreover, we can also obtain equation (2.27) using the definition of the second type parametric generalized
Apostol-Genocchi polynomials.

3. Conclusion

Researchers in many different fields of study use generating functions, trigonometric functions, and many polyno-
mial families in their work. We reviewed the work done by some researchers so far.

In light of these studies, we defined new polynomials. Then, we gave some equations, theorems, symmetry
relations, and results provided by these polynomials. Finally, the results of this paper can be used in analytic number
theory, physics, engineering, and other related fields.
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