Montes Taurus J. Pure Appl. Math. 7 (1), 157-166, 2025

Montes Taurus Journal of Pure and Applied Mathematics MTJPAM

ISSN: 2687-4814
https:/ fwww.mtjpamjournal.com

A note on parametric Apostol-Bernoulli type polynomials

a

Secil I¢iuyan

“Department of Computer Programming, Anadolu Bil Vocational School, Istanbul Aydin University, Turkey

Abstract

In this paper, we examine two parametric kinds of Apostol-Bernoulli, Apostol-Euler, and Apostol- Gennochi polynomials, which
are generalizations of the classical Bernoulli, Euler, and Genocchi polynomials, and the second type, unified Apostol-Bernoulli
type polynomials. Later, inspired by these studies, we give some polynomial expressions. We obtain some general forms of the
polynomials expressed by many authors. Then, we give some theorems and results about these polynomials. Finally, we prove that
the symmetric relation holds.
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1. Introduction

In this section, we examine some generalizations to the classical Bernoulli, classical Euler, and classical Genocchi
polynomials. We first focus on both classical Bernoulli, Euler, and Genocchi polynomials (cf. [6, 8, 13, 14, 20])
and type 2 Bernoulli, type 2 Euler, and type 2 Genocchi polynomials (¢f. [1, 5, 12]) and then on two parametric
kinds of Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi polynomials (cf. [7, 11, 19]). Finally, we examine the
generating functions that are involved in the unification of the classical Bernoulli polynomials, Euler polynomials,
and Genocchi polynomials defined by Ozden (cf. [14, 15]).

These generalizations show us that we can obtain a more general form of the polynomials we examined in this
section. Inspired by this, in the next section, we express new polynomials and give some properties and relations
provided by these polynomials.

Definition 1.1. The classical Bernoulli polynomials B, (x), Euler polynomials E, (x), Genocchi polynomials G, (x)
are defined by the generating functions (cf. [2, 18]):

— " t
E B, (x) — = ——e", (i1l <2n)
gy n! e -1
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and

= " 2t
;Gn(x)a =7 W<m.

Definition 1.2. Type 2 Bernoulli polynomials, type 2 Euler polynomials, and type 2 Genocchi polynomials are defined
by means of the following generating function, respectively, by (cf. [1, 5, 12]):

o m t
D B = o (<)

m=0 m! 1

0 B tm 2

Santi- e (1)
m! o + ot 5

m=0

and
' G ” 2, x
mzon(X)%— e’+e‘fe y (|t|<§)

The following relations are provided (cf. [9]):

Bm(x)=2mle(x;1), (m > 0)
and

E,,,(x):szm(“l), (m > 0).
A similar relation is also available in the following relation

G’m(X)=2m‘1Gm(x;]), (m=0).

Definition 1.3. Two parametric kinds of Apostol-Bernoulli polynomials, Apostol-Euler and Apostol-Gennochi poly-
nomials are defined as follows (cf. [11, 19]):

i B9 (r,w, 1) L. ;e” cos wt
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Definition 1.4. Stirling numbers of the second kind S, (m, k) are defined as follows (cf. [10]):
N mo1 k
Zsz(m,k)— = —(e - 1) , (k=0).
— m! k!

The generalized Stirling number of the second kind S, (m, v, a, b, 8) is defined by the following generating function
(cf. [16, 17]):

) m (ﬁbet _ ab)

ZSz(m,v,a,b,ﬁ) =—"" (veNy, a, beRY, e ).

m=0

m! v!

Definition 1.5. Second type generalized Apostol-Bernoulli polynomials E’;{’) (x, 4), second type generalized Apostol-

Euler polynomials El(”) (x, 4), and second type generalized Apostol-Genocchi polynomials G~§a) (x, A) are defined by
the exponential generating functions, respectively, by (cf. [3]):

and

Definition 1.6. For r, w € R, A, @ € C, we define the second type parametric generalized Apostol-Bernoulli, Apostol-
Euler, and Apostol-Genocchi polynomials by the following generating function, respectively

b N(c,(l) lf _ t . rt
ZB rw, ) — = —— | e coswt,
e f f! Ae! —e™?
) » [f t a
Z B (w )= = (— e’ sinwt
f B ) f' }.et — e—t ’
£=0
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=0
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=0
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© t 20 \*
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We get
B}‘*”(x,o,l) = By,
ByY0,0,1) = By,
E(f"l)(xO ) = Esx),
E(“’(O()l) = Ey,

G(“D(x01) = Gr(),
A(e,1)
Ge0,0,1) = Gy

For x € R, B, @ € C, and w € Ny, second type unified Apostol-Bernoulli type polynomials are defined by (cf. [4, 3]):

i 2l—wtw a
ZR(") (x:w, a, b) IR (’2t+ blog (é)
ﬁbef — ab -t a

Definition 1.7. For A € R or A € C, the generalized sum of integer powers S,, (I, ) is defined as follows (cf. [21]):

<21 a0, 1° :=1). (1.1)

m (I+1)t 1
Zs a, A)—:L. (1.2)

m=0 1

2. Main results

Inspired by the polynomials in the first part of this paper, we worked on some generalizations. Then we give
some properties, theorems, and symmetric relations of these polynomials. When we focus on the special cases of the
polynomials we define, it is seen that they satisfy the definitions and relations given by some authors.

Definition 2.1. For p, ¢ € R, B, @ € C, and w € Ny, second type parametric unified Apostol-Bernoulli type polyno-
mials are defined by means of the generating function as follows:

ks l-wyw @ ]
R(° C')( ,qsw, a, b) —— | e”cosgqt, 2t+Dblog|=| <27, a+#0, 17:=1 2.1)
p-q q g
= ﬁ”e’ —abe™! a

and

zl—wtw @
ZR(”) (r.q:w,a, b) (—) e singt, ('2t+blog(’g)

bt _ b o—t
m=0 ﬁé‘ ave

<2m a#0, 19 := 1).

Remark 2.2. In the expression (2.1), for g = 0, we have
R(‘ D (p,0;w,a,b) = R(”) (p;w,a,b).
Remark 2.3. In the expression (2.1), forg =0, =w=a=5b = =1, we have
plc.l) . _ P

Rm,l (pa07 19 19 1) - Bm (p) .
Remark 2.4. In the expression (2.1), forg=w =0,a=-1,and 8 = @ = b = 1, we have

RV (p.0:0,-1,1) = Ey, (p) .

1 1

Remark 2.5. In the expression (2.1), forq =0,a =w=>b=1,a = -3, 8 = 5, we have

" 1 ~
Ry (p,o; L-5 1) = Gu(p).
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Theorem 2.6. For f > k, the following equations are provided between second type parametric unified Apostol-
Bernoulli type polynomials:

;
R;C;) (p+m,q;w,a,b) = Z (i)mf"‘l?,(f;) (p.q;w,a,b). (2.2)
k=0
S (f
(”')(p+m q;w,a,b) = Z(k)mf (”')(p,q,w a,b). (2.3)
k=0
. L(r _
Rif;) (p+m,q;w,a,b) = Z (k) (p+my* Rf:;) 0,g;w,a,b). (2.4)
k=0
~ f f ~
R (p+m giw.ab) = Z ( k) (p+my RS (0,43 w,a,b). (2.5)
k=0
~ f f -
RES ™ (p+m,q;w,a,b) = Z(k)R;i;,‘“)(p, q;w,a,b) R2)  (m; w,a,b). (2.6)
k=0
~ f f -
RS (p+m,q;w,a,b) = Z( k)Rgf;”(p q;w,a,b) =) (m; w, a, b) 2.7

Proof. By using equation (2.1) and the definition of the exponential function,

) o © & it

R (p+m,q;w,a,b) — = R(C’“) (p,q;w,a,b) —
; 18 1! Z I Z 1!

=0 f=0
~(. t
Z Z ( )mf_kRg;) (p,q;w,a,b) —.
: 1l
=0 k=0

When the coefficients are equalized, equation (2.2) is obtained. Equation (2.3) is obtained similarly.

t f & fif
ZR““>(p+mq,wab)— - ZR“‘”(o,q,vvab)’—ZM 8)

f!
ZZ( )(p+m)f R (0.3 w,a,b) .
=0 k= It

Thus, by equating the coefficients of f on both sides of equation (2.8), we obtain equation (2.4). Equation (2.5) is
obtained in a similar way as equation (2.4).

=5} f s - z‘f > tf
Z Re@®) (4 m, g;w,a,b) 1 = Z R;C;') (p,q;w,a,b) 7 Z R(;:[ﬁ) (m;w, a,b) Il 29)
=0 =0 =0 '

o f "

J=0 k=0
Finally, by comparing the coefficients of t—f, on the left side of equation (2.9) with the coefficients of ’—f, on the equation

(2.10), equation (2.6) is obtained.
For equation (2.7), when equation (2.7) is processed similarly to (2.6), the desired equality is obtained. O
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Theorem 2.7. For n > w, the following relations are provided.

' ~(r ~
plw_ M plea- (p,q;w,a,b) = ﬁbR(L’") (p+1,q;w,a,b) - a’R (p-1,q;w,a,b). (2.10)
=) np np

2o R ) = FRED (p+ L giw,ab) - dRED (p - Lgwia ). 2.11)
(n—w)‘ n W,B p’q’ n,ﬁ p ’51’ s Uy n,ﬁ p ,l], s Uy . .

Proof. Using the definition of second type parametric unified Apostol-Bernoulli type polynomials, we have:

(ca-D " (c) o (a1 ”
ZR (p,q,w,a,b) L Wtw{ ZRlnﬁ (p+1,q;w,a, b) a ZRmﬁ (p-1,q;w,a,b) m!}'

m=0
Then we get,
1 - c,a c,a m - c,ax— e
TWEJﬂ#>w+1%wam—fﬂ>@—1%waw-7 §]< U (p.qiw.a.b) — 2.12)
By putting n instead of m + w on the right side of equation (2.12),
Rlea-D "N (bl . Y Y "
Zhwwmnwﬁ@%wam =D R 0+ Lgwab) R (p~Lgiwab) . (213)

n=0

Then equating the coefficients of 57 on both sides of the equation (2.13), we have (2.10). Equation (2.11) is found in
a similar way. O

Corollary 2.8. By putting g = 0 in (2.10), we obtain the following relation:

BRE (x+ 1;w,a,b) — "R (x = 1;w,a,b) = 21_W( )!Rt(lawl) (x;w,a,b). (2.14)
Corollary 2.9. By puttingw =a=b=1,8=21in(214)orq=0,w=a=>b =1, 8 = 2in (2.10), we can get the
following relation:
ABO (x+1,0) = B (x = 1,2) =nB". (x, ).

n-w,A

Theorem 2.10. Forv € Ny and m > wv, we get the followmg identity:

2w=1vy,) _ | &
R aow a,b) = vtm = wv) Z( )2’R(‘(’r)ﬁ(p—v q;w,a,b)S (r,v,a,b,p) (2.15)

m wv,B |
m: r=0
and

R (p.q:w.a.b) =

2001yt (m — w)! i

' ( )Z’R(mﬁ(p v,q;w,a,b)S (r,v,a,b,B). (2.16)
m!

r=0

Proof. By using the definition of second type parametric unified Apostol-Bernoulli type polynomials and the gener-
alized Stirling number of second kind, we have:

- ) " N 5(c,a mtm
Z(”%wmwm—:zmmmVZﬁgm@v%waw—ZSU”b@
m=0 m=0
we get,
o +Wwy o m
plc,a—v c,a—=vy t
ZR( ' (p, gw.a.b)—- = Z R wv>ﬁ(p q,wab)m (2.17)
(o] m ﬂl
2(w1)»vvzzzr( )~E;‘1r)ﬁ(p—v q,w,a,b)S (r,v,a, bﬁ)
m=0 r=0

m

© t
Zz(w—l)v ! 2r( )R(c i (p—v,q;w,a,b)S (r’v,a,b,ﬁ)%. (2.18)
r=0 '
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Thus, by equating the coeflicients of - on both sides of equations (2.17) and (2.18), we get the equation (2.15). It
can be seen that equation (2.16) also prov1des equality with a similar method. O

Corollary 2.11. If g = 0 in the equation (2.15), the following equation is obtained.

2001yt (m — wy)! i

m!

RE:—_V‘;)M (x;w,a,b) = { (m)Z’Rgf_)rﬁ (x—=v;w,a,b)S (r,v,a, b,ﬂ)} ) (2.19)
) ’ ’

r=0

Corollary 2.12. By puttingw = a = b = 1, B = A in equation (2.19), the following relation is obtained. Moreover, we
can also find the following equation by setting ¢ = 0, w = a = b = 1 in equation (2.15).

1 (m — ) & N

B (x, 1) = v'(m—‘v)'Z(m)szﬁ,‘;_),(x—v,ﬂ)s(r,v,l,l,ﬂ).

m: r
r=0

Theorem 2.13. The following equations are provided.

l 2
2 (r) (m‘)(p,q,w a, b)Rfcraﬁ) (m,q;w,a,b).
r=0

R (p+m,2q:w,a,b)

i

2 (:)Rf.j;"‘) (p.q;w,a,b) R (m, q; w,a,b).
r=0

REZ”‘H”) (p+m,2q;w,a,b)

Proof. By applying trigonometric half-angle transformations in (2.1), we have

o . ti 21_Wtw a)+ay
DURGT (p+m,2q; w,a,b) 5 = (ﬁ—bet - abe_t) e+ sin 2qt (2.20)
i=0 :
ZI_WIW )+ )
= (m) eP'e™ cos gt sin gt.
Then we get
i [ i o0 i . l
o AV
ZZR(””)(p q;w,a,b) — ZRE;“Z) (m,q;w,a, b) ZZ (r)RS[;‘”)(p,q;w, a, b)Rfo‘é) (m,q;w,a, b) (2 21)
i=0 i=0 i=0 r=

Finally, when the coefficients on the left side of (2.20) are compared with (2.21), the desired result is obtained. The
other equation is obtained in a similar way. O

Theorem 2.14. The following relation is satisfied.
i .
i P\ (= =
R (p+mg+lwab) = ) (r) {RS™) (p, g3 w,a, b) RS (m, s w, a,b)
r=0

+R(S ) (p,,w,a,b) Rfcf/;) (m,q;w,a, b)}.

i
RE;“‘W) (p+m,q+1Lw,a,b) Z ( ){R(C @) (p,q;w,a,b) Rfsf;;) (m,l;w,a,b)
r=0

+R™ (p, Lsw, a,b) RE (m, q;w, a, b))
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Proof. By using trigonometric sum and difference formulas in (2.1), we get

a+ar
) P sin(g + D). (2.22)

ti 21—wtw
ZR(W‘J'”Z) (p+m,q+1; w,a,b).—‘ (
i!

ﬁbet — abe—t

! i

N 1\ (1) (ca) (7. t
ZZ (r)R,fﬁ‘“ (p.q:w.a. D) RES) (m. Low.a,b)

i r=0
co i ;
L) s(s.an) 53(c.2) . ﬁ
+ZZ(;(r)R (p.Liw.a. DR (m. g:w.a.b) -
e8] i l
= Z ) {RS™ (p, g w, a,b) RET) (m, 1 w, a, b) (2.23)
r

i=0 r=l
i

t
+R(”‘) (p,Lw,a, b)Rfcfé) (m,q;w,a, b)} —.
i!

If we compare the coefficients of equations (2.22) and (2.23), the desired result is obtained. The other equality is
obtained similarly. O

Theorem 2.15. For c # d, and c, d # —1, the symmetry relation is provided.

_ b
ZZ( )( ) Frd+ 1y dT lec:VZ(dx;w,a,b)Sz(C— 1+ 11+2;(§) ) ?Tﬂl)(C‘y,W a.b) (2.24)

r=0 (=0

i r L4 ﬂ
i—r r o r=Ilp (cm) B (sm—1) )
Z(l)( )d (c+ 1) ¢ 'R (cxwab)S;( —l+—1+c ( ))Rr I8 (dy:w,a,b).

r=0 [=0 a

Proof. We define H(¢) function that is symmetric in ¢ and d. By using this H(#) function, equation (2.24) is obtained.

2(1—w)(2m—l)t2wm—wecdxl( b pedt b —z) cdytl

—a’e
— sin 2gt.

H() =
® (ﬁbe"’ — abe_’)m (ﬂbedt _ abe_’) 2

First of all, we apply the following operations to prove that the H(f) function gives the left side of the equation (2.24).
By using equations (1.2) and (2.1), we get

, . 1

1 ZW_ICWZ‘W m becdt _ abe—t zw—ldwtw m=

H@® = _ e cos gt B D sin gt
Cwmdw(m—l) ﬂbect _ abe—t ﬁbedt _ abe—t ﬁbedt _ abe—t

Lo : -1
1 Zw—lcwtw m det IBbe(LdH)t _ ab 2w—ldwtw m cd\t
cvmwin=1) \ Bhect _ ghet COSU Bogain — g )\ et — e sin gt

, ) 1
1 ZW_ICWZ‘W m b (c+ ]+d)(d+l)t _ ab ZW_IdWl‘W m=
( e cos gt Be e sin gt.

Cwmdw(m—l) ﬂbect _ abe—t ﬁbe(d+1)t _ Clb ﬁbedt _ abe—t

‘We have,

O ~em _ CHRIES 1-c (B (d+ 1)’ t s ) (dt)
= Cwmdw(m 5 [ZR( ) (dx;w, a, b)—](ZS, (c—l 1+d’(a) ) )[ZR( 1)(cy,w,a,b) z_']

1

1-c (B f
_ lr p(c.m) . [ gr-l _ p(s,m—1) . _
_Cwmdw(m 1>Z Z Re rﬁ(dx,w,a,b)z @+ d IS |e =14 5 (a) RO eviwab) 5
1=0

When similar operations are also applied on the other side and then the coefficients of the left and right sides are
equalized, the equation (2.24) is satisfied. O
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Corollary 2.16. For all c,d,m € N,i € Ny, and ¢ # d, we have the following symmetry identity for the second type
parametric generalized Apostol-Bernoulli polynomials.

i—r r gr—I p (cm) _ l-c :8 b (s,m—1)
Z;‘;( )() (d+ 1y d'BE™ (dx, /I)S,(c L+ (a) )Br_z (v, ) (2.25)
[ _ b
= Z Z ( )(l)di" (c+ 1Y B (ex, ) S (d B (@) )gis_,:;q—l) . ).
=0 =0 l+cla

By settingw =a = b =1 and B = A in equation (2.24), we obtain (2.25).

Moreover, we can also obtain equation (2.25) using the definition of the second type parametric generalized
Apostol-Bernoulli polynomials.

Corollary 2.17. For all c,d,m € N,i € Ny, and ¢ # d, we have the following symmetry identity for the second type
parametric generalized Apostol-Euler polynomials.

1-
ZZ G+ 1Y dEC™ (e, ) Sfe -1+ C,(ﬁ) ES D (ey, ) (2.26)
1+d \a
r=0 [=0
i r . ) . l—d b .
= Z Z ( )(’)d’-’ (c+ 1 TES (ex, 1) Sy (d -1+ —; ([-3) )Ej*_*;”‘” (dy, ).
ol 1+c \a
By settingw =0, —a = b = 1 and B = A in equation (2.24), we obtain (2.26).

Moreover, we can also obtain equation (2.26) using the definition of the second type parametric generalized
Apostol-Euler polynomials.

Corollary 2.18. For all c,d,m € N,i € Ny, and ¢ # d, we have the following symmetry identity for the second type
parametric generalized Apostol-Genocchi polynomials.

i-r rogr—l (cm) _ 1-c¢ ﬁb ~(s.m=1)
ro!o()() (d+1) &G (dx/l)Sz(c 1+1+d’(a))G"l (ey, ) 227

Z ( )(i)di-’ (c+ 1) G (ex, 1) Sy (d— 1+ i_d;(/—g) ) G (dy, A).

+
e ¢ \a

By settingw=1,a=-5,b=1,8= m (2.24), we obtain (2.27).

Moreover, we can also obtain equatlon (2.27) using the definition of the second type parametric generalized
Apostol-Genocchi polynomials.

3. Conclusion

Researchers in many different fields of study use generating functions, trigonometric functions, and many polyno-
mial families in their work. We reviewed the work done by some researchers so far.

In light of these studies, we defined new polynomials. Then, we gave some equations, theorems, symmetry
relations, and results provided by these polynomials. Finally, the results of this paper can be used in analytic number
theory, physics, engineering, and other related fields.
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