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Abstract

In the note, based on (p, ¢)”-derivative and (p, g)”-integral, we prove some new Hermite-Hadamard type inequalities for functions
related to quantum analog derivatives. The obtained inequalities generalize the corresponding inequalities in the literature.

Keywords: Hermite-Hadamard type inequality, convex function, (p, g)’-integral

2020 MSC: 26A33, 26D07, 26D10, 26D15, 26D20

1. Introduction

Quantum calculus is a form of calculus that doesn’t rely on the concept of limits, and g-calculus is one type of
quantum calculus, focusing on deriving g-analogous results without using limits (c¢f. [7]). Its appearance extends
the study range of classical calculus from differentiable to non-differentiable. Post-quantum calculus, also known as
(p, g)-calculus, is an extension of quantum calculus, and it plays a crucial role in natural sciences such as mathematics
and physics (c¢f. [3, 6, 11]). In recent years, the g-integral and (p, ¢)-integral inequalities have always been a hot
topic in the research of mathematicians. Especially, g-integral and (p, g)-integral inequalities of Hermite-Hadamard
type for convex functions have also attracted extensive attention. Hermite-Hadamard inequality of convex function is
described as follows (cf. 5, 15]):

Let U be an interval of real numbers and p : U € R — R be a convex function, then

H+v 1 H o) + p(v)
,0( > )Smﬁp(r)deT, (1.1)

where yu,v € U with v < p.

In [1], Ali et al. applied the concept of ¢”-integral to generalize the classic Hermite-Hadamard inequality, and es-
tablished some ¢*-integral inequalities for convex functions which are related to right-hand side of Hermite-Hadamard
inequality, given in (1.1). In the note, based on (p, g)”-derivative and (p, g)*-integral, we unify and generalize some
results in the literature [1]. The first section is called Introduction where we recall the Hermite-Hadamard inequal-
ity. The second section is called Preliminaries where we give the definitions of (p, g)-derivative, (p, g)-integers,
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(p, q)u-derivative, (p, q),-integral, (p, q)”-derivative, (p, q)"-integral. We also give a couple of theorems about convex
functions, (p, g)-Holder inequality, and a rather new result given by Kunt et al. [8] about the Hermite-Hadamard type
(p, 9)”-integral inequalities for convex functions in the setting of post-quantum calculus. The last section is called
Main results. We first give a important lemma (see Lemma 3.1). Then we prove 6 theorems with new results.

2. Preliminaries
The below g-integers is well-known that in g-calculus or Quantum calculus:

1-4'
t = —,
e = T=,

where 0 < g < 1. When g — 1, one has [f], = t (¢f. [7]).
In Post-quantum calculus, the two parameters are considered. The (p, g)-integers is denoted by [f],, and is
expressed as
pt _ qr
[tlpg = ;
-

where 0 < g < p < 1 (cf. [6,9)).
Obviously, the relation between [¢], and [f],, , is a different only by term p'~!, that is

[1pq = P~ 11)s.

Because there is an additional parameter p in Post-quantum calculus, it can study the properties of functions with
a variety of different parameter, and allow more flexibility in adjusting the model to suit different physical situations
or computational needs (cf. [3]). Thus (p, g)-calculus provides a more general tool and g-calculus is only its special
case, which makes (p, g)-calculus have a greater advantage in dealing with a wider range of mathematical objects.
Next, we introduce the relevant definitions and theorems in (p, g)-calculus.

Definition 2.1 (¢f: [11]). Suppose that u < v, 0 < g < p < 1, and the function p : [, v] € R — R is continuous, then
(p, g)-derivative of p is given as

p(pt) — f(qt)

TR t#0, teluv]. 2.1

Dy q4p(1) =

For t = 0, we state D, ,0(0) = lim,_,9 D, 40(t) when the limit exists and is finite.

Definition 2.2 (cf. [13]). Suppose that u < v,0 < g < p < 1, and the function p : [, v] € R — R is continuous, then
(p, q)u-derivative of p is given as

p(pt+ (1 = p)) — p(gt + (1 — Q)
(P—q@—pw

pr,qp(t) = ’ t 7& /J’ re [/l, V]' (22)

For t = u, we state , D), 4o(u) = lim,_,,, ,D,, ,0(t) when the limit exists and is finite.

Definition 2.3 (c¢f. [4]). Suppose that u < v, 0 < g < p < 1, and the function p : [u,v] € R — R is continuous, then
(p, q)”-derivative of p is given as

plgt + (1 —q)v) —p(pt + (1 — p)v)
P-qv-1

"D, 0t = L t# v, teu v 2.3)

For t = v, we state YD, ,o(v) = lim,_,,, D), ,p(¢) when the limit exists and is finite.

Remark 2.4. Taking p = 1in (2.1)-(2.3), then it reduces to the concepts of g-derivative, g,-derivative and g"-derivative,
respectively.
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Definition 2.5. Suppose that u < v, 0 < g < p < 1, and the function p : [¢,v] € R — R is continuous, then the
second (p, g)’-derivative of p is given as

"D p(t) =" Dp oDy gp(D))
_ pe(@t+ (1= g*W) = (p + @p(pgt + (1 = pg)v) + gp(p*t + (1 — p*)v)
pa(p — @)*(v = 1)?

, t#vteuvl. 2.4)

For 1 = v, we state Dy, p(v) = lim;,, "D> p(t) when the limit exists and is finite.

Definition 2.6 (cf. [11]). Suppose that p : [0,c] € R — R with ¢ > 0 is a continuous function, then (p, g)-integral of
p on [0, c] is stated by

fo POyt = (0= c Y o e (2.5)

n=0
where 0 <g<p<1.

Definition 2.7 (cf. [13]). Suppose that u < v,0 < g < p < 1, and the function p : [, v] € R — R is continuous, then
(p, q)u-integral of p on [y, v] is given as

n

t © n n
q q q
f P()udpgs = (p =@t _”)Z n+1p( Py (1 ] )“)
p i pr 1\ p P

1
= (- p) fo p(st + (1 = p)dyys, 2.6)

where ¢ € [u, v].

Definition 2.8 (cf. [4]). Suppose that 4 < v, 0 < g < p < 1, and the function p : [¢, v] € R — R is continuous, then
(p, q)”-integral of p on [y, v] is stated as

v , _ s qn qn qn
jt‘ p(S) dp’qS - ([7 - q)(V - t); pn+1p(pn+1 I+ (1 - pn+1 )V)

1
=(v-— t)f p(st+ (1 = s)v)d, s, 2.7
0

where ¢ € [y, v].

Remark 2.9. Taking p = 1 in (2.5)-(2.7), then it reduces to the concepts of g-integral, g,-integral and ¢”-integral,
respectively.

Remark 2.10. When pick u = 0and ¢t = v = 1 in (2.6), it reduces to

1 sl n n
_ q q
fo p($)odpgs = (P = q) Z —p,,Hp(p,H1 )

n=0

When pick t = g = 0 and v = 1 in (2.7), it reduces to

1 & n n
q q
() dpgs = (P =) Y p(l— )
L P4 g pn+1 pn+1

Example 2.11. For the function f(r) = *,a € R, then

1
1
'd, = —————, 2.8
J; pa [a+1],, (2:8)

where ) <g< p < 1.
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Definition 2.12 (c¢f. [10]). Suppose that 4 < v and p : [¢,v] € R — R is a real function, if for some 8 € [0, 1], the
following inequality

PO+ (1 =0)v) < Op(u) + (1 = O)p(v) (2.9)
holds, then p is said to be a convex function.

Theorem 2.13 (cf. [13]). Let the function p : R — R be continuous, then the following formulas hold for t € R:
@) Dpy Jy p(@)dyqw = p(0):;
(b) [ Dpgp(@)dy g = p(0);
© [ Dpyp(@)dp g0 = p(t) = p(w),  for e (0,0,

Theorem 2.14 (¢f. [13]). Suppose that u < v and the functions p,é : [u,v] € R — R are continuous, then the
following formulas hold:

@) fﬂv[p(a)) +0(w)]dpgw = f#v plw)dy 0 + fﬂv 6(w)d, 4w
(b) fﬂv Ap(w)dy qw = ﬂfpvp(w)dp_qw, for A€R;

(o) fﬂv plqw + (1 = Qu)D, 46(w)dp g = pd(w) |, = fﬂv o(pw + (1 = py)D, yp(w)d, 4w

or
(d) fﬂvp(pw + (1 = p)D)46(w)dy qw = pd(w) |}, = fﬂ " 5(qw + (1 = QuID, op(w) dy yo.

Theorem 2.15 (¢f. [13] ((p, g)-Holder inequality)). Let u < v and p,6 : [u,v] € R — R be two real functions,
O<g<p<lr,p >1with%+%=1,then

f | @) | dygw < ( f @) 1" dpg0)” ( f |6(0) 1" dpg) "
u I

u

In [8], the following Hermite-Hadamard type (p, q),-integral inequalities for convex function in the setting of
post-quantum calculus are obtained by Kunt et al.

Theorem 2.16 (cf. [8]). Suppose that u < v and a differentiable mapping p : [u,v] C R — Risconvex, 0 <g<p <1,
then

qu + pv 1 f =P J ap() + pp(v) .
< < IR PPV 10
p( [2pq )< PO =) Jy H@hdpge < [21pq @10

In [14], the following Hermite-Hadamard type (p, ¢)”-integral inequalities for convex function in the setting of
post-quantum calculus are established by Vivas-Cortez et al.

Theorem 2.17 (cf. [14]). Suppose that u < v and a differentiable mapping p : [u,v] C R — Risconvex, 0 <g<p <1,
then

(pu + qV) PR Y pe(u) + gp(v) @.11)

Vd <
21s p(w) dpqw <

a p(V—ﬂ) pu+(1-py [z]p,q
Corollary 2.18 (cf. [14]). Suppose that u < v and a differentiable mapping p : [u,v] € R — R is convex,
0<g<p<, then

u+v 1 pv+(1=plu v ) o(u) + p(v)
p( )S [f p(w),d, 0+ p(w)d, w| < —————. (2.12)
2 2p(ﬂ - V) u e pu+(1-pyv P 2
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3. Main results

In this section, we will generalize the results with ¢”-integral from literature [1] to the ones with (p, g)”-integral
and establish some new Hermite-Hadamard type (p, g)"-integral inequalities for convex function in the setting of
post-quantum calculus.

Firstly, an important lemma will be given.

Lemma 3.1. Suppose that 0 < g < p < 1, u < v and a mapping p : [u,v] C R — R is twice (p, q)”-differentiable. If
"D%yqp is a continuous function on [u, v], then one can have

prap) + plp(pu+ A -pw) 1 (7 y
- p(w)"dp g
p+q H =Y Jp2ut1-p2yy
2.2 2 1
prq~(v—p) 2
Sy B\ 1—gs)D + (1= s)WV)d,s. 3.1
v a fo ps(1 = gs)" D2 p(sp + (1 = $)V)dpys 3.1)

Proof. Take t = sy + (1 — s)v in Definition 2.5, then we have

1 1
y ps(l —gs)
fo ps(l = 5)' Dy p(sp+ (1 = $))dpgs = fo =P — R PP s (L= g s)

—(p+ Qp(pgsu + (1 = pgs)v) + gp(p*sp + (1 = p*s)»)]d, 4.

Let
A ! pPS
L = f 3 —[po(@ s+ (1 =g s)v) = (p + @p(pgsu + (1 = pgs)v)
o Pq(p—q)(v—p)s
+qp(p*sp+ (1 = pPs)V)]d,gs
and
a ! pgs’ ) >
L= f 5 s p(g su+ (1= g s)v) = (p + @p(pgsp + (1 = pgs)v)
o P4(p—q)(v—p)s
+ap(pPsu+ (1 = p*s)v)]dp s,
then

1
f ps(1 = qs)’ Dy p(sp + (1 = s)V)dpgs = Iy — I (3.2)
0

By direct calculation, we obtain that

. :p[z:;';o S(u+ (1= 55)) S f(Gru+ (1= % )v)]
q(p = P — p)? a(p = P — p)?
) q[z;io G+ (1= 5w S f(Gru+ (1= % >v)]
q(p = (v — p)? a(p — (v — p?
_pp0) —pplgu+ A —qv) plpp+ (1 = pv) - p(v) (3.3)
a(p = (v — p? (P - -p?
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and
. 1 p(p 61) qn+2 qn+2 . ~ ﬁ
- —wil ¢ ettt )
n+1 n+1 n+1 — > n " "
0000 5o (_u+(1—q )+ S ol s (1))
Pq P p" P\ 4
_ 1 [p(P—CI) q" ( 9q (1 _ 4 )v)
-0 -wl ¢ P

p(p Q9

———(pp(pp + (1 = pv) + gp(qu + (1 — q)v)) - (pﬂzﬂz - lp( Tt (l—pZ_I)V)

£ L)
1 [(p+q)(p—q)3i q

n qn qn
: Lol - 21
(p—*v - p? P*q’  prttiprt !

P+9@ -9 9p -9
+ 2 T pu+(1-p +—§

_ Y —
PP Dk (1 - gy + L2HD qu P = 1 - )|
P+q b p
- Vd I 1=
Pgv - fpzu+<1-p2)vp(w) PO = g -
2
WL DD+ (1= . (3.4)

*(p - (v — )
Substituting (3.3) and (3.4) into (3.2), one gets

g0 +pppu+ (1=p)  p+gq f ’ P(©) dpgw. (3.5)

I
j(; ps(1 = gs)' Dy p(sp+ (1 = $)V)dpgs = 20— ) T PRR( -y

prut(1-p?y

The both sides of (3.5) are multiplied by W at the same time and the equation (3.1) is derived. Thus the proof
of Lemma 3.1 is over. O

Remark 3.2. In Lemma 3.1, one has the following:
(i) We will get Lemma 1 in [1] when it picks p = 1;
(ii) We will get Lemma 1 in [2] when it takes the limitas p = 1,g — 1~.

Next, by using Lemma 3.1 and considering the convexity of the function, we can obtain the following Theorems
with new (p, ¢)”-integral inequalities.

Theorem 3.3. Suppose that 0 < g < p < 1, u < v and a mapping p : [u,v] C R — R is twice (p, q)"-differentiable. If
VD;qp is a continuous function and I"Dlz,qqpl is a convex function on [u, v], then

pap) + plp(pu+ A -pyv) 1 (7 ,
— p(w) d,qw
p+a V=B put(-pPy
¢ (v — w)? v
B T P D3t + 0+ P = P Digpl|. 36)
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Proof. By using the convexity of the function IbDf,)q fl and Lemma 3.1, it reduces to

pPPap() + plp(pu+ A =pyv) 1 (7 y
- p(w)'dpqw
Pty V= R Jpusr-p?y
2.2 2 1
P q (V_/'l) )
=  p+q fo pstl = qs)' Dy, gp(sp+ (1 - S)V)|dﬁ,q5
2.2 2 1
prq-(v—p) v v
S e fo ps(l - qs)[s| D> o) + (1 - 5)| D;’qp(v)i]dp,qs
P (v — )’

" Bl + 9P + ) P Dot + (0 + 9 = 9 D2 o0

Thus one completes the proof of Theorem 3.3. 0
Remark 3.4. In Theorem 3.3, one has the following:
(i) We can obtain Theorem 4 in [1] when it picks p = 1;

(ii) We can get Proposition 2 in [12] when it takes the limitas p = 1,g — 17.

Theorem 3.5. Suppose that 0 < g < p < 1, u < v and a mapping p : [u,v] C R — R is twice (p, q)”-differentiable. If
"Diyqp is a continuous function and I"Df,’qplf’l (p1 > 1) is a convex function on [y, V], then

prapv) + pPp(pu+ (1 —py) 1 (¥ vg
+ - — p(a)) p,qw
pPtq V=M Jp2u+(1-p2)v
) 2 1/
p g (v—pu) 41V 2 12 5 3 2 ANV N2 n] P
Byt G P D3l + 0 + P = P Do | 3.7)

Proof. By using Lemma 3.1 and (p, g)-Holder’s inequality, one can reduce to

p(w)'d,w

Prap) + Pp(pu+ (L -py) 1 f Y
p+q v-uJ,

2u+(1-p2)v

1 1-L 1 €L
(j; ps(1 — qs)dp,qs) ! (f(; ps(1 —qs)(ivDi’qp(s,u +(1- s)v)|)p'dp,qs)pI

3

2 2 N2
Spq(v )
p+q
Pev - ( P
T op+tq \(p+(P*+pg+qd)

5-2 9 2 1/
prg(v—p 4Y 2 pi S, 032 A\p2 nl’?
L.+ G £ [p |'D; ool + (0 + P’ = p*)| D}, o) ]

)1_”1‘( fo sl - a)|s[' Dot + (1 - s>|”Di,qp<v>|”1]dp,qs)"ll

Thus one completes the proof of Theorem 3.5. O

Remark 3.6. When pick p = 1 in Theorem 3.5, one has

qo(v) + p(p) 1 PN
‘ 1+g¢ —V_”j#‘p(w)dqw

<

o= (Dol gl o
[31,(1 + ¢)? 1+4° '

Specially, taking the limit as ¢ — 17, it reduces to

PO +PW L (" v = w2 + D" e
‘ 5 _V_#Lp(w)dw‘s ) . "
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Theorem 3.7. Under the conditions of Theorem 3.5, we have the inequality

Prap) + plppu+(-py) 1 (7 y
- p(w) d, qw
Pty V= H Jprur(-p?yy
P —w? | Dhpw]” + g - DDy p0|" 13
< ; (3.8)
ptq ptq
where
© qn qn qn+1 p';—‘_l
m=pP-9q (—(1 - )) .
; pn+1 pn pn+1
Proof. By using Lemma 3.1 and (p, g)-Holder’s inequality, one can reduce to
PrapM +plppu+ (A -py) 1 (7 y
- p(w)'d, w
ptq V= K Jprur(-pty
22 2 1 1-L 1 T
P q (V_/J) (f . Pl v 12 71
<— (ps(1 —gs))n'4,, s) ( D: p(su+ (1= sw)| 4, s)
ptq 0 ra 0 | e | i
2 2 2 1 1-L 1 L
prq-(v—p) (f L1 ) /’1(1/ 2 Plf Plf )/11
</ 1- n-td D d +| D 1-s)d
ova Lo (s =g dngs) T([DLp00" | sdngs + [ D0 | (1= g8
PRy - oo Dop@|” + (4 g = D'D} 0" 15
= () 7 :
pP+q pt+q
Thus one completes the proof of Theorem 3.7. U

Remark 3.8. When pick p = 1 in Theorem 3.7, one has

@M +p@ L (7 < —m w1y |'Dip|” + 4| Dip|” 13
‘ l+q "v_ﬂfﬂp(“’)dqw ((1 q)nz(;q(q(l g ) [ ™ ] .

Specially, taking the limit as ¢ — 17, it reduces to

‘p(V)+p(u)_ 1 pr(w)dw g
2 V=i Jy

v - p)? [,3(2 2p1 - 1)]1/p1[|D2p(#)|p1

+ | D> )| e
2 ’ pP1— 1 ] ’

2

where S(x, y) is Beta function defined as

1
Blx,y) = f 1 =y lar.
0

Theorem 3.9. Under the conditions of Theorem 3.5, we have the inequality

PrapM) + plp(pu+ (1 —pyw) 1 (7 )
- p(w) dp 4w
p*a V= R Jpus(-pPy
e 2 1p:
P q (V ,u) v p
= 2L 1-1/p, [ﬂ2| D, pw|" + | Dy qp(v)lp‘] : (3.9)
(p+ )[ pi-1 ]pq
where
> q" \2 gt
= (p— Q)Z(an) (1 T )
n=0
and

PRSP i (I (ol §

n= 0
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Proof. By using Lemma 3.1 and (p, g)-Holder’s inequality, one can reduce to

prap) + pPp(pu+ (1 —py) 1 (7 y
- pw)'d, w
ptq V= Jppsa- Z)V
(V ,u)2 r1 1_% 1 v %
q n (ps)pv‘ dp,qs) " ( (1- qs)p‘| D?,,qp(s,u +(1- s)v)|p1d,,,qs)l1
pt+q 0
ass ,u)2 =
"?:;—T PT00)
1 1
v Pl
(| D} | f s(1 = gs)"dpgs + | D2 o] f (1-91- qs)f'ld,,,qs)
0
(v — p)?

1/p
pP1 VN2 P1
(p+ )[2,;] 1 1 1/pl ['u?| pqp(/‘)| +/“‘3| Dp’qp(v)| ] .

Thus one completes the proof of Theorem 3.9. O

Remark 3.10. When pick p = 1 in Theorem 3.9, one has

'CIP(V)"‘,D(ﬂ)_ 1 f @)4,
1+¢q V—u P

v —p)?

(1+ )[2I’1 1]‘1/ 1/p1

o v 1/p1
x| =0 ) (=g Dipl” + (1 - q)Zq (1=a"(1 - ¢ Diper)]|
n=0
Specially, taking the limit as ¢ — 17, it reduces to

PV EpW (7 0= , e
‘ 2 _v—uf/, ("”d‘ W[ﬁ@ pi+ DD + ——[D% (V)|P]

where S(x, y) is Beta function.

Theorem 3.11. Under the conditions of Theorem 3.5, we have the inequality

plapM +pppu+d-py) 1 (7 ”
" - — p(w)" dp 4w
P+q V=1 Jpsa-py
<p2+1/p,qz(v_ﬂ)2 - [pl D? qp(ll)|”l +q2| D? qp(V)|Pl ]zll (3.10)
(p+q)'+/m 314 | |
where

pr+l

pm“

M4 =

(p"% FprT gt q"%)(p%” FpITg qP")]*‘”)
Proof. By using Lemma 3.1 and (p, g)-Holder’s inequality, one can reduce to

Prap) + plopu+ (1L =py) 1 f Y
p+a v—u

p(w)'d, 0
pru+(1-py
€1

220 N2 1 ” - 1 Y , 71
P - (fo (ps)nT(1 —qS)dp,qS) (fo (1 —QS)| Dlz,,qp(su +(1- S)V)ip dp,qs)

Ptq
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2 200 2, Al -1
LI [ s 0= 9a,,5)
ptq

1

1
% (D2 o] f (1= 450355+ [ Do) [ (1= 50 = 9a,5)

PG -y [pl Dy pw|" + ¢ D} )" ]nﬂ
(p+q'tin Blpq '
Thus one completes the proof of Theorem 3.11. O

Remark 3.12. When pick p = 1 in Theorem 3.11, one has

'qp(V)+p(,u) 1 f (@) a0 <
l+¢ v—pu

P - ) [ (-7 ]l-m[iDP@Ip +¢*| Dip <V>|"‘]»i
(™ - g7y - 7) Bl |

Specially, taking the limit as ¢ — 17, it reduces to

2260 L [ pan] < G| ]l-A[Iszwlp'+|DZP<V>IP']A
2 v—u J, PN 2 2 - hGp - 2) 3 '

Theorem 3.13. Under the conditions of Theorem 3.5, we have the inequality

Prap) + plp(pu+ A -py) 1 (7 ,
- p(w) dp qw
Pty V= H Jprur(-p?yy
3-1/p1 20y, _ 12 L
P q-(v — ) 14%0) pi 14%C) pr|m
<P |l el el ]| G311
where
p2p1+2
Hs = (PP + pPrg + -+ gP*)(pP1*2 + pPi+lg 4 oo 4 gP1+2)
and
p2p1+1
He = (pPr + pPr-lg+ -+ gP)(pP*! + pPrg + -+ + g7t
p2p1+2

- (pPrtl + pPrg + - - + g+ ) (pPrH2 + pPitlg 4+ 4 q[?1+2)'
Proof. By using Lemma 3.1 and (p, g)-Holder’s inequality, one can reduce to

Prap) + plo(pu+ (1 =py) 1 f Y
p+q voH

p(w)'d,
2p+(1-p2)v
1

2 1
p(:qu) f(l_qs)dpq f(pS)"‘(l 99| D; qP(S“"L(l_S)V)'pldf”qs)”

2 1-L
< qp(iqu) (f(l_qs)dpq) 1

('3 o] f S(ps) (1 = q)dpgs + ' D2 p(r)|” f (1= 95 (1 - g3)dy5) "

3—1/p1 2 _
P 1 v “) 2 P 2 141
e sl Dyl + el ] |

Thus one completes the proof of Theorem 3.13. 0

1

'71

625



Wang and Liu / Montes Taurus J. Pure Appl. Math. 6 (3), 616-627, 2024

Remark 3.14. When pick p = 1 in Theorem 3.13, one has

g +p) 1 fvp(w)quw
u

- qz(v—u)2[ (1-¢9*(+9) ]p’,
T+ g? LA =gt = g1 = ghd)

l+¢ V—u
o

x| =D D2pgo|” + 71 = P Dip0r]” |

Specially, taking the limit as ¢ — 17, it reduces to

PO +p() 1 pr(w) o
v—u Jy

<

3 [2(p1 + DID%p|" +4[D%p0)]" ]‘/pl
2 .

4 (p1+ D(p1 +2)(p1 +3)

4. Conclusion

In this note, some generalizations are given as in [1] for quantum analog derivatives and integrals. By using the
new identity in Lemma, some Hermite-Hadamard type (p, ¢)"-integral inequalities are established for convex function
in the setting of post-quantum calculus. That refine and extend the results of earlier literatures. It will further enrich
the inequalities theory and provide ideals and methods for solving problems.
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