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Abstract

The article focuses on several notions on minimal neutrosphic compact space. We introduce almost neutrosophic minimal compact
space and nearly neutrosophic minimal compact space. We provide a suitable counter example in order to study the properties
of almost neutrosophic minimal compact space. We investigate their basic properties and characterization theorems. We define
countably neutrosophic m-compact space and investigate some of its basic properties and characterization theorems. We introduce
the notion of neutrosophic m-Lindelof space and investigate its basic properties and results. We further study the relationship of
countably neutrosophic m-compact space with other known spaces.
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1. Introduction

Human beings are facing real life problems due to uncertainty. In order to overcome this uncertainty, Zadeh [14]
introduced the notion of fuzzy set which was inadequate to control uncertainty. Thereafter, Atanassov [3] revealed
the notion of intuitionistic fuzzy set with the help of membership and non-membership values. Smarandache [4, 5]
introduced and further investigated on the notion of neutrosophic set (NS, in short) to deal with real life problems
related to uncertainty, imprecise, indeterminacy and inconsistent data. Salama and Alblowi [6] invented the neutro-
sophic topological spaces (NTS, in short). Makai et al. [7] referred minimal space and further investigated by Madok
[9] in topological spaces. Alimohammady and Roohi [1] revealed minimal structure in fuzzy topological spaces.
Alimohammady and Roohi [2] introduced compactness in fuzzy minimal spaces. Min [8] introduced the notion of
intuitionistic fuzzy minimal spaces. Pal et al. [10, 11] talked on grill and minimal continuity in NTS.

e Motivation: Pal and Dhar [12] introduced compactness in neutrosophic minimal spaces (N,,-space, in short).
However, they did not investigate on almost neutrosophic minimal compact, countably neutrosophic minimal
compact, neutrosophic minimal Lindel6f space. This gap in the literature motivates us to study several proper-
ties of neutrosophic compact, countably neutrosophic compact, neutrosophic Lindel6fness in minimal spaces.

e Methods used: The article is basically theoretical in nature. We have defined almost neutrosophic minimal
compact, countably neutrosophic minimal compact, neutrosophic minimal Lindeldf space. We have stated and
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established different theorems of these newly defined concepts. The cases for which the results fail have been
supported by providing counter examples.

¢ Advantages of the results: The results obtained in the article have made the direction to study the compactness
in more general spaces like almost neutrosophic minimal compact,countably neutrosophic minimal compact,
neutrosophic minimal Lindel6f space. The results will also motivate to study different types of compactness in
neutrosophic soft minimal space, multitset topological minimal space.

The article proceeds as bellow. The following part provides a quick overview of several well-known definitions and
findings that are pertinent to the topic. In section 3, we investigate some basic properties, results and theorems of the
notion of compactness in N,,-spaces. Section 4 indicates the conclusion of the work.

2. Preliminaries
Here we present some definitions and results which are relevant for investigation of this work.

Definition 2.1 (c¢f. [5]). An NS N in a whole set U is a set where each element consists with fruthness, falseness and
indeterminacy membership values appear from three independent functions, denoted by fu, gn, ix in [0, 1]. Here N
is given below:

N = (@, fu.gn-hn) 2 it € U)

and each of fy (@), gn(it), hn(@t) is a member of unit closed interval with the condition that sum of them lies between
0to 3.

Definition 2.2 (cf. [S]). The collection T of NSs of a non-empty set U is termed as neutrosophic topology (NT, in
short) on U if it obeys conditions:

(i) On and 1, are in T.
(ii) The intersection of any two members of T is again in T.
(iii) 7 is closed with respect to arbitrary union.

The order pair (5 , T) is known as as NTS on U. Members of T are referred neutrosophic open sets (NOS, in short)
and their complements are neutrosophic closed sets (NCS, In short).

Remark 2.3. We denote Oy and 1 as the null and full NSs on a nonempty set U and these are defined as follows:
Definition 2.4 (cf. [6]). The NSs Op and 1 in U are represented as below:
(i) Forany x € ﬁ, Oy = (x,0,0,0).
(i) Forany x € U, Oy = (x,0, 1,0).
(iili) For any x € f[j, On =(x,0,0,1).
(iv) Forany x € U, Oy = (x,0, 1, 1).
(v) ForanyxeU, 1y ={(x,1,1,1)}.
(vi) Forany xe U, 1y = {(x,1,1,0)}.
(vii) Forany x € U, 1y = {(x, 1,0,0)}.
(viii) Forany x € U, 1y = {(x,1,0, 1)}.

Definition 2.5 (cf. [6]). For an NS U = {(w, Tqy(w), Iyy(w), Fq;(w))}, the complement is

U ={w,1 = Ty(w), 1 = Iy(w), 1 — Fqy(w)}, for any w € U.
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Definition 2.6 (cf [6]). The neutrosophic interior of an NS U, denoted by N;,,(U), of an NTS (U T) is the umon of
all NOSs E of U where E' C U. The neutrosophic closure of an NS U, denoted by N (U), of an NTS (U T) is the
intersection of all NCSs F of U where U C F.

Remark 2.7 (cf. [6]). From the geﬁnition, it is evident that N;,,(U) is the largest NOS over U where Ny (U) € U and
Ny (U) is the smallest NCS on U where U € N, (U).

Proposition 2.8 (¢f. [6]). For any NS B in (l7 , 7), we have:
(i) (Nim(B)) = (Nie(B))“.
(i) (Na(B)) = (Na(B))“.

Definition 2.9 (¢f [10]). A family M of NSs of U (here M C SD(~I~] )) is called a minimal structure on U if both null
and whole NSs are members of M. We denote the N,,-space by (U, M). The elements of M are called neutrosophic
m-open (N,,-open, in short) subsets of U.

Definition 2.10 (c¢f. [10]). An NS F is called a neutrosophic m-closed (N,,-closed, in short) if its complement is an
N,, — open set.

Definition 2.11 (¢f: [11]). The neutrosophic minimal interior and neutrosophic minimal closure of A, denoted by
Npy—in/(A) and N,,_i(A), respectively, of an N,,-space (U, M) are defined respectively as

Np—im(A) = U{B : Bis an N,-open in Uand B C A}
Nop_a(A) = ﬂ{B : Bis an N,,-closed in UandA C B}.

Definition 2.12 (¢f. [11]). A function f from an N,,-space (l~] , M) to anotﬁer Ny-space (Y, N) is called N,,-continuous
function if the inverse image of each N,,-open set in Y is N,,-open set in U.

Definition 2.13 (cf. [13]). ANS P = (x, Tp(x), Ip(x), Fp(x)) : x € U is called a neutrosophic point (NP, in short) of a
non-empty set U iff for any element y in U, we get, Tp(y) = @, Ip(y) = B, Fp(y) = y fory = x and Tp(y) = 0, Ip(y) =
1,Fp(y)=1fory+# x,where0 <a<1.0<8<10<y<1.

Definition 2.14 (c¢f. [13]). An NS A of an NTS U is called a neutrosophic neighbourhood or simply neighbourhood of
an NP x,p, iff, 3 an NS B in T where x5, € B € A. A neighbourhood A of the NP x, 3, is termed as neutrosophic
open neighbourhood of x, g, if A is an NOS.

Definition 2.15 (c¢f. [11]). A function f from an N,-space (l7 , M) to another N,,-space (¥, N) is called N,,-open
function if the image of each N,,-open set in U is N,,-open set in Y.
3. Main results

In this section, we present the main results.

Definition 3.1. Let (17 , M) be an N,,-space. An NS A in U is called almost neutrosophic minimal compact (almost
Ny,-compact, in short) if for every N,-open cover A = {A; € NS(U) iellofA,4Jy =1,2,3,... € I where
A C Ujejs, Nm=cl(A)). Here NS(U) means a set of all NSs on U.

Theorem 3.2. Let ((7 , M) be an N,,-space. If an NS A in Uis N,,-compact, then it is also almost N,,-compact.
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Proof. Since the NS A in Uis N,,-compact, so every N,,-open cover 8 = {B; : j € I} of A has a finite neutrosophic
fuzzy subcover. This shows that A is also almost N,,-compact. O

Remark 3.3. The following example shows that the converse of Theorem 3.2. may not be true in general.

Example 3.4. Let U be a non-empty set and n € N — {1}. Let A, be an NS defined as follows:
An = <x’ ,uAl’l? VA}’H )/An>7 Al‘l = <-x7/-lA1 B VA] B 7Al> by

0.7, x=0,
HAL(x) =3nx, 0<x< %,
I, i<x<l
0.2, x=0,
VA (x) =41 - %, 0<x<i
0.5, ﬁ <x< 1.
0.6, x=0,
YA =1-% 0<x<l
0.4, % <x<l1.
1, x=0
A1(x) =
KAL) {0.5, otherwise
1, x=0
vA(x) = .
0.4, otherwise
A,(0) 05, x=0
X) =
v 0.6, otherwise.

Consider an N,,-structure M on U as follows: M = {A, :ne N}U{O, 1}. Let A = {A, : n € N} be an N,,-open cover

of U. Then, 39 a finite subcover of A. Thus U is not N,,-compact. But U is almost N,,-space compact.

Theorem 3.5. Consider N,,-continuous finction f : (17 ,M) — (Y,N) between two N,,-spaces. If A is an almost
N,,-compact, then f(A) is also an almost N,,-compact set.

Proof. ansider {B; € NS(Y) : i € J} as Ny-open cover of f(A) in Y. So (FFYB):ielJlisa N,,-open cover
of Ain U. By Definition 3.1., 3 Jo = {1,2,3,...,n} € Jsuch that A C ey, Nm_C;(f‘l(Bj)). Hence it follows

that U jeso Non-at(f "'(B)) € Ujes, /7 Nin-ct(Bj)) = [~ (Ujejo Nm—cl(fil(Bj))>- Thus f(A) € Ujes, Nm-ci(Bj). It
completes the proof. O

Definition 3.6. Let (l7 , M) be an N,,-space. An NS A in U is termed nearly N,,-compact if for every N,,-open cover
A=1{A;€I(U):iellof A,AJy={1,2,3,...} C I suchthat A C ey Nin-inrZ Nim-ci(A})).

Theorem 3.7. Let (U, M) be an Ny,-space. If an NS A in Uis N,,-compact, then it is also nearly N,,-compact.

Proof. For any N,,-open set A in U , from Definition 3.5., it follows that A C Ny—in/(Nyy-ci(A)). Thus we get the
result. O
Theorem 3.8. Let f : (l~] ;M) = (Y, N) be an N,,-continuous and N,,-open function on two N,,-spaces. If A is a
nearly N,,-compact set, then f(A) is also a nearly N,,-compact set.
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Pro_gf. Consider {B; € NS(Y) : i € J} as N,,-open cover of f(A)in Y. So {f'(By) :ieJ}isan N,,-open cover of A
in U. By nearly N,-compactness, 3 Jo = {1,2,3,...} C J such that A C |, Nm_in,(Nm_(.z(f“(Bj))). It follows that

A < | FWNoinWNawea(F (B

Jj€Jo

S 6 N fNow-a(F™ (B

Jjedo

c U Nacinl P Nor-aBY)
Jj€Jo

S YN Non-ci(B)).
Jj€do

Hence f(A) is a nearly N,,-compact set. U

Definition 3.9. An N,,-space (U, M) is named countably neutrosophic m-compact (countably N,,-compact, in short)
if for every countable N,,-open sets {A, : n € N} in which 1y = U,y A, A 11,12, ..., € N where 1y = U?:l A,

Definition 3.10. An N,,-space ([7 , M) is named N,,-Cr; if there is a countable subfamily 8 of M such that any member
of M can be expressed as the union of members in B.

Theorem 3.11. Suppose N,,-space (U, M) is neutrosophic m-Cyy. Then Uis neutrosophic m-compact iff it is countably
N,,-compact.

Proof. Let us prove that U being N,,-compact is equivalent to being countably N,,-compact. Assume U is N,-
compact. Consider the collection By = {B; : j € J,1 <i < ip}. By the m-compactness property, we can extract a finite
subcover B, C By that covers U. As a consequence, any element of M can be represented as a union of elements from
By. This establishes that ([7 , M) satisfies the countably N,,-compact condition.

For the converse, assume Uis countably N,,-compact. Let A = {A; : j € J} be a collection of N,,-open sets where
Iy = UjesAj. Since U satisfies the neutrosophic m-Cy property, 3 a countable subcollection B of M such that
A = Ui, Bi, (where ip may be infinite). Define By = {B; : j € J,1 < i < ip}. One can verify that B, constitutes a
countable N,-open cover of U. Therefore, we can find a finite subcover 8; C B, for U. Since each element of B 118
contained within some A; where j € J, these corresponding A ; form the required finite subcover. O

Theorem 3.12. An N,,-space (U, M) is countably N,,-compact iff every countable N,,-open cover has a finite parti-
tion.

Proof. Suppose A = {A; : j € J}is an N,-cover. Since Uis countably N,,-compact, so for every countable N,,-cover
{A, : n € N} in which 1y = ey An, Ini, no, ..., € N where 1y = Uf.‘:] A,,. Hence Uf;, A,, has a finite partition of
U. Since Uf.‘zl A, is a subfamily of (J,cy An, sO every countable N,-cover {4, : n € N} has a finite partition.
Conversely, suppose that every countably N,-cover {4, : n € N} has a finite partition. Hence any countable
Ny-cover {A, : n € N} has a finite partition {F;, : i = 1,2, ...,n}. Let A; be an NS in correspondence Qf Fi,. Now itis
easy to see that {A; : i = 1,2,3,...,n} is a finite subfamily of A which is also a neutrosophic cover of U. O

From the Theorem 3.12, the Corollary 3.13 follows.
Corollary 3.13. Supposi ((7 , M) is an N,,-space. Then U is not countable N,-compact 3 a countable N,,-open cover
AofUandapoint x € UwithAj(x)° <1V A; e A

Definition 3.14. An N,,-space (U, M) is termed N,,-Lindelof if every N,-open cover for U has a neutrosophic count-
able subcover.
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Theorem 3.15. An N,,-space (U, M) is Ny-Lindelof iff (M jey Aj # 1w for any family {A; : j € J} of Ny-closed sets in
U, where (jex A;j # Oy for any countable subset K of J.

Proof. Let A; : j € J represent an N,,-open cover of U. Consider the following: If for every countable subset K C J,
we have Ujex A; # 1y, then it follows that (1 ex A; # Oy. This leads to our assumption that (; A; # Oy, which
implies (;A; # 1y. This produces a contradiction with our initial conditions. We can observe that in this scenario,
any collection of N,,-closed sets exhibits the finite intersection property.We can conclude that (U, M possesses both
N,,-compactness and N,,-Lindel6f properties. O

As a consequence of Theorem 3.15 the Corollary 3.16 follows.

Corollary 3.16. An N,,-space (U, M) is Ny,-Lindelof iff Ngeg m-cl(B) # Oy for every family B of NSs in U, where
the intersection of each countable subfamily of B is non-empty.

Theorem 3.17. Every N,,-Cr space is an N,,-Lindeldf space.

Proof. Consider an N,,-Cyy space (U, M) with an N,,-cover A = {A; : j € J}. Given the properties of this space, we
can find a countable subcollection 8 = {8, : n € N} within A such that each element A; can be written as:

AjzﬂB,-,

where jj could extend to infinity. Let us define By = {Bj; : j € J,1 < i < jo}. We can verify that 8 is countable in
nature. Furthermore, since every element of By is a subset of some A; where j € J, these corresponding A; elements
constitute a neutrosophic countable subcover of U. U

Theorem 3.18. Suppose (17 , M) is an N,,-Lindelof space and ¥ f (l7 ,M) = (Y, N) is a surjective N,, - continuous
function. Then Y is N,,-Lindelof.

Proof. Let{B; : j € J}be a family of neutrosophic open cover of ¥ which satisfy f(A) < \/; B;. Since f is continuous,
s0A < fNfA) < 7' (V ey B) = Vs f7'(B)) and U is N,,-Lindelof, Aj1, jo,--- € N such that A < \/2, f~1(B}),
ie., A < (V2 B}). Consequently, f(A) < f(f(\V, B;)) < V52, Bj,, which completes the proof. O

Theorem 3.19. An N,-space is an N,,-Lindeldf space iff every N, - open cover of U has countable €-partition of U
Vewith)<e< 1.

Proof. Let (ﬁ ,M) denote an N,,-Lindelof space and consider an N,-cover A = {A; : j € J}. By definition, A
possesses a finite subcover, which we denote as Ay = {A, : n € N}. For any real number € where 0 < € < 1, 3
an e-partition of U with respect to Ap. Given that Ay is countable, this e-partition of U must also be countable.
Furthermore, since Ay C A, this partition serves as an e-partition with respect to A as well.

For the reverse direction, consider an Ny-cover A of U and fix € € (0,1). Let I';p : i € I(c) represent a countable
e-partition of U with respect to A, where each I'; . corresponds to an element (Ai, ¢ in A. Taking € = % for integers
n > 2, we can construct the collection Ai,c : i € I(c), e = %, n=2,3,.... This collection forms a countable subcover
of the original cover A. O

4. Conclusion

In this article, we have investigated the notions of some compactness in N,,-spaces. We have studied some prop-
erties of this newly defined compactness in N,,-spaces. Some characterization theorems have also been established
in N,,-spaces. It is hoped that the notion of compactness in N,-spaces can be applied in neutrosophic bi-topological
spaces as well as in other areas of research.
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