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Abstract

In this article, we first investigate the various variations of the 512 matrix sequences generated by iterating over matrices defined
in Z,. Along the way, we define and find the stable, amicable, and sociable matrix sequences for the iterated matrices. We will
utilize the results obtained for matrices to convert them to sounds and to obtain results for matrices with equal leading and trailing
numbers.
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1. Introduction

A palindromic sound is one in which the front and back sounds are the same. There are a lot of interesting results
on the internet about palindromic, but here is just one. See [12]. If we convert these sounds into integers, we can
define a palindromic number as one that has the same number of preceding and following sounds. In this article, we
will use matrices to think about palindromic numbers and translate them into palindromic sounds. We start with a set
of matrices whose simplest form is the set {0, 1}. In order to do this, we first introduce some basic terminology.

Let Z, be the ring of residue classes modulo ¢, M»(Z,) := {[;Z ’g} la, B,7v,0 € Z,} and N be the set of positive

integers. Here, r € N — {1}.

In elementary number theory, it is very interesting that the result of iterations of an arithmetical function can be
repeated, divergent, or a few values appear over and over again. There is a great deal of literature concerning the
iteration of the aliquot function, much of it concerned with whether the iterated values eventually terminate at zero
(cycle) or become unbounded, depending on the value. See [3, pp. 92-93]. It is natural to ask what happens when you
iterate a value of the fixed arithmetical function. In [1, 6, 7], the notions and properties of sociable, amicable pair and
stable for iterations of restricted divisor functions are discussed. The notions of sociable, amicable pair, and stable
were introduced in [2, 5] for matrix sequences of iterated multiplications defined over M,(Z,).
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b

For 2 X2 matrix, L = ¢ ] the characteristic polynomial [8, p.200] is given by p(X) := X? —(a+d)X + (ad - bc),

dl’
so the Cayley-Hamilton theorem states that
p(L) := L* = (a+ d)L + (ad — be)l = O. (1.1)
_{1 o _[0 0] ;. _ 0 _
Here,l_[0 1},0_ [O O}’L ==L---L and L’ = O.

t times
This article is organized as follows: In section 2, we introduce the 16 matrices used in this article and give

definitions for stable, amicable, sociable, order, period, etc. We classified the 512 matrix sequences derived from
the 16 matrices into stable, amicable, and sociable. In section 3, we classify the 512 matrix sequences considered
in section 2 by investigating whether the matrices that make up each sequence are singular or not. In section 4, we
converted {0, 1} to the sound {boom, clap}. We use the matrices studied in sections 2 and 3 to represent the sounds and
reverse sounds and implement them directly as sounds. Section 5 presents a study on classifying the sounds of the
512 matrices transformed in section 4. In particular, the sequences of sounds whose first and last sounds are the same
or opposite are investigated. In addition, we implement and introduce sounds that are either the same or completely
reversed in the front and back of the 512 matrix sequences. In section 6, we introduce the subgroups of Z, X Z,
and the various images of the subgroups obtained by considering the linear transformations of the matrix sequences
obtained in section 2 from the defining domain to the space domain of Z, X Z,. Finally, the appendix contains the
specific matrix and subgroup sequences obtained in sections 2 and 6. In [16], we suggest all of the matrix sequences
that represented by two colors.

2. Iterated Sequences of 2 x 2 matrices over 7,

For convenience in this article, we use the following 16 matrices, i.e.,

0 0 0 0 0 0
R A b ef
0 1 0 1 0 1 0 1
A5.—[0 O], A6.—[0 1], A7._[1 0}, Ag.—[l 1],
1 O 1 0 1 0 1 0
A9-=[0 0], A10~=[0 1}, A11-=[1 0}, A12-=[1 1],

1 1 1 1 1 1 1 1
Aj3 ::[O 0], A141=[0 1}, Ajs 1=[1 O}’ A161=[1 1]-

This is not difficult, but to make the results of this article easier to understand, we compute A;Aj forall 1 < i, j <
16. See the following Table 1.

Ae T A | A | A | A | A2 | A | As | A | A | A | A | A | 4 | A | A | 4
As Al | As Ay Az | Al | As Ay Az A As Ay Az A As Ag Az
As Al | Ae | Au | Ais | AL | As | A | Aie A As A | A A Aq A | A

Al Al | A A A As | As As As Au | An | An | A | A | Ais | Ais | Al
Anz A | A Az Aq As | As Asg A7 A | A Ag Ao | Ais | Ais | Aiu | Az
Az Al | As Ay Az | As | AL | Az Ag Ay Az Ay As Az Ay As Ay

Ale Al | As | Au | Ais | As | AL | A | A | A | Ase Al Aq A | An Ag Al

Table 1. Values of A;A; (1 <, j<16)
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In order to investigate the variation of different forms of matrices by iterations of the product of matrices, it is nec-
essary to categorize the sets as follows. Let U := {A; | 1 < i < 16}, U5 = {A; | A, = A?),
Us = {A; | A? = AL A # Ar), Us o= (A | A% = Ay, A # Ao} and Uy = {A; | AP = Ao, A # Aio). By
Table 1, we obtain U1 = {Al,Az,A4,A6,A9,A10,A11,A13}, U2 = {A3,A5,A16}, U3 = {A7,A12,A14}, U4 = {Ag,A15} and
U=ut U,.

Delpénding on whether the matrix is being multiplied from the left or right, the following notations are in-
troduced. Forn € Nand 1 < i,j < 16, let (A;)™ = (A)A; + Aj))(A; + 2A4))---(A; + (n — DA;) and
(A ) 1= (A + (= DADA; + (1= 2)A)) -+ (A + A)(A)).

Let ®;; : (AP - (A4)® > (A;)¥ — --- be the right matrix sequence derived from A;; and
2 (1)(A,;j) — (2)(A,-,j) — (3)(Ai,j) — --- be the left matrix sequence derived from A;;. Matrix sequences
R;,; and &; ; can be found in detail in [13]. The fact that A + 2B = 2B + A = A is easy to obtain. Using this, we get
Lemma 2.1.

Lemma 2.1. Ler 1 <i,j < 16. Then
(@) IfxeNthen2xA; = A.

(AiA; +A))'T A ifnisodd,

S
(b) (A;) {(Ai(Ai + Aj))% if n is even.

A(A; +ADAD'T  ifnis odd,

(n) L) =
(¢) "(Aiy) {((Ai +ApA)? if nis even.

If R; j and &, ; are matrix sequences with the same matrices are repeated over and over;
iRi,j PN (Ai,j)(m) SN (Ai,j)(m+l) N (Ai,j)(m) NN (Ai,j)(m+l) ...

and
Gijioer o WA == A o A oo A o
with [ > 2, then R, ; (resp., £; ;) is a right (resp., left) sociable matrix sequence derived from A; ;. If / = 1, that is,
mi,j PN (Ai,j)(m) — (Ai,j)(m+]) N (Ai,j)(m) N (Ai,j)(mH) ...
and
Qi,j AN (m)(Ai,j) N (mH)(Ai,j) N (m)(Ai,j) - (m+])(Ai,j) e,

then R; ; (resp., &; ;) is aright (resp., left) amicable pair (shortly, amicable) matrix sequence derived from A; ;. If [ = 0,
that is,
Rij i = Q)" = @™ = @A™ = A )™ =

and
-1
Liji—= VA - Ay - Mg - A o
then R; ; (resp., £, ;) is a right (resp., left) stable matrix sequence derived from A; ;. Similar notions are in [5]-[7].
Throughout this article, let T; ; = £; ; or R, ;. In convenience, if T;; : -+ — Ay — Ay — Ay — A — ... 1is a stable

matrix sequence then we write I; ; : -+ — Ay — A;O, and if

Tiji DA DA DA DA DA >
is an amicable matrix sequence then we write T; ; : --- — A; = A, and if

Tiji Ay DAy, > oA, DA, oL DA, DA, S

is a sociable matrix sequence then we write T;; : --- = A, > Ay, — - > Ay

Let m be the order of T; ;, denoted by Ord(Z,; ;) and let [ + 1 be the period length of T, ;, denoted by Per(T; ;). If
R, ; (resp., €, ;) is a right (resp., left) stable matrix sequence, then we call (4; ;)™ (resp., ™(A;)) is the right(resp.,
left) stable point of R; ; (resp., £; ;) denoted by StP(R; ;) (resp., StP(L; ;). Similar notations are in [5]-[7]. It is easily
checked that AO = OA = O. So we get Lemma 2.2.
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Lemma 2.2. If1 < j<16then T, : Ay O is a stable matrix sequence with Ord(T, ;) = 1.
The following Lemma 2.3 gives us an upper bound on the order for all T; ;.

Lemma 2.3. The following inequality holds true:

4 if T, is a stable matrix sequence,
Ord(T;j) <42 if T, is an amicable matrix sequence,

1 if T, is a sociable matrix sequence.

Proof. Assume that T;; = R, ; and (4; ))® = Ay. Since U = Ut U;, we consider the four cases of Ay € U(1 <i < 4)
in turn below.

First, assume that A, € U;. Then Ay = A2 and A, A; = AZA;. Tt follows that (A; )@ = (A4; )@ and (A; )® =
(A; j)>*V for all n € N. From Ay € U;, we obtain

s.RiqjIA,'—)Ak—)AkAi—>Ak—>AkAi—)Ak—)AkAi—>"'.

Hence if A; = Ay then R;; is a right stable matrix sequence with Ord(R;;) = 1 and R;; : A;O. If A; # A and
A; = AiA,; then R, ; is a right amicable sequence with Ord(R; ;) = 1 and R, ; : A; = Ar. Andif A; # Ap and A; # AkA;
then Ord(?i,l) =2 and 9?1-,]- Ao A 2 AA;L

In addition, if Ay = AA; then R, ; is a right stable matrix sequence and if Ay # AiA; then R, ; is a right amicable
matrix sequence.

Second, suppose that Ay € U,. Then

Rij:Ai DA > A A S Al > A — -

So R, ; is a right stable matrix sequence with Ord(R; ;) = 3 if (Ai,j)(3) = A and Ord(R; ;) = 4 if (A,',j)@) # Aj. Since
A # Ay, Ord(R; ;) < 2 is impossible.

Third, suppose that Ay € Us. Then Ai? = Ajg. So (A; ) = A?A; = A; = (A )V, (A )© = AP = Ap = (A )P,
(Aiyj)a) = Ak3Ai = AkA,‘ = (A,',j)(3) and (Ai’j)(g) = Ak4 =1= (Ai,j)(4)- From Ak + 1, we obtain

Rij:Ai = Ay = AkAi = Ag = A > Ay = AAi > Ayg — -+

Hence R, ; is a right sociable matrix sequence with Ord(R; ;) = 1 and Per(R; ;) = 4.

Lastly, suppose that Ay € Uy. Since (A,-,J-)(‘S) = A = Ay, we get (A,-,j)m = A;. Thus A, A;2 and A;° are all
distinct. Because if A; = Ak2 then Ak3 = AkAk2 = AAr = Ak2 # Ay and if Ay = Ak3 = Ay then Ak2 = Ayp. These
are contradictory to A2 # Ajp and A = Ajo. Hence, R, is a right sociable matrix sequence with Ord(R; ;) = 1 and
Per(R; ;) = 3 or 6. In fact,

Rij @ A Ay = Ay 2.1)
——
or
Rij 1 A A = AA — A2 — APA; — A, (2.2)
The case T; ; = £, j can be proved using almost exactly the same methods used in the proof of T; ; = R; ;. U

As a consequence of Lemma 2.3, we obtain the following corollary.

Corollary 2.4. Let
Ai)® T =R
k= .
DA Ty =y
Then
(@) If T is a stable matrix sequence with Ord(Z; ;) = 1 or 2 then A, € U,.
(b) IfY,j is a stable matrix sequence with Ord(T; ;) = 3 or 4 then Ay € U,.

4
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(¢) If T is an amicable matrix sequence then A € U.

(d) IfT,jis a sociable matrix sequence with Per(T; ;) = 4 then Ay € Us.

(e) IfT;;is a sociable matrix sequence with Per(T; ;) = 3 or 6 then Ay € Us,.
Proof. The proof follows naturally from the proof of Lemma 2.3. 0
Lemma 2.5. Let R; ; be a right stable matrix sequence and Ay = Aj(A; + Aj). Then

(@) Ord(R;;)=1ifandonly if AjA; = Ay with A; € Uy.

(b) Ord(R;;) =2ifand only if A; # Ay and Ay = ArA; with Ay € U,.

(¢) OrdR;;) =3 if and only if AyA; = Ay with Ay € Un.

(d) Ord(R;;) = 4ifand only if AtA; # Ay with Ay € U,.

Proof. (a) If R, ; is a right stable matrix sequence with Ord(R;;) = 1 then Ay € U; by Corollary 2.4 (a). Since
OVd(iRi,j) =1,we obtain Ai = Ak and A,‘ e U,. So Ai = Ai(Ai + Aj) = Aiz + AiAj = Ai + AiAj. Therefore, AiAj = A].

Conversely, if A;A; = Ay with A; € Uy, then A;(A; +A)) = A2+ AA; = A;? = A;. This is the first case in the proof
of Lemma 2.3, so R, ; is a right stable matrix sequence with Ord(R; ;) = 1.

(b) If R; ; is a right stable matrix sequence with Ord(R; ;) = 2 then Ay € U, by Corollary 2.4 (a). Thus A; # Ay
and Ak = AkAi.
Conversely, it is proved in the first case of the proof of Lemma 2.3.

(c) If R, ; is a right stable matrix sequence with Ord(R; ;) = 3 then Ay € U, and by Corollary 2.4 (b) and A=A
Hence, StP(‘.R,;j) =AA; = Akz =A.

Conversely, if Ay € U, then R; ; is a right stable matrix sequence with Ord(R; ;) = 3 or 4 by the second case in the
prof of Lemma 2.3. Since A;A; = A, and A;> = A, we have A;A; = A%, Therefore, Ord(R; ;) = 3.

(d) If R;; is a right stable matrix sequence with Ord(R;;) = 4 then Ay € U, by Corollary 2.4 (b). Since
StP(R; ) = Ak2 = Ay, we find that A A; # A;.

Conversely, if Ay € U, then R;; is a right stable matrix sequence with Ord(R;;) = 3 or 4 by Lemma 2.3. By
assumption, AzA; # A; and A;> = A,. This implies that A;A; # Az”. Therefore, Ord(R; ;) = 4. O

Lemma 2.6. Let £;; be a left stable matrix sequence and Ay = (A; + Aj)A;. Then
(@) Ord(L;;) =1lifandonly if A;A; = Ay with A; € Uy.
(b) Ord(L;;) =2ifand only if A; # Ay and Ay = A;Ay with Ay € U,y.
(¢) Ord(%;;) =3 ifand only if AjAy = Ay with Ay € U..
(d) Ord(L;;) =4ifand only if AjAx # Ay with Ay € U,.

Proof. 1t is proved similarly to Lemma 2.5. 0

Remark 2.7. 1f T, ; is a stable matrix sequence with Ord(T; ;) = 2 and Ay = StP(T; ;) # A, then A; € U3 U {Ap} and
Ay 1s a singular matrix. We can check Remark 2.7 by Appendix A.2 and B.2.

By Appendix A.3 and B.3 (resp., Appendix A.4 and B.4), we get the following Remark 2.8 (a) (resp., (b)).

Remark 2.8. Let T; ; be a stable matrix sequence and

A = Ai)? if T =Ry,
@@y i =

Then
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(a) Ord(%;;) = 3 if and only if A; is a singular matrix with Ay € U,.

(b) Ord(%,;;) = 4if and only if A; is an invertible matrix with A € U,.
Lemma 2.9. Let R, ; be a right amicable matrix sequence and Ay = Aj(A; + Aj). Then

(@) Ord(R;;) = 1lifandonly if A; # Ay and A; = AiA; with Ay € U,

(b) Ord(R;;) =2ifand only if A; # Ay, A # ArA; and A A; # A; with Ay € Uy.
Proof. This is proved in the first case of proof of Lemma 2.3 and Corollary 2.4. O
Lemma 2.10. Let &; ; be a left amicable matrix sequence and (A; + Aj)A; = Ay. Then

(@) Ord(L;;) = 1ifand only if A; # Ay and A; = A;A; with Ay € U,

(b) Ord(8;;) =2 ifand only if A; # Ay, A # AjAy and AjAy # A; with Ay € Uy
Proof. 1t is proved similarly to Lemma 2.9. O

Using Appendix A.5.1 and B.5.1, we get the following Remark 2.11.

Remark 2.11. Let T; ; be an amicable matrix sequence. Then
(@) IfT;;:A; & Ag and A; is an invertible matrix then Ay = Ajo.
(b) IfT;;: A; > A, & A, then A; is an invertible matrix and A, and A, are singular matrices.

Lemma 2.12. Let T;; be a sociable matrix sequence with Ord(Z; ;) = 1 and
J@H?P T =Ry,
. {<2><A,-,,-> T =y
Then
(@) Per(T;;) =3ifand onlyif A; € Uyand j = 1.
(b) Per(T;;) =4 ifand only if Ay € Us.
(¢) Per(T;;)=6ifandonly if Ay € Uy and j # 1.

Proof. The case T;; = £;; can be proved using almost exactly the same method used in the proof of T;; = R; ;. For
this reason, we will only consider the case T; ; = R, ;.

(a) Assume that Per(R; ;) = 3. We note that Ay € Ug by Corollary 2.4 (e). Let
Rij o Ai = A = AAI(= Ap) = Ai= AP) = A= ACA) = Ap(= A°) — -+
be a matrix sequence. Then we obtain A; = A2 = A" and Ay = A2 From A2 = Ay = Ai(A; + Aj) = A2+ AiA;, we
get A;A; = A;. Using this, we obtain A; = A, 'AA; = A;71A; = Ay
Conversely, assume that A; € Uy = {Ag, A;s}. Then Ay = A;(A; + A;) = A;? and (A; )™ = A;". Therefore, we have

Re1 : Ag— Ag’(= Ajs) = A’ (= Ayg)

and

Risg 1 Ais— Ais’(= Ag) = Ars°(= Aj).

This completes the proof of (a).
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(b) If R, ; is a right sociable matrix sequence with Ord(R; ;) = 1 and Per(R,; ;) = 4 then A; € U; by Corollary 2.4
(d).

Conversely, if Ay € Us then R;; is a right sociable matrix sequence with Ord(R; ;) = 1 and Per(R;;) = 4 by
Lemma 2.3.

(c) If R, ; is a right sociable matrix sequence with Ord(R; ;) = 1 and Per(R;;) = 6 then A; € U, by Corollary
2.4 (e). By the last case in proof of Lemma 2.3, R; ; is a right sociable matrix sequence with Ord(R;;) = 1 and
Per(R; ;) = 3 or 6 for Ay € Us. In conclusion, from (a), j # 1.

Conversely, if Ay € U, then R, ; is a right sociable matrix sequence with Per(R; ;) = 3 or 6 by Lemma 2.3. From
(a), j = 1if and only if Per(R; ;) = 3. Therefore, Per(R; ;) = 6 with j # 1. O

Figure 1. Right stable matrix sequence with period 6

Remark 2.13. Figure 1 is a structure of all right stable matrix sequences with period 6. Another structure of all stable
matrix sequences is in [15].

Remark 2.14. If T;; : A;j— --- — A, is a sociable matrix sequence then A, = Ayg. This is easily obtained by the third
"
and fourth parts of the proof of Lemma 2.3.

From Lemmas 2.2-2.12, we get the following theorem.
Theorem 2.15. The followings hold true:
(a) All stable matrix sequences in I, ; are given in Tables 2—4.
(b) All amicable matrix sequences in ; j are given in Table 5.

(¢) Table 6 classifies all the sociable matrix sequences in I; ;.

| StP(Ti)) | T #,
A |3, (<j<16) 32
Ay o1, Ta9, Ro5, Ra13, L3, Lo 11 8
Ay Tt Taa1, Rae, Rajt6, La3, Lao 8
Ag 6.1, T6,13> Re.5, Re.9, Lo.4, Lo.16 8
Ag To,1, To2, Ro3, Roa, Los, Lo6 8
Al o1 2
Ay Tints Tinds Rz, Riss Li13s Linie 8
Az T13.1, T136, R13,11, K316, L1325 L1355 8
Total \ 82 ‘

Table 2. Stable matrix sequences with Ord(T; ;) = 1

7
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[ StPTy) | i #Ti;
A T 2 <1 £16), Tn10, T3,1, T410, Ts,15 Te,105 T9,10- T11,10- T13,10, T16,15 Ro6, R2,14, 84
R32, R34, Ra7, Ra13, Rso, Rs13, Re2, Re14. Ro11, Ro.12, Ri19, Ri112, Rz s, Rz,
Rics, Risi1> L24, 212, L39, L3110, L2, La 12, L5202, L56, 67, Lo 11, Lo.13, Lo14, L116,
L1177, L139, 213,14, L164, L1613
Ay T10,9> R149, L1290 4
Ay Tio11> R711, Lo 4
Ag T10,13> R14,13, 7,13 4
Ag Ti02, Ri22, L1a2 4
Aqg T104> R124, L74 4
Az Ti0,6> R76> L146 4
Total 108
Table 3. Stable matrix sequences with Ord(%; ;) = 2
[ 0rdT) | T, with S1P(3,) = A, Sy
3 28, T2,16> L3105 3,12, Ta5, Ta15, L5105 5,145 L63> L6150 29,155 19,165 L11,55 L11,85 72
Ti33, T138> 167> L1610, Rodr K212, R39, R311, Ra2, Ra12, Rs2, Rsp, Re7, Re11,
Ro .13, Ro.14, Ri16, Ri1,7, R13.9, Ri3,14, Rics> Ris13 L2, L2145 L32, L34, La7, L4413,
259, 8513, L62, L6114, Lo11, Lo.12, L1190, L1112, L1345 £137, Liss, Lis11
4 78, T7,10, 7,15, L83, L85, Ts,165 L1075 T10,125 T10,14» 12,85 T12,100 T12,15> T14,8> L14,10 36
Tia,15, 153, L15,5, 215,16
Total 108
Table 4. Stable matrix sequences with Ord(T; ;) = 3,4
| 0rd(Ti)) | i #Ti
1 D7, To1ss T35, T36, 13,7, L3.8, L3135 L3,14> 3,15, £3,165 L4.8> Ld,14> L53, 154, 57, 106
Ts, Ts,11, Ts,12, Ts,15, Ts,16, L6.8> 16,125 17,15 L8,105 19,7, L9.8, Lil,14» L11,15> L12,15
Ti13,12, 13,15, Tia 1> 15,105 L1625 L163> 1165 L1685 L1695 L16,12> L16,14> L16,15> N2,35
Ro i1, Raz, Rag, Rea, Re16: Ros, Roe, Ri1,13, Rir1e Ri3z, Rizs, Los, L8213, L,
L4.16, 6.5, 6,9, L93, Lo, L112, L1135 L1311, L3165
2 73, T75, T7,13, Lo 4> T86> L87> £8,9, 18,125 18,14> L12,55 L12,165 L14,3> L14,16> L1525 L1575 48
Tis,115 T15,12> T15,135 L15,14> R7.4> R7.13, R12,9, Rio11, Ria2, Riass L76, L7115 L1o.15 L1245
L149, L1413
Total 154
Table 5. Amicable matrix sequences
’ Per(fZ,-,j) ‘ TI[,J- with Ord(fI,-,j) =1 #li,j
3 Ts.1> T1s,1 4
4 T72, 19, T7,16> 82> Ts,115 8,135 L1035 L10,55 L10,165 L12,35 L12,65 L12,13> L1445 L14,5, 36
Ti4115 154, Li56, L1509
6 T7.12, T7.14, L8,15, 108> 10,15, T12,7> L12,14> L1475 14,12, L1538 20
Total 60

Table 6. Sociable matrix sequences




Lee and Kim / Montes Taurus J. Pure Appl. Math. 8 (1), 1-28, 2026

Corollary 2.16. LetU; =T, : A; — A? > AP > -+ be a matrix sequence. Then U; has no social matrix sequence.
In fact, Table 7 shows the classification of each U, into stable and amicable.

] Sequences \ A #;
Stable with Ord(2l;) = 1 Wy, Ay, Wy, Ay, Ag, Ajo, Ayq, i3 8
Stable with Ord(;) = 2 and Az, s, Ajg 3
StPA;) = Ay
Amicable with Ord(2l;) = 1 W7, Wip, Wiy 3
Amicable with Ord(2;) = 2 g, Wys 2
Total \ 16

Table 7. All matrix sequences in A;

3. Singular, regular and middle sets

Let S(ﬂi,,) = {(Al'yj)(n) | n € N} and S(Q,j) = {(n)(A,',j) | n € N}

For every natural number n, S (R, ;) is called a singular (resp., regular) set if (A,;_,-)(”) are singular (resp., regular)
matrices. When S (R, ;) is neither singular nor regular, we will call S (R; ;) a middle-singular. We call R; ; a singular
(resp., middle-singular, regular) matrix sequence if S (R; ;) is a singular (resp., middle-singular, regular) set. We use
the same notations for S (£; ;) as for S (R; ;).

It is well known that if A; is a singular matrix, then for every B, A;B are singular matrices. If

i€{l,2,3,4,5,6,9,11,13,16},

then A; and S (T; ;) are singular with 1 < j < 16. On the other hand, if A; is regular, that is, i € {7,8, 10,12, 14, 15},
then S (%; ;) is regular or middle-singular. Therefore, we obtain the following Lemma 3.1.

Lemma 3.1. Let S ((T) = {T;IS(T;)) is singular}, S () := {Ti;IS(T;) is regular} and S ,(T) = {T; ;IS (Ti)) is
middle-singular }. Then |S ¢(T)| = 160, |S ()| = 36 and |S ,,(T)| = 60. Table 8 details 256 matrix sequences.

L T ] (i) | #G)
SH(3) 7,1, (1,2), (1,9), (7,12), (7,14), (7,16), (8,1), (8,2), (8,10), (8,11), (8,13), (8,15), 36
(10,1), (10,3), (10,5), (10,8), (10,15), (10,16), (12,1), (12,3), (12,6), (12,7), (12,13),
(12,14), (14,1), (14,4), (14.5), (14,7), (14,11), (14,12), (15,1), (15,4), (15.,6), (15,8),
(15,9), (15,10)

S5 (1.1, 2.)), B.p), (4)), (5:), (6,)), (9)), (11,), (13.)), (16,)), 1 < j < 16 160
Sm(T) (7,3), (1,4), (1,9), (1,6), (1,7), (1,8), (7,10), (7,11), (7,13), (7,15), (8,3), (8.,4), (8.,5), 60
(8,6), (8,7), (8,8), (8,9), (8,12), (8,14), (8,16), (10,2), (10,4), (10,6), (10,7), (10,9),
(10,10), (10,11), (10,12), (10,13), (10,14), (12,2), (12,4), (12,5), (12,8), (12,9), (12,10),
(12,11), (12,12), (12,15), (12,16), (14,2), (14,3), (14,6), (14,8), (14,9), (14,10), (14,14),
(14,14), (14,15), (14,16), (15,2), (15,3), (15,5), (15,7), (15,11), (15,12), (15,13),
(15,14), (15,15), (15,16)

Table 8. S(I,‘,j)

4. Sounds derived from matrix sequences

If 0 is represented by boom (Korean, Kung) and 1 by clap (Korean, Jjag), the matrix Ax(1 < k < 16) discussed in
this article can be converted to sound as follows.
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; Sound Wave
ay = 0000 Boom Boom Boom Boom _
ay = 0001 Boom Boom Boom Clap ___n
a3 = 0010 Boom Boom Clap Boom S i
ay = 0011 Boom Boom Clap Clap __nn
as = 0100 Boom Clap Boom Boom —n__
ae = 0101 Boom Clap Boom Clap _n_n
a7 = 0110 Boom Clap Clap Boom N
ag = 0111 Boom Clap Clap Clap _nnn
a9 = 1000 Clap Boom Boom Boom n___
ajo = 1001 Clap Boom Boom Clap mn__n
ay; = 1010 Clap Boom Clap Boom U o
ap = 1011 Clap Boom Clap Clap mn_nmnmn
a3 = 1100 Clap Clap Boom Boom [
ay = 1101 Clap Clap Boom Clap mnm_n

151110 Clap Clap Clap Boom nmn_
ae = 1111 Clap Clap Clap Clap mininin

Table 9. Sounds derived from matrix

We can write T;; : A, — -+ = A, — .-+ — A, in binary code using Table 9. See [14] for a more accurate
(—
sounding conversion of matrix sequences.
. . . a a
Let a; be the binary code (or elements) of A;, that is, if A; = [al az] then «; := ajaxazay. If a; = ajarazas and
3 a4
«; = asazaza; then we say that A; (resp., A;) is a reverse sound matrix of A; (resp., A;). The reverse sound matrices

for the 16 matrices are given in Table 10.

| A \ @ [ @; \ A |
A 0000 0000 A
A, 0001 1000 Ao
As 0010 0100 As
A4 0011 1100 Ans
As 0100 0010 As
As 0101 1010 An
A, 0110 0110 A,
As 0111 1110 Ars
Ao 1000 0001 A,
Ao 1001 1001 Al
Al 1010 0101 As
A 1011 1101 Al
AL 1100 0011 Ay
AL 1101 1011 A
Als 1110 0111 As
Al 1111 1111 Al

Table 10. Reverse sound matrices of A; (1 <i < 16)

Lemmas 4.1-4.4 are easy to obtain using Table 1.

Lemma 4.1. Let AjA; = Ay with 1 <1, j,k < 16. Then

10
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@) Ifi=1thenk=1foralll <j<16.
(b) Ifief2,3,4)thenk €{1,2,3,4} forall 1 < j < 16.
(©) Ifie{5,9,13}thenk €{1,5,9,13} forall 1 < j < 16.
(d) Ifie(6,11,16} then k € {1,6,11,16} forall 1 < j < 16.
(e) If A;is an invertible matrix then 1 < k < 16.

Lemma 4.2. Let AjA; = Ay with 1 <1, j,k < 16. Then
(@ Ifi=1thenk=1foralll < j<16.
(b) Ifie(2,5,6}thenke{1,2,56}foralll < j<16.
() Ifie{3,9,11} thenk € {1,3,9,11} forall 1 < j < 16.
(d) Ifie{4,13,16} thenk € {1,4,13,16} forall 1 < j < 16.

(e) IfA;is an invertible matrix then 1 < k < 16.

y A I AjAi, 1<j<16 AiAj, 1<j<16
A] Al Al
Az Ay, Az, As, Ag Ay, Az, Az, Ay
A; A1, A3, Ag, Ayy Ay, Az, A3, Ay
Ay A1, Aq4,A13,A16 Ay, Az, Az, Ay
As A1, Ar, As, Ag A1, As,Ag, Ar3
Ag Ay, As, As, Ag Ay, Ag, Ar1,A16
Az A (1 £k <16) A (1 <k<16)
A A (1<k<16) A (1<k<16)
Ag A1, A3, Ag, Aqy A1, As,Ag, Ar3
Aqo A (1 £k<16) A (1 <£k<16)
An A1, A3, Ag, Ay A1, Ag, A11,A16
Apn A (1 £k<16) A (1 <£k<16)
Az A1, A4,A13,A16 A1, As,Ag, Ar3
A A (1 £k<16) A (1 <£k<16)
Ais A (1 £k <16) A (1 <k<16)
Alg Ar,A4,A13,A16 Ay, A6, A11,Ass

Table 11. Given A;, possible A jA; and A;A; forall 1 < j < 16

Remark 4.3. We use the same i, k used in Lemma 4.1 and Lemma 4.2.
(a) If A;(i # 1) is a singular matrix then each four k appears four times.

(b) If A; is an invertible matrix then each k appears one time.

From Lemma 4.1 and Lemma 4.2 we can observe the above facts.

Lemma 4.4 below can be easily obtained using the determinant properties of matrices.

Lemma 4.4. A reverse sound matrix of singular(resp., invertible) matrix is a singular(resp., invertible) matrix.

11
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Let ®;; or &; : Ay — -+ = A, —---— A be a matrix sequence with r; = i. We define

- ¢
v j(resp., lij) = @y --a, @, to be a totally sound matrix sequence code of R; j(resp., £;;). And we call §;;
(resp., T,; j) = a;, - a,, apartially sound matrix seqlience code of R, ;(resp., &, ;). R

If v; ; (resp., ¥ ;) is aiaxas - - - a, and 1, j, (vesp., 1y, j,) is a, - - - azara; then we call [;, ;, (resp., I;, ;) a totally (resp.,
partially) reverse sound matrix sequence code of 1; ; (resp., {; ;).

Lemma 4.5. Let T, ; be a stable matrix sequence. Then
(@) IfOrd(T,)) = 1 thent;; is a totally reverse sound matrix sequence code for some 1y ;.

(b) IfOrd(T;;) > 2 then t;j is not a totally reverse sound matrix sequence code.

Proof. Let 1,»,1» = 91,;,-.

(a) If R, ; is a stable matrix sequence with Ord(R; ;) = 1 then A; € U; by Lemma 2.5 (a). From Table 10, the
reverse sound matrix of A;(€ U) is also in U;. There exists at least one (i, j) such that StP(; ;) € U; for all element
in U;. Since 1; ; = «;, the proof of (a) is completed.

(b) We divide it into two cases by whether StP(R; ;) = A or not.

First, suppose that R; ; is a stable matrix sequence with Ord(R; ;) > 2 and StP(R; ;) = A;. Then

L j = aiaasay - - - 0000

with ajazazas # 0000. So, the totally reverse sound sequence code of this does not exist.

Second, suppose that R; ; : A; — Ay O, where Ay # A;. Then A; is an invertible matrix and Ay is a singular
matrix by Remark 2.7. Suppose that 1; ; has a totally reverse sound matrix sequence code Iy ;. By Lemma 4.4, A; is a
singular matrix and A, is an invertible matrix, where £, ; : Ay — A, or A; = A,. Hence, there is no totally reverse
sound matrix sequence code.

The case of €; ; can be proved using the same method in the proof of R; ;. O

| Rij [ ow | Ly | Lirjo |

R, (1<j<16) 0000 0000 L, 1< jr<16)

Ra1, Ras, Rag, Rots 0001 1000 L1, Lo2, Los, Log

Ra1, Rae, Raa1, Rats 0011 1100 L1351, L132, L1355, L136

Re,1, Re,5, R0, Re,13 0101 1010 L1, L4, L1113, L1t

Ro.1, Ro2, Ro3, Roy 1000 0001 L1, 23, Log, La11

Rio0.1 1001 1001 £10.1

Rirt, Riz, Rz, Rig 1010 0101 L6.1, Lo.4, ¥6,13, ¥6,16

Riz1, Rize Riza1, Risie 1100 0011 La1, L4z, Lo, L1

Table 12. Totally reverse sound stable matrix sequences

Lemma 4.6. If T, ; is an amicable matrix sequence then t; j is not a totally reverse sound matrix sequence code.

Proof. LetT;; = R; ;. By Lemma 2.9, we prove it by dividing it into two cases according to Ord(R, ;).

Case 1. Consider R; ; : A; = Ag. In this case, we can divide into two parts depending on A;, that is, A, is invertible
or not.

First, let A; be an invertible matrix. By Remark 2.8, we find that R;; : A; = Ajp and v;; = ;1001. If v; ; has a
totally reverse sound matrix sequence code Iy 7, then £y ; : Ajg = As or Ajg — A, O, where Ay is the reverse sound
matrix for A;. Since A; is the reverse sound matrix of an invertible matrix A;, A, is an invertible matrix by Lemma 4.4.
Suppose that £, ; : Ajg = A,. Since Ay is an invertible matrix, A; = Ajo by Remark 2.11. But it is not an amicable
matrix sequence. Next, suppose that £; » : Ajg = A; O. By Lemma 2.5, A; € U; and A, # Ajo. Then A; is a singular
matrix. It is a contradiction.

12
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Now, let A; be a singular matrix. Suppose that r;; has a reverse sound matrix sequence code Iy y and £ ; :
Ay 2 Ajor Ay — A, O, where A; and A, are reverse sound matrices for Ay and A;, respectively. A singular matrix
A,‘ is in {AQ,A3,A4,A5,A6,A9,A11,A13,A|6}. If A,‘ = A2 then Ak S {A3,A4} by Table 11. Then A,‘/ € {A5,A|3} and
A, = Ag by Table 10. By the definition of £; , Ag = (A7 + A;)A;. Using Table 10, there is no matrix A such that
Ag = (Ay + Aj)Ay. Therefore, there is no totally reverse sound sequence code.

We can check in the same way for the other singular matrices A;.

Case 2. Consider R;; : A; —» A,, 2 A,. By Remark 2.11, A; is an invertible matrix but A,, and A, are singular
matrices. If there is a totally reverse sound sequence code [y y of v;; then &y ; : Ay —» Ay 2 A, or Ay = Ay = A O
or Ay— Ay — A, where Ay, A; and A, are reverse sound matrices of A,, A,,, and A;, respectively. Then A, is an

invertible matrix and A; and A, are singular matrices by Lemma 4.4. But it is impossible because A, = Ay A;.
The case of T; ; = £; ; can be proved by the same method in proof of the case T;; = R; ; O

Lemma 4.7. Let R, j and L j be sociable matrix sequences. If v; j has a totally reverse sound matrix sequence code
Iy y then vy j has a totally reverse sound matrix sequence code |; ;.

Proof. Suppose that v; ; has a totally reverse sound matrix sequence code [y . By Remark 2.14, v;; = ---1001. So
Iy, = 1001 ---. Since £y j is also sociable matrix sequence, [ ; = 1001 ---1001. Then r; ; = 1001 --- 1001 because
it is a reverse sound matrix sequence of I; ;. Hence, i = i’ = 10. Since Ay is the identity matrix, Riox = Lo for all
1 <k <16,i.e., 110x = lijox. Hence 1;; has a reverse sound matrix sequence code Iy j if and only if 1y » has a totally
reverse sound matrix sequence code [; ;. O

Using Lemma 4.7, we obtain the following theorem.

Theorem 4.8. Let T;; be a sociable matrix sequence. If t;; has a reverse sound matrix sequence code then
i, j) € {(10,3),(10,5), (10, 8), (10, 15), (10, 16)}. See Table 13 for details.

’ Rij I Lij I lir,jr Lirji
Ri03 1001101110111001 1001110111011001 2105
Rios 1001110111011001 1001101110111001 L103
Rio16 | 1001011001101001 1001011001101001 210,16
Rios 100111101110011101111001 100111101110011101111001 L108
Rio1s | 100101110111111011101001 100101110111111011101001 210,15

Table 13. Totally reverse sound sociable matrix sequences

Lemma 4.9. IfT; ; is a stable matrix sequence then 1 j has a partial reverse sound matrix sequence code.

Proof. Let T, ; be a stable matrix sequence. By tables in Theorem 10, StP(T;;) € S = {A1, A2, A4, As, A9, A1, A13).
Therefore, f,-,_,- = a;, where i € {1,2,4,6,9, 11, 13}. Using Table 10, the reverse sound matrices of A; € S are also in
S. For example, the reverse sound matrix of A4 is Aj3. Hence, we can give the partial reverse sound matrix sequence
code of 1;, e O

5. Palindromic sound matrix sequence codes

Let A,, and A, be a palindromic sound matrix pair if @,, = abcd and @, = dcba. And let A,, and A, be anti-
palindromic sound matrix pair if @,, = abcd and @, = (1 — d)(1 — ¢)(1 — b)(1 — a). Table 14 and 15 present all of the
palindromic sound matrix pair and anti-palindromic sound matrix pair, respectively.

13
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Am aﬂ‘l H al’l Al‘l
A 0000 0000 A
A 0001 1000 Ao
As 0010 0100 As
Ay 0011 1100 Al
As 0100 0010 As
Ag 0101 1010 Al
A, 0110 0110 A,
Ag 0111 1110 Al
Ao 1000 0001 A,
Ao 1001 1001 Al
AL 1010 0101 As
A 1011 1101 Al
A 1100 0011 Ay
A 1101 1011 A
Ars 1110 0111 As
A 1111 1111 Ale

Table 14. Palindromic sound matrix pair

Remark 5.1. If A,, and A, is a palindromic sound matrix pair then both A,, and A, are either invertible matrices or
singular matrices. See Table 14.

] A \ U I a, Ay
A, 0000 111 A
A 0001 0111 As
As 0010 1011 A
As 0011 0011 Ay
As 0100 1101 A
Ao 0101 0101 Ao
A 0110 1001 At
As 0111 0001 A
Ag 1000 1110 Ars
A 1001 0110 A
AL 1010 1010 Al
A 1011 0010 As
Al 1100 1100 Ans
A 1101 0100 As
Ars 1110 1000 Ao
A 1111 0000 A

Table 15. Anti-palindromic sound matrix pair

Tij Ay > A > oA o> A S A > - > A — -+ 1 is a totally palindromic(resp., anti-
palindromic) sound matrix sequence code if and only if A; and A; , is a palindromic(resp., anti-palindromic) sound
matrix pair for 0 < 7 < n. Similarly, t; ; is a partially palindromic(resp., anti-palindromic) sound matrix sequence code
ifand only if A; , and A; _, is a palindromic(resp., anti-palindromic) sound matrix pair for 0 <7 <n —m.

I+t In-t

Lemma 5.2. Let T, ; be a stable matrix sequence with Ord(Z; j) = 1. Then

(@) t;jis a totally palindromic sound matrix sequence code if and only if i € {1, 10}.

14
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(b) t; is a totally anti-palindromic sound matrix sequence code if and only if i € {4,6,11,13}.

Proof. Let 1,»,1» = ER,"j.

(a) Suppose that v; ; is a totally palindromic sound matrix sequence code. Then A; is a palindromic sound matrix
pair itself. By Table 14,
A; € {A1,A7,A19, A6} (5.1

Since R; ; is a stable matrix sequence with Ord(R; ;) = 1,
A,‘ e U, (52)

by Lemma 2.5 (a) Combining (51) and (52), Ai € {AI,A7,A10,A16} N U1 = {AI»AIO}' Hence i € {], ]0}
Conversely, it is obvious by Table 14.

(b) Suppose that 1;; is a totally anti-palindromic sound matrix sequence code. Then A; is an anti-palindromic
sound matrix pair itself. By Table 15,
A; € {A4, A6, A11, Az} (5.3)

Since R; ; is a stable matrix sequence with Ord(R; ;) = 1, we have
A; e Uy 5.4

by Lemma 2.5 (a). Therefore, A; € {A4, A¢, A11,A13} N Uy = {A4,A6,A11,A13}). Hence i € {4,6, 11, 13}.
Conversely, it is trivial by Table 15.
The case of T; ; = ; ; can be proved by the same method in the proof of T; ; = R; ;. O

Lemma 5.3. Let T, ; be a stable matrix sequence with Ord(Z; j) = 2. Then

(a) t;;is not a totally palindromic sound matrix sequence code.

~

(b) t; is a partially palindromic sound matrix sequence code if and only if StP(T; ;) = Aj.

(¢c) t; is a totally anti-palindromic sound matrix sequence code if and only if A; = Ajs.

~

(d) t;; is a partially anti-palindromic sound matrix sequence code if and only if StP(T; ;) € {A4, A¢, A11,A13}).

Proof. Let ii,»,j = s}{i,j.

(a) If Ord(R; ;) = 2 then A; is an invertible matrix and Ay = A;(A; +A)) is a singular matrix by Remark 2.7. Hence,
A; and Ay is not a palindromic sound matrix pair by Remark 5.1.

(b) Suppose that v; ; is a partially palindromic sound matrix sequence code with S#P(R; ;) = Ax. Then Ay and Ag
is a palindromic sound matrix pair itself. From Table 14, we obtain

Ar € {A1,A7,A10,Ass}). (5.5)
By Table 3, we checked that
Ap € {A1,A2, A4, Ag, Ag, A1, Ars). (5.6)
Combining (55) and (56), Ak € {Al,A7,A10,A16} N {Al,Az,A4,A6,A9,A11,A13} = {Al} Hence Ak = Al-
Conversely, it is easily obtained by Table 14.

(c) Suppose that r; ; is a totally anti-palindromic sound matrix sequence code. Since R; ; is a stable matrix sequence
with Ord(R; ;) = 2, we get Ay = Aj(A;+A;) € U by Lemma 2.5 (b). Divide U into three sets Uy = {A4, As, A1, A13},
Uiz = {A2, Ao} and Uy3 = {A;}.

First, suppose that Ay € U;;. Then Ay is an anti-palindromic sound matrix pair itself. So it is impossible. Second,
suppose that A; € Uj,. By Table 15, A; € {As, Ais}. On the other hand, A; € U3 U {A;o} by Remark 2.7 because R, ;

15
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is a stable matrix sequence with Ord(R; ;) = 2. Therefore, it is not possible. Last, suppose that Ay € U3, that is,
Ak = Al' ThenAi = A16 by Table 15.

Conversely, suppose that A; = Ajs. By Table 3, we get Ay = A;(A; + Aj) = Ay. Ay and Aj¢ is an anti-palindromic
sound matrix pair by Table 15. So 1, ; is a totally anti-palindromic sound matrix sequence code.

(d) It is proved similar to Lemma 5.2 (b).

The case of T; ; = ; ; can be proved by the similar way in the proof of T; ; = R; ;. 0

Lemma 5.4. Let T, ; be a stable matrix sequence with Ord(Z; j) > 3. Then
(@) t;j is not a totally palindromic sound matrix sequence code.
(b) fi, j is a partially palindromic sound matrix sequence code if and only if StP(T; ;) = Ay.
(¢c) t;is not a totally anti-palindromic sound matrix sequence code.

(d) ?i, j is not a partially anti-palindromic sound matrix sequence code.

Proof. Let Ii,j = ‘R,‘,j.

(a) By Table 3, we assume that StP(R; ;) = A;. If r;; is a totally palindromic sound matrix sequence code then
A; = A,. Because A| and A, is a palindromic sound matrix pair itself by Table 14. But if A; = A; then R; ; is a stable
matrix sequence with Ord(R; ;) = 1 by Lemma 2.2.

(b) It is proved similar to Lemma 5.3 (b).

(c) Suppose that Ord(R; ;) = 3. By Table 3, we put StP(R;;) = A;. If v;; is a totally anti-palindromic sound
matrix sequence code then A; = Ajs and Ay = A;(A; + Aj) is an anti-palindromic sound matrix pair itself. By Lemma
2.5 (c),

A =Ai(A; + Ap) € Us. (57)

Since A; = A6, We obtain
A € {A1,A6,A11, A6} (5.8)

by Lemma 4.1 (d). Combining (5.7) and (5.8), A € U, N {A1,A¢,A11,A16} = {A1g}. By Table 15 A; = Aj¢ is not
an anti-palindromic sound matrix pair itself. Next, suppose that Ord(R; ;) = 4. Then A; is an invertible matrix by
Remark 2.8 (b).

If v; ; is a totally anti-palindromic sound matrix sequence code then A; = A because StP(R; ;) = A; by Table 3.
But A is not an invertible matrix.

(d) StP(R; ;) = A;. By Table 15, A; and A; is not an anti-palindromic sound matrix pair itself. Therefore, v, ; is
not a partially anti-palindromic sound matrix sequence code.

The case of T; ; = &, ; can be proved by the same method in the proof of the case T;; = R, ;. 0
Lemma 5.5. Let T; j be an amicable matrix sequence with Ord(T; ;) = 1. Then
(@) 1 is a totally palindromic sound matrix sequence code if and only if R; j : A¢ = Ay or Aj; = As.
(b) 1 is a totally palindromic sound matrix sequence code if and only if &; ; : Ay = Az or Aj3 = As.
(¢) t;is a totally anti-palindromic sound matrix sequence code if and only if i = 7.

Proof. (a) First, suppose that A; is an invertible matrix. Then R; ; : A; &= Ao by Remark 2.11 (a). Using Table 14, Ao
and A is a palindromic sound matrix pair itself. Hence, A; = A for a totally palindromic sound matrix sequence
code 1; ;. But Ajg = Ajo is a stable matrix sequence Ay O. Therefore, there is no invertible matrix A; such that v; ;
is a totally(=partially) palindromic sound matrix sequence code. Second, suppose that A; is a singular matrix. Using
Table 14, A, and Ay, A3 and As, A4 and A3, Ag and A are palindromic sound matrix pairs, respectively. And A6 and
Ajg is a palindromic sound matrix pair itself. By Lemma 4.1, A, and Ag, A3 and As, A4 and A3 can not make same
matrix sequence starting with singular matrix. If A; = Ajs then R;; : Ajg = Aje. But it is not an amicable matrix
sequence. Hence, R; ; : Ag = Ay or Ay = Ag.

16
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Conversely, it is obvious by Table 14.
(b) It can be proved by the same method in (a).

(c) Let T; ; = R; ;. First, suppose that A; is an invertible matrix. Then we obtain R; ; : A; = Ao by Remark 2.11
(a). By Table 15, A7 and A is an anti-palindromic sound matrix pair. So i = 7.

Second, suppose that A; is a singular matrix. If the anti-palindromic sound matrix pair A; of a singular matrix
A; is different from A; then we can not find T;; : A; = Ay by Table 15. If Ay = A, then T;; : A; = Ay is not an
amicable matrix sequence. Hence, there is no singular matrix A; that satisfies t; ; is a totally anti-palindromic sound
matrix sequence code.

Conversely, by Remark 2.11 (a), R; j; = A7 = Ajo. Then it is done by Table 15.
We can prove T; ; = R; ; by the same method of the case T; ; = R; ;. 0

Lemma 5.6. Let T; j be an amicable matrix sequence with Ord(T; ;) = 2. Then
(a) t;; is not a totally palindromic sound matrix sequence code.
(b) t;; is a partially palindromic sound matrix sequence code if and only if R;; : A; — A¢ = Ay or

‘,Ri,j ZAi —>A11 <:)A6

A

(¢) 1ij is a partially palindromic sound matrix sequence code if and only if R;; : A, — Ay = Az or
SRZ'J' . Ai d A13 = A4.

(d) t;; is not a totally anti-palindromic sound matrix sequence code.
(e) T,; j is not a partially anti-palindromic sound matrix sequence code.

Proof. LetT;;j =R, ;.

(a) By Remark 2.11 (b), A; is an invertible matrix and A, = A;(A; + A;)A; is a singular matrix. This proof is done
by Remark 5.1.

(b) Suppose that ;; = @,q, is a partially palindromic matrix sequence code, where R;; : A; — A, = A,. By
Remark 2.11, A, and A, are singular matrices. The rest of the proof is almost identical to Lemma 5.5 (a).

Conversely, it is obvious by Table 14.

(c) It can be proved by the same method in (b).

(d) By Remark 2.11 (b), A; is an invertible matrix, A, and A, are singular matrices, where R, ; : A; —» A, = A,.
Then it is almost same with Lemma 5.5 (c). But in this case, A, = A7 and A, = Ay is impossible because A, and A,
are singular matrices. Hence, there is no partially anti-palindromic sound matrix sequence code.

(e) By Remark 2.11 (b), A; is an invertible matrix, A, and A, are singular matrices, where R; ; : A; > A, 2= A
Then the next process of this proof is similar to Lemma 5.5 (c).

a
The case of T; ; = £; ; can be proved by the same method by the similar method of the case T; ; = R; ;. 0
All of the totally palindromic matrix sound sequence codes t; ; of stable and amicable matrix sequences are given

in Table 16. And all partially palindromic sound matrix sequence coeds ;, ; of stable and amicable matrix sequences
except Ord(T; ;) = 1 are given in Table 17.

’ ti,j \ Binary code \ Wave
t,;,1<j<16 0000 _
tio,1 1001 Mn__n
6.4, 16,85 16,125 16,16 01011010 _n_nn_n_—
T11,135 Y11,145 L11,155 L11,16 10100101 M _T1_Tn
lug, lag, 1414, 1,16 00111100 __nnonn__
113,11, 113,12, 113,15, 113,16 11000011 MM _T1n

Table 16. Totally palindromic sound matrix sequence codes of stable and amicable matrix sequences
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t:

i,j

Binary code

Wave

tii (2 <1< 16), 110, 3.1, t4.10. 15,1, t6 10
to.10, tll 105 t13 105 tie, 1s b, 8 b, 16 t, 12 tas,
’f4 15 t5 145 t637 te, 155 t9 155 f9 165 ’fn 50 fn 85
t13 3 ’f13 85 t16 7 f7 8, 17, 10, b, 155 s, 35 tss,
f§,16, t10,7, t19,12, t19,14, 112,8, tlZ,lO’ tiois,
t14.8, t14,10, 114,15, 1153, 1155, t15,165 P26
214, 832, T34, 147, 4,13, T50, T5.13, T62,
%6,14> To,115 $0,12, T11,9, T11,125 T134» T13 7,
ti66, Ti6,115 P25 T2,125 £3.9, £3,105 B3,115 T2,
£4.12, B52, 5.6, £5,105 T6.75 T6,115 $0,13, 9,14,
Ti1e, T17, T13.9, 113,145 Ti64s T16,105 Ti,13,
b b2, o, B, lag, Lo, s, s Lo,
16 11 I9 13, I9 145 I11 65 T 7> Tjs, 95 11% 145 11647
116 135 12 65 Iz 145 13 2 13 e 105 Iy, 7> Iy, 13, Iso,
Is 10, Is, 135 162, T, 14> T, 1 T, 12, Tiios Tinio,
15,4, 1137, li6.65 116,10, li6,11

0000

74, Tisn1

01011010

_n_nn_n_—_

17,13, 18,6

10100101

Mm_n__rn_n

76, 115,13

00111100

—_nnnmn_—_—

711, g4

11000011

A __— _T1nm

Table 17. Partially palindromic sound matrix sequence code

All of totally anti-palindromic matrix sound sequence codes t;; are given in Table 18. And all partially anti-
palindromic sound matrix sequence coeds fix,- except Ord(T; ;) = 1 are given in Table 19.

|

t:

i \ Binary code \ Wave ‘
ta,1, ta11, tas, ta16, 143, 49 0011 —_nn
t6.1, 16,135 6.5 16,95 l6.4> l6,16 0101 —_n_n
tin 1, fds Y112, t113s liniss liie 1010 n_mn_—
t13,1, 13,6, 113,115 T13,16, 1132, L1355 1100 nn_ _
t71 01101001 _nf_n__n
t16.1> 116165 T16.6> L16.115 1645
16,1> t16,16> 116,65 Y16,11> 16,4 11110000 oA
l16,13
t7.16 0110011010011001 N o T e O o A o [ O
Table 18. Totally anti-palindromic sound matrix sequences code
1) Binary code Wave
£7.11, lin 1t 0011 —_nn
t10.13, T14.13, 7,13 0101 —n_n
t104, T124, 74 1010 m_r_
t10,6 17,65 L146 1100 nn_

Table 19. Partially anti-palindromic sound matrix sequence code

Lemma 5.7. Let T, ; be a sociable matrix sequence. Then

(@) t;j is a totally palindromic matrix sequence code if and only if (i, j) € {(10, 8), (10, 15), (10, 16)}.

18
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(b) t;; is not a totally anti-palindromic matrix sequence code.

All of the totally palindromic matrix sequence code t; ; of a sociable matrix sequence are given in Table 20.

’ ti j Binary code Wave
t10,16 1001011001101001 N DN o Y o O o B O
tio8 100111101110011101111001 M MMM M
t10,15 100101110111111011101001 S o o e O A

Table 20. Totally palindromic sound matrix sequences of sociable matrix sequence code

6. Subgroups of Z, x Z,

Let E/F be an elliptic curve over a number field F' and E[2] := {R € E(F)]2R = O). Here, F is the algebraic
closure of F and O is the point at_inﬁnity. If Char(F) t 2, then E[2] is isomorphic to Z/27Z x Z/27 as an abstract
group, [10, p.70]. The group Gal(F/F) acts on E[2], including a basis for E[2], a group homomorphism

pE2 : Gal(F|F) — Aut(E[2]) = GLy(Z/27)

called the mod 2 Galois representation associated to E. E(F) has a point of order 2 if and only if, up to conjugation,

pE2 € {((1) :) € GLZ(Z/ZZ)}.

Since E[2] = Z, X Z;, the study in this section is helpful in studying E[2].

Subgoups of K := K4 = Zy X Z, are K;; = {(0,0)}, K51 = {(0,0),(0,1)}, K22 := {(0,0),(1,0)},
K>3 :=1{(0,0), (1, )}

Let y; : K — K be the mapping defined by y;(x,y) = A;(x,y) with 1 < i < 16. Put Iy; := K, I; := Im(y;(K)),
Ii; »= Im(y(Ix-1,)). In this section, we consider the following sequence

Ri:l(),i_)ll,i_)]li_)"'~

See 7 for a detailed list of sequences for &;. Similarly as defined for T; ;, we define the notions of stable, amicable,
sociable, period length and order of &;. In addition, let S#(&;) := {P = (x,y) € K|y;(P) = P} be the stable set of &; and
deg(K;) := #{P € Kly;(P) = (0,0)} be the degree of &;.

We get the following result without difficulty, so we omit the proof.

Lemma 6.1. The followings hold true:

(@) K, is a stable mapping sequence with Ord(81) = 2 and St(8;) = K ;.

(b) Ry is a stable mapping sequence with Ord(})) = 1 with St(]) = K.
Lemma 6.2. The followings hold true:

(@) I,; = K ifand only if A; is an invertible matrix.

() I; =Ky, ifand only ifi = 1.

(¢ L1;=Ky;ifandonlyifie{2,3,4}.

(d) I1; =Ky ifandonlyifie{5,9,13).

() 1,; =K,z ifandonlyific {6,11,16}.
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Proof. Let A; = [‘c’ Z}. Then 7:(0,0) = (0,0), :(0, 1) = (b, d), y:(1,0) = (a,¢), and y:(1,1) = (a + b, ¢ + d).

(a) Suppose that /;; = K. We can get following condition; (0, 0), (b,d), (a,c), and (a + b, ¢ + d) are all distinct.
0 b

0 d}

A; is zero then (a + 0,c¢ + 0) = (a,c). So there is no zero column. Now, we divide three case. First, suppose that
(a,c) = (1, 1). Because of the condition, b and d are distinct. Then det(A;) = d — b = 1. Second, let (b,d) = (1,1). It
is similar to the first case, a # ¢ and det(A;) = a — ¢ = 1. Lastly, suppose that (a + b,c + d) = (1, 1). Since a # b and
c#d,weobtaina=d,b=cora=c,b=d. It follows that det(A;) = ad — bc = 1.

Conversely, suppose that A; is an invertible matrix. Then either (a,d) = (1, 1) or (b, c) = (1, 1) because det(A;) =
ad — bc = 1. Let (a,d) = (1, 1). Then y;(0,0) = (0,0), v;(0,1) = (b, 1), y;(1,0) = (1,¢), and y;(1,1) = (b + 1,c + 1).
Therefore, we can see that (0, 0), (b, 1), (1,¢), and (b + 1, c + 1) are all different for (b, c) € K\{(0, 0)}. Hence, I;; = K.

(b) It’s trivial.

(c) Suppose that I;; = K, that is, y;(x,y) = (0,z2) for all (x,y) € K. If (¢,d) = (0,0) then I,; = K; ;. We can
easily obtain a = b = 0 and (¢, d) # (0,0). Hence i € {2, 3,4}.

Conversely, if i € {2,3,4} then A; = 2 and (c,d) # (0,0). Therefore, y;(x,y) = (0,z) for all (x,y) € K.
vi0,0) = (0,0) and since (c,d) # (0,0), there exists at least one (x,y) € K such that y;(x,y) = (0,1). Hence
L;i=Ky;.

(d) Suppose that I; ; = K3, thatis, y;(x,y) = (z,0) for all (x,y) € K. if (¢,d) = (0,0) then I, ; = K; ;. We can easily
obtain ¢ = d = 0 and (a, b) # (0,0). Hence i € {5,9, 13}.

Conversely, if i € {5,9,13} then A; = g and (a,b) # (0,0). Therefore, y;(x,y) = (z,0) for all (x,y) €
K —{(0,0)}. Since (a, b) # (0, 0), there exists at least one (x,y) € K such that y;(x,y) = (1,0). Hence I, ; = K.

(e) Suppose that I;; = K3, that is, y;(x,y) = (z,z) forall (x,y) € K. Ifa=b =c=d =0then I,; = K; by (b).
We can easily obtain a = ¢, b = d and not all zero. Hence, i € {6, 11, 16}.

Conversely, if i € {6,11,16} then A; = [Z Z] and (a,b) # (0,0). Therefore, y;(x,y) = (z,z) for all (x,y) €
K —{(0,0)}. Since (a, b) # (0, 0), there exists at least one (x,y) € K such that y;(x,y) = (1,1). Hence I, ; = K»3. O

If the first column of A; is zero, that is, A; = then (0 + ,0 + d) = (b, d). Similarly, if the second column of

Lemma 6.3. Let A; = [ccl Z} be an invertible matrix except Ayy. Then

(@) K;is an amicable mapping sequence with Ord(K};) = 1 if and only ifa +d = 0.
(b) K is a sociable mapping sequence with Ord(R;) = 1 and Per(K;) = 3 ifand only ifa +d = 1.

Proof. Note that A;(0,0) = (0,0), A;(0, 1) = (b,d), A;(1,0) = (a,c), Ai(1,1) = (a + b,c + d).

(a) Suppose that &; is an amicable mapping sequence with Ord(&;) = 1. Since (0,0) € S#(&;), one of the other
three points is in S#(K;). In other words, two points change each other. If (0,1) € S#(&;) then b = 0,d = 1,
(a,c)=(,1),and (a + b,c +d) = (1,0), that is, a = 1 and ¢ = 1. Therefore, a + d = 1 + 1 = 0. We can check in the
same way for the other cases (1,0) € S#(®;) and (1, 1) € St(&;).

Conversely, suppose that a + d = 0. We divide it two cases by the value of ad. First, we assme that ad = 0, that
is,a = d = 0. Then we get b = ¢ = 1. Therefore, A;(0,1) = (1,0), A;(1,0) = (0,1) and (0,0), (1,1) € S#(K,). Itis
an amicable mapping sequence with Ord(®;) = 1. Next, we assume that ad = 1. Then we geta =d = 1 and bc = 0
by ad — bc = 1. Since A; # Ay, we get (b,c) # (0,0), that is, (b, c) can be (0,1) or (1,0). If (b,c) = (0, 1) then
Ai(1,0) =(1,1),A;(1,1) = (1,0) and (0,0), (0, 1) € S{K,). If (b,c) = (1,0) then A;(0, 1) = (1, 1), A;(1,1) = (0, 1) and
(0,0),(1,0) € SHK,;). These are amicable mapping sequences with Ord(K;) = 1.

(b) Suppose that &; is a sociable mapping sequence with Ord(R;) = 1 and Per(R;) = 3. Since (0,0) € S#(K;), the
other three points must change each other. If A;(0, 1) = (1,0) then A;(1,0) = (1,1) and A;(1, 1) = (0, 1). So,we derive
thata=1,b=1,c=1,d=0anda+d = 1. If A;(0,1) = (1, 1) then A;(1,0) = (0,1) and A;(1,1) = (1,0). Then
a=0,b=1,c=1,d=1andthena+d =1.
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Conversely, suppose that a + d = 1. Since ad —bc = 1 and a # d, we get ad = 0 and bc = 1. Naturally, we
obtain that b = ¢ = 1, A;(0,0) = (0,0), A;(0, 1) = (1,d), A;(1,0) = (a, 1), and A;(1,1) = (@ + 1,d + 1). Thus we have
©O,1) = (,d), (1,0) # (a,1) and (1,1) # (a + 1,d + 1) by (a,d) # (0,0). Hence &; is a sociable mapping sequence
with Ord(R;) = 1 and Per(K;) = 3. 0

Lemma 6.4. Let A; = [z Z} be a singular matrix except Ay. Then

(@) Ifa+dthen K; is a stable mapping sequence with Ord(K;) = 2.
(b) Ifa =dthen & is a stable mapping sequence with Ord(K;) = 3.

Proof. Note that A;(0,0) = (0,0), A;(0,1) = (b,d), Ai(1,0) = (a,c), Ai(1,1) = (a + b,c +d) and ad = bc.

(a) If a # d then ad = bc = 0. Consider three cases depending on the values of b and c. Let b = ¢ = 0. Then
11, =1{(0,0),(0, D} or I1; = {(0,0), (1,0)} because A;(0,0) = (0,0), A;(0, 1) = (0,d), A;(1,0) = (a,0), Ai(1,1) = (a,d).
And we can easily know that I, ; = I;; for all k > 1. The other two cases can be shown by the same method of the first
case. Each of cases has two possible A;, so there exist six matrices A; satisfying that &; are stable mapping sequences
with Ord(K;) = 2.

(b) We consider two cases, thatis,a =d = 1 anda = d = 0. First, leta = d = 1. Since ad = bc = 1, we have
b = ¢ = 1. Then we have I;; = {(0,0), (1, 1)} and I; = {(0, 0)} by A;(0,0) = (0,0), 4;(0,1) = (1,1), Ai(1,0) = (1, 1)
and A;(1,1) = (0,0). Next, let a = d = 0. By the fact that A; # A, we get bc = 0 and b # c. Puttinga = d = 0,
we have A;(0,0) = (0,0), A;(0, 1) = (b,0), A;(1,0) = (0,c¢) and A;(1, 1) = (b, ). One of (b,0) and (0, ¢) is (0, 0), and
the other is (b, ¢). Therefore, I;; = {(0,0), (0, 1)} or I, ; = {(0,0),(1,0)}. And then I,; = {(0,0)}. Hence &; is a stable
mapping sequence with Ord(K;) = 3. 0

7. Conclusion

There is a lot of research on the computation of many and varied matrices. The research on Z, is also diverse
and applied. We started out studying matrix sequences and turned them into sounds, so we consider that’s kind of
significant. These findings would be significant if generalized, and could have a huge impact if used to analyze the
sounds of the world.
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Appendix

A. Sequences of R; ;

A.1. Right stable with Ord(R; ;) =1 Re1 @ A O
ER6,S : A6 O
936,9 : As O
A.l.l.Sl‘P(iR,‘J):Al Re13 : Ag O
Rip A O |
Rip 0 AL O AL5.StP(R;)) = Ao
9{1,3:1410 919121490‘
€R1’4 : Al O 9{9,2 . Ag O
9{1’5 : Al O 9{9,3 : Ag O
9{1,6 AL O 939’4 DAy O
Rz 1 AL O '
Rig o 41O A.1.6. StP(R;)) = A
Rig 1 A1 O Riog A O
3{1,10 . A1 O
R 2 41O A17.StPR;j) = Ay
R : ALO Rig : A O
Riaz 1 AL O Rz 1 A1 O
Rigg 2 A1 O Rz : A1 O
Ris - AL O Ria : A O
9{1,16 : A1 O
A.1.8. SZ‘P(S.R,]) =A3
A.1.2. StP(‘R,-,.,-) =A mw’] C A O
Ra1 1 A2 O Rize : Az O
Ros 1 Ay O Rizn 2 Az O
Rag : A2 O Rize : A1z O
Roz 1 A2 O
A13.SIPR)) = Ay A.2. Right stable with Ord(R; ;) = 2
€R4,1 . A4 O
iR4,6 1AL O A2.1. Sl‘P(iRi,j) =A
Ryp @ Ay O Rop 1 A2 > A1 O
Ry 0 Az O Rae : A2 > A1 O
Roo 1 A2 > A1 O
A.14. StP(ERi’j) = Ag 912,14 1Ay > A O
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Ris6
Ris,11
Rie,16

A22
Ri09
Ria9

R
Rio,11

A24
Rio,13
Rig,13

A25.

IA3—>A1®
ZA3—>A1©
ZA3—>A1(D
A3 > A O
AL A O
IA4—>A1®

ZA4—)A1®
5A4—)A]O

1 As > AL O
1 As > A O
1 As > A O

2A5—)A1©

ZA6—>A1©
1 Ag—> A O

Ag > AL O
P Ag > AL O

IA7—>A1®
ZAg—>A1©
1 Ag > A O

IAg—)A]O
1 Ag > AL O
2A9—>A1©
:AIO_)AIO
tAn A O
IA]]%A]O
ZAH—)A]O
1A= A O
:A12—>A1©
ZA13—>A1©
Az > A O
ZA13—>A1©
1A= A O
ZA14—>A1©
P A5 > A O
1A > AL O
IA16—>A1(§
ZA16—>A1©
ZA16—>A1©

StP(‘R,-,.,-) =A
. A]() — Az O
P A > A O

StP(ﬂ%,-’j) :A4
. A7 —)A4 O
A2 AL O

SZ‘P(ER,‘J) = A6
. A10 - A6 O
Ay > Ag O

StP(ERi’j) = A9
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Riog 1 Ao > Ag O
Rigp 1 A > Ag O

A2.6. StP(R; ;) = Ay
Rios : Ao =2 A1 O
9?12’4 . A12 — A11 O

A27.StP(R,) = Aps
Rie 1 A7 2 A3 O
Rioe : Ao > A3 O

A.3. Right stable with Ord(R; ;) = 3

A3.1. Sl‘P(iRi,j) =A

9{2,4 . A2 — A3 il A] O
9{2,8 . Az — A3 g A] O
Ropp 1 Ay > A3 > A1 O
91116 . A2 e A3 e Al O
‘.)13,9 : A3 —)A3 - A] O
9{3,10 . A3 i A3 i A] O
Ry 1 A3 > A3 > A0
Ry 1 A3 > A3 > A1 O
%4_2 . A4 - A3 - Al O
9{4,5 : A4 - A3 - A] O
s)14,12 . A4 b A3 - A] O
9{4,15 . A4 i A3 — A[ O
9{5,2 . A5 i A5 i A] O
9{5,6 N A5 - A5 e Al Q
9{5,10 . A5 e A5 e Al O
‘.R5J4 . A5 d A5 d A] O
Rez : Ag = Alg > A1 O
Re7 : Ag = Aig > A1 O
Rea1 1 Ag = Aig > A1 O
Rei5 + Ag = Aig > A1 O
mgym . A9 g A5 g A] O
9{9,14 : Ag - A5 - A] O
§R9,15 . Ag i A5 - A1 O
%9,16 . A9 il A5 - A1 O
Rits 1 At = A > A1 O
Rie 1 At 2 Aig > A1 O
9111,7 . Al] —)A]6 —>A1 O
Rig : At > A > A1 O
Rizz : Az > As 2> A1 O
Rizg 1 Az > As 2> A1 O
Rizo0 1 Az 2 As 2 A1 O
Rize : Az > As > A O
Riga : Alg > A > A1 O
Rig7 : Ag — Ag > A1 O
Rig10 @ Atg = Aig = A1 O
Rig13 @ Aig = Aig > A1 O

A.4. Right stable with Ord(R; ;) = 4
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9{7,1 N A7 :AIO

A4l SZ‘P(?R,]) =A 9{8,10 t Ag 2 A
917)8 : A7 - A5 - Ag - A] ®) ‘.ngs : A9 = A|3
R0 @ A7 2> Ajg > A > A1 O Roe : Ag = Az
Riis : A7 > A3 > A > A O Ro7 1 Ag Z A3
9{8,3 . Ag e A5 g A13 d A1 O %9,8 . Ag = A13
Rgs 1 Ag 2> Aig > Al > A1 O Rirz : An 2 Ag
M6 : Ag > A3 > A > AL O Ris @ A & Ag
Ry : Ao = A > Aig > A1 O Riis © A & A
Rip2 1 Ap > A3 > A3 > A0 Rie : A = Ag
Rios : Ao > As > A5 > A O Rz 1 Ap 2 Ap
Rizg : A = Aig > Ag > A1 O Rizz 1 A3 & Ag
Rizgo 1 Ap 2 A3 2 A3 > A1 0 Rizs @ Az 2 Ag
Rizgs - Ap > As 5 Az > A1 O Rizpz @ Az & Ag
Rug 1 Ay > Az > A4 > A1 O Rizis @ Az & Ag
Rigo : Ay > As > A5 > A O Rigg 1 Ay = Ay
Rig15 - Ay > Aig > A1 > AL O Risgo @ Ais = Ao
Risz @ Ais > Aig > Ag > A1 O Rig2 1 Ale & Ag
Riss 1 Ais > A3 > A4 > A1 O Ries 1 Alg &= Ay
Risie : Ais > As > Ag > A1 O Ries : Al = Ag

Rigg : Al = Ay
AS. nght amicable %16,9 Al =2 A

Rig12 @ Al &= As
AS.1. Ord(‘R,‘,j) =1 9{16,]4 : A16 = A][
N3 1 Ay 2 Ay Rieis © A = A
§R2,7 . A2 <:>A4
9{2’11 . A2 = A4 AS5.2. OVd(CR,"j) =2
9{2’15 . A2 = A4 %7_3 N A7 — A2 = A3
5)%3‘5 N A3 = A2 9{7,4 N A7 Ed A6 ﬁ All
9{3,6 N A3 = A2 ‘.R7’5 N A7 d Ag ;} A5
€R3,7 N A3 = Az 9{7,13 . A7 i A11 = A(,
9{3,8 . A3 = A2 9{8,4 N Ag e Az = A4
9{3’13 . A3 = A4 9%8,6 . Ag — A11 = A6
9{3,14 . A3 = A4 9{&7 N Ag — A6 = A16
9{3)15 . A3 : A4 ‘.ngg N Ag — A|3 <:) A9
€R3,|6 : A3 = A4 9{3,12 : Ag — A4 = A3
9?4’3 N A4 = Az 9{8,14 . Ag e Ag = A5
9{4,8 N A4 = Az 9{12’5 . A12 — A13 = A5
g.R4’9 . A4 = A2 ‘Rlz!g : A12 - A4 = Az
Rapa 1 Ay 2 Ay R 1 App = Ay 2 Ay
Rs3 : As = Ag Rioie @ Ap = Ag = Age
Rs4 1 As 2 Az Rup 1 Ay > Az & Ag
9{5’7 . A5 = Ag 9{14’3 . A14 - A4 = A3
Rsg 1 As 2 Az Rise 1 Ala > Ag 2 Apz
Rs11 @ As & A Rigte @ Ag = A 2 Agg
Rs0 1 As = Az Risp 1 Ais > Ay 2 Ay
Rs15 1 As = Ay Ris7 + Ais > Al = Age
Rsi6 1 As = Az Risit : Ais = Ag = Aqy
Rea : A = Any Risgz @ Ais > Ay & Az
Reg : Ag = A1n Risiz 1 Ais = Ag Z Az
Re,12 1 Ag & Aqy Risga @ Ais > Az 2 As
Re,16 @ As = Al
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A.6. Right sociable

A.6.1. Ord(R;;) = 1 and Per(R; ;) = 3
1 Ag— A5 > Agg
o s 7 o

D Ais— Ag — Ag
—

Rs.1
Ris,1

A.6.2.
R72

R
R7.16
R
Rs 11
Rs.13
Rio03
Rios
Rio,16
Ri23
Rize
Ri2,13

Ord(R; ;) = 1 and Per(R; ;) = 4
N A7—) A14 b A]5 b A](]

tA—> Ap > Ag > Ay
Ao A o A o Ay
Ag— A > A > Ay
D Ag—> A > Ay > Ay

: Ag—) A14 - A12 - A10

. Alo—) A12 g A12 - AIO

D A= Ay — Ay — Ay

: A10—> A7 e A7 - AlO

P Ap—> Ap > A > Ay
. A]z—) A14 e Ag — A]()

FAp—> A - A > Ay

B. Sequences of £, ;

B.1. Left stable with Ord(%;;) = 1

B.1.1.
L1
Lo
L3
L4
L5
L6
L7
L8
Lo
L1,10
L
112
113
114
15
116

B.1.2.
1
L3
L9

S[P(Ql"j) = A]

:A1©
t AL O
AL O
t A O
ZA]O
A O
:A1®
AL O
tA O
IA]O
ZA]O
A O
AL O
AL O
1AL O
IA]O

S[P(Qi’j) = A2

A0
1A O
ZAQO

Riga
Rias

RISPRT!

Risa -
. A15—> A7 — A]z - A]()
DA Al > Ay - Ay

Rise

Riso

A.6.3.

R7.12

A7 14

Rg,15 :

Riog

Rio,15

Rip7 -

Ri2,14

Ria7

Rign -

Risg

L1 ¢

B.1.3.
L41
L3
L49
L4101

B.1.4.
L6,1
L6.4

6,13
Le,16

B.1.5.
Lo
Lo,
Lo5
Lo

B.1.6.
Li0,1

B.1.7.

. A14—> A7 - Ag e A10

D A= Ay > A — Aj

. A14—> AlZ g A15 g AlO

Ais—> Ap = Ay — Ay

OVd(ER,"j) =1and Per(iR,-,j) =6

. A7—> Ag g A12 g A15 - A14 - A10

P A= Ais > Ay > Ag > Ap — Aj

Ag—) Ag e A15 b A15 e Al() d A10

. A10—> A15 - A]5 - Ag g Ag - AIO

. A10—> Ag g Ag g A15 g A15 g AlO

A|2—> A]5 g A7 g Ag g A|4 g AlO

: A]z—) Ag - A14 - A15 - A7 - A]Q

. A14—> Ag - A7 - A15 - A12 - A]()

A= Ais > Ap > Ag > A = Ay

DA As > Ag > Ag = Ajg = Ay

Ay O

StP(Qi’j) =Ay

2A4O
:A4®
A4 O
Ay O

Sl‘P(ﬂi’j) = Ag

1 Ag O
2 Ag O
DA O
DA O

SlP(ﬁi’j) = Ag

1A9®
P Ay O
P Ay O
2A90

SlP(ﬂi)j) = A10

DA O

StP(Q,"j) = A11



Ly A O
L4 A1 O
L3 1 Anp O

Lige 1 An O

B.1.8. StP(L;;) = A

L1 Az O
L3p 1 A3 O
L35 1 A3 O
Li36 1 A3 O

B.2. Left stable with Ord(%,;) = 2

B.2.1. StP(%; ;) = A
82’2 . A2 —>A1 O
82’4 . A2 —>A1 O
Lo 1 Ay = A1 O
Lt A2 A O
93)] . A3 —>A1 O
33’3 . A3 —>A1 O
23’9 . A3 —>A1 O
L 1 A3 = A1 O
Q4’2 . A4 —>A1 O
Q4’4 . A4 _>A1 O
94’10 : A4 —)A] O
Ly 1 Ay —> A O
25’1 . A5 —>A1 O
ﬂs’z . A5 e A1 O
25’5 . A5 —>A1 O
95,6 . A5 —>A1 O
36,6 . A(, —>A1 O
86,7 . A6 —>A1 O
Le10 1 Ag > A1 O
Le11 1 Ag > A1 O
L7 0 A7 > A O
38,8 : Ag —>A1 O
Log : Ag > A1 O
29’10 . Ag - A1 O
Lo13 1 Ag > A1 O
Logg 1 Ag > A1 O
Lio10 1 Ao > A1 O
L : A=A O
L7t Au—>A 0
L0 1 An =2 A1 O
L An—>A 0
Ln : Ap > A1 O
L9 1 A3 > A O
L300 1 Az > A1 O
L33 1 Az = A1 O
L4 1 Az > A O
Liga 1 Ay > A1 O
Lis1s 1 Ais > A1 O
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L1 : Alg > A1 O
Liga : Ag > A1 O
L3 1 Aig > A1 O
Lig16 : A > A1 O

B.2.2. StP(¢;)) = A,
Lio9 : Aip > A2 O
L29 1 Ap > A 0

B.2.3. StP(¥;)) = A4
L1011 : Ao > A4 O
Lo A > AL O

B.2.4. StP(%; ;) = Ag
13 1 A7 = Ag O
L1013 1 Ao = A6 O

B.2.5. StP(2;) = Ao
810’2 :Ajp = A O
Ly 1 Ay > A O

B.2.6. StP(L;;) = An
27’4 N A7 e A11 O
310’4 : A]() —>All O

B.2.7. StP(&; ;) = A3
910,6 Al > A O
Lue : Alg > A3 O

B.3. Left stable with Ord(2; ;) = 3

B3.1. StP(2;)) = A
9476 N A2 - A5 i A1 O
szg N A2—>A5—>A10

L4 1 Ay 2 As 5 AL O
22,16 . Az i A5 i A] O
23,2 . A3 — A3 il A] O

ﬂ374 . A3 d A3 il A1 ®)

23,1() . A3 e A3 e Al O
Ln 1 A3 2 A3 > A0
Las 1 Ay > Aig > AL O
L47 1 Ay > Alg = A1 O
La13 1 Ay > A > AL O
L5 1 Ay > A > AL O
959 . A5—>A5—>A10

85,10 . A5 g A5 g A[ O
25,13 . A5 — A5 - A] O
Q5,14 . A5 i A5 - A1 O
ﬂ672 N A6 - A5 i A1 O

Q6,3 : A6—>A5—>A10

Q6,14 . A6 e A5 e A[ O
26,15 . A6 i A5 i A] O
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29’11 . Ag —>A3 —)Al O
89,12 . Ag —)A3 —)Al O
99’15 N A9 —)A3 —)Al O
39,16 : Ag —>A3 —>A1 O
L5 : Al > A3 > A0
Lg 1 Al 2 A3 > A1 O
Lo : A1 > A3 2 A1 0
Lz 1 Anp 2 A3 > A1 O
L33t Az > A > A1 O
L34 1 Az > A > A1 O
L37 1 Az > A > A1 O
L38 1 Az 2 Aig > A1 O
Li66 : Alg = Al > A1 O
Lig7 : Alg = Aig > A1 O
Li610 © Ale > Ais > A1 O
Lig11 1 Alg = Al > A1 O

B.4. Left stable with Ord(%,;) = 4

B.4.1StP(&; ;) = A

87,8 . A7 —>A3 —>A9 —>A1 O
L710 1 A7 = Ag = Aig > A1 O
Q7’15 . A7 —)A5 —)A2 —)Al O
Q&:; . Ag —>A16 —)A|3 —)A] O
Les 1 Ag > A3 > A 2 A O
Lg16 1 Ag > As > Ay —> A1 O
L1907 : Ao = Alg = Ais > A1 O
Lio12 1 Ao 2> A3 > A3 > A1 O
Lio14 © Ao 2 As > As > A1 O
Lpg 1 Ap > As 5 A > A1 O
Lo 1 Ap 2 A3 > A3 > A O
Lio15 : App > Ajg > Az > A1 O
Lug 1 Ay > A > A4 > A O
Ligr0 © Ay 2 As > As > A1 O
Ligrs 1 Ay > A3 > A > A O
Ls3 1 Ajs > As > Ag > A1 O
Li55 1 Ais 2 Alg > A4 > AL O
L5106 1 Ais > A3 > Ag > A1 O

B.5. Left amicable

B.5.1. Ord(8;;) = 1
22’5 . A2 = A6
ﬂ2’7 . Az = A6
Q2’13 : A2 = A6
92’15 . A2 = Aé
83’5 . A3 = Ag
L 1 A3 2= Ay

23’7 . A3 = Ag
Q3qg . A3 = A“
Q3,]3 N A3 <:> A9

L314 1 A3 = Ay
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ﬂ3715 . A3 <jA9
L316 1 A3 2 Ap
L 1 Ay = Az
Lyg 1 Ay = Az
Lo 1 Ay 2 Ags
L6 : Ay 2 Aps

25,3 . A5 = Az
Q5y4 : A5 = A2
25,7 . A5 = A2
ﬂig . A5 = Az

L5111 As 2 As
Q5712 . A5 (jAG
QS,IS . A5 <:)A6
516 : As 2 Ag
2(,,5 : As <:>A2
ﬁg,g . A6 <:>A2
ﬂ679 . A6 :Az
Q6,12 . A6 <:)A2
L1 0 A7 2 Ap
Lg10 : Ag = Ajg
Lo3 1 Ag Z Ay
Loy 1 Ag & Ay
Lo7 1 Ag & Apy
Log @ Ag &= Ay
L2 A1 & Ay
L3 @ Al 2 Ag
LiLis 1 A 2 Ag
L5 - An 2 Ag
L1 1 A 2 Ap
L3111 Az 2 Ay
L3 1 Az 2 Ay
Li315 1 Az 2 Ay
Li316 1 Az 2 Ay
Lig1 1 Aa S Ajo
Lis,10 @ Ais 2 Ao
Ligp : Alg & Ay
Lg3 1 Alg = Ay
Liss 1 Alg & Ars
Lisg 1 Alg & Ars
Liso 1 Alg &= Az
Lig12 1 Als & Ars
Ligia @ Ale = Ay
Lig15 @ Al = Ag

B.5.2. Ord(£;)) =2

87,3 : A7 - A9 = A3
27,5 . A7 — A2 = A5
L6 1 A7 > Ay Z Az
L11 1 Ap > A3 2 Ay
Qg,4 . Ag - A13 = A4
ngﬁ : Ag - A2 = A6
Lg7 1 Ag > Ay = Ay
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Qg’g N Ag —>A11 <:)A9
QS,IZ N Ag e Ag = A3
Qg)m N Ag e A6 = A5
Lo : Ap > A 2 A
Log 1 Ay > Ag 2 Ayqg
212!5 : A12 - A6 = A5
Lo @ A = Az 2 Ay
Lz @ Ay > Ay 2 Az
Luag @ Ay > Ag = Ay
Lia13 1 Ay = Ay 2 Ag
Lisge : Ay = A3 = Ags
Q15,2 : A15 - A6 = A2
Lis7 1 Ais > A3 2 Age
Lis11 : Ais > Ag 2 Ay
L2 1 Ais = Ajp & Az
Lis13 @ Ais > Ay 2 Az
Lis14 @ Ais = Ay & As

B.6. Left sociable

B.6.1. Ord(ﬂ”) = 1and Per(ﬁi,j) =3
QS,I N Ag—) A15 e A10
-—

Li51 @ Ais— Ag = App
_

B.6.2. Ord(2; ;) = 1 and Per(2; ) = 4
L2 1 Ai—> Ap > Ais > Ay

37’9 N A7—) A14 - Ag e A]()
97’16 N A7—> A7 e AlO e A]O
Q&Q . Ag—) A14 - A7 — A]O

Le11 : Ag— Ap = Ay > Apg

C. Sequences of &;

81 . K—>K1’10

5{2 . K—)KZ’IQ

R3 . K— KZ,I e Kl,l O

R4 : K—)KZ,]O

s : K> Kyp > K1 O

86 N K—>K2’3O

& K2K

K : K0 K—->K
—
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£,13

L1033

L5 :

£10,16
L1233

Li26 :

L1213

Ligq :

Ligs :

Lia11

Lis4 :

Lis6

Lis9

tAg—> A7 > A > Apg

. A10—> A]Q - A]z - A]Q

Ao— Ay = A — Ap
D Ap— A7 o> A7 > A

. A12—> A12 - AlO - A|0

A12—> A7 g Ag - A]()

P Ap—> Ay > Ais > Ag

Ap— Ap — Ag > A

A= Ay = A = Ay

: A14—> A7 - A15 - A10
Ais— A7 — Ay — Ag

D Ais—> Ay > Ap — Ag
DA Ap > Ay - Ay

Ord(ﬂ,-,j) =1and Per(ﬂ,-,j) =6

. A7—> A15 g A12 g Ag - A14 - A10

. A7—> Ag g A14 g A15 - A12 - AlO

. Ag—) Ag e A15 e A15 g AlO g A10

A= Ais > Ais > Ag > Ag = Ay

D App— Ag > Ag > Ais > Ais > Ay

P AR Ag o A 5 Ais > Ay > Ay

P Ap—> Ais > Ay > Ag > A > Ay

. A14—> A]5 - A7 - Ag - A12 - A]()

: A14—) Ag - A]2 - A15 - A7 - AlO

. A15—) A15 g Ag g Ag - AlO g A10

Ko : K= Kpp O

K10
K1
R]z .
RVE
314 .
315 .
K6

: KO
ZK—>K2’3O

KZ2K

2K—>K2,20

K=K
K—-K->K
P

K-> K3 > K1 O



	Introduction
	Iterated Sequences of 22 matrices over Z2
	Singular, regular and middle sets
	Sounds derived from matrix sequences
	Palindromic sound matrix sequence codes
	Subgroups of Z2 Z2
	Conclusion

