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Abstract
This study explores the development of minimal linear codes over the ring R, with their potential applications in cryptographic
systems. Motivated by the need for efficient and secure information distribution mechanisms, we construct new classes of linear
codes whose Gray images over Z7 exhibit minimality. Our approach leverages algebraic structures such as simplex and MacDonald
codes defined over R, and we examine their weight distributions to establish sufficient conditions for minimality. These minimal
codes serve to design secret and multi-secret sharing schemes, demonstrating substantial access control and security properties.
The schemes are analyzed for their robustness and practicality in various cryptographic settings, offering insights into the effective
use of linear code theory in secure communications.
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1. Introduction

Linear codes over finite rings contribute significantly to various fields, such as information theory, cryptography,
and error correction (cf. [3], [8]-[10]). This study focuses on the algebraic properties and applications of minimal
linear codes defined over the ring R = Z7A7R7, specifically their use in secret-sharing and multi-secret-sharing
schemes (cf. [1], [4]-[6], [11, 14]). These codes, characterized by distinct algebraic properties, form the backbone of
secure cryptographic constructions, enabling efficient and secure information distribution (cf. [12]).

The motivation for exploring minimal linear codes arises from their ability to support cryptographic protocols
where confidentiality and integrity are paramount (cf. [15]). We investigate their application in secret-sharing
schemes, where a secret is divided into shares distributed to participants, and only authorized subsets can recon-
struct the original secret (cf. [3]). Furthermore, we extend these concepts to multi-secret-sharing schemes, where
multiple secrets are distributed simultaneously, ensuring enhanced security (cf. [1, 15]).

This paper examines the Gray images of simplex and MacDonald codes over R = Z7A7R7 and presents their
properties, weight distributions, and minimality (cf. [5, 7, 8]). Through these explorations, we aim to advance the
understanding of the practical implications of minimal linear codes in cryptography, addressing challenges such as
computational complexity, error correction, and resilience against cryptographic attacks (cf. [11, 12]).
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The subsequent sections of the paper are described in the following manner: Section 2 encompasses the funda-
mental properties utilized throughout our manuscript. In Section 3, we introduce simplex and MacDonald codes over
R = Z7A7R7, whereA7 = Z7 + uZ7 and R7 = Z7 + vZ7 + wZ7 + vwZ7. We thoroughly investigate the properties of
these codes, focusing specifically on the Gray images of simplex and MacDonald codes over the ring R. Additionally,
we compute the weight distributions of these Gray images. Furthermore, we introduce minimal linear codes over Z7.
Section 4 is dedicated to the examination of properties and applications of secret sharing and multi-secret sharing
schemes based on minimal linear codes over Z7.

2. Some background and preliminaries

In this section, we outline our approach to substantiate the presented results. First, we provide an exposition of the
properties of the ring R. Following that, we establish a Gray map and elucidate the Gray images of linear codes over
R. Additionally, we expound upon the methodology employed for computing secret-sharing schemes utilizing linear
codes defined over this ring.

The ring R = {c = (λ, µ, ν) |λ ∈ Z7, µ ∈ A7 = Z7 + uZ7, ν ∈ R7 = Z7 + vZ7 + wZ7 + vwZ7} , is defined as the di-
rect product R = Z7 ×A7 × R7, where each component has a specific algebraic structure. The first component, Z7, is
the finite field consisting of the integers modulo 7, i.e., Z7 = {0, 1, 2, 3, 4, 5, 6}. The second component,A7, is the ring
Z7 + uZ7, where u is a nilpotent element satisfying u2 = 0. Each element inA7 is expressed as a+ ub, with a, b ∈ Z7,
givingA7 a total of 49 elements. The third component, R7, is defined as Z7 + vZ7 + wZ7 + vwZ7, where v and w are
a nilpotents elements satisfying v2 = w2 = 0 and vw = wv. Elements of R7 take the form a + vb + wc + vwd, with
a, b, c, d ∈ Z7, so R7 contains 74 = 2401 elements.

Thus, each element of R is an ordered triple ς = (η1, η2, η3), where η1 ∈ Z7, η2 ∈ A7, and η3 ∈ R7. The total
number of elements in R is therefore |R| = 7 × 49 × 2401 = 77, where × denotes the classical multiplication. An
example of an element in R is (3, 2 + 4u, 1 + 2v + 5w + 6vw).

It is established that Z7 is a subring ofA7, andA7 is a subring of R7. A code C is considered a Z7A7R7-additive
code if it is a subgroup of Zγ7A

δ1
7 R
δ2
7 . Specifically, a code C is termed separable when it is the direct product of Cγ,

Cδ1 , and Cδ2 , denoted as C = Cγ × Cδ1 × Cδ2 . The Lee weight of an element c = (λ, µ, ν) ∈ R = Z7A7R7 is then
defined as

wLee ((λ, µ, ν)) = wLee(λ) + wLee(µ) + wtLee(ν).

2.1. A Gray map and Gray images
We will establish the Gray map and formulate the weight function. To guarantee a distance-preserving isometry.

The Gray map is defined as
Φ : Z7A7R7 → Z7

7
(λ, µ, ν) 7→ Φ (λ, µ, ν) , (2.1)

where
Φ (λ, µ, ν) = (λ, µ0, µ0 + µ1, ν4, ν2 + ν4, ν3 + ν4, ν1 + ν2 + ν3 + ν4) ,

with µ = µ0 + uµ1 ∈ A7 = Z7 + uZ7 and ν = ν1 + vν2 + wν3 + vwν4 ∈ R7 = Z7 + vZ7 + wZ7 + vwZ7, where
u2 = v2 = w2 = 0 and all variables commute. Each element of the ring R = Z7A7R7 is therefore of the form (λ, µ, ν).
If we extend the map Φ component-wise to the entire space Zγ7 × A

δ1
7 × R

δ2
7 , then Φ becomes a map into Zn

7, where
n = γ + 2δ1 + 4δ2. We now prove that this Gray map Φ is a linear isometry. Linearity of Φ follows from the fact
that the operations in all components are performed over the field Z7 and that Φ is defined using linear combinations
of the individual coefficients of µ and ν. That is, for any x, y ∈ R and a ∈ Z7, we have Φ(x + y) = Φ(x) + Φ(y) and
Φ(ax) = aΦ(x). Furthermore, the Lee weight on R is defined as wLee(λ, µ, ν) = wLee(λ) + wLee(µ) + wLee(ν), where
each weight counts the number of nonzero components in the Z7 expansion of λ, µ, and ν. Because the map Φ sends
each of these components to separate coordinates in Z7

7, the Lee weight of (λ, µ, ν) is equal to the Hamming weight
of Φ(λ, µ, ν). That is, wLee(λ, µ, ν) = wH(Φ(λ, µ, ν)). Therefore, Φ is a distance-preserving map and hence a linear
isometry from Rn to Z7n

7 .

Theorem 2.1. If C represents a linear code over R = Z7A7R7 with length n and a minimum Lee weight d, then Φ(C)
forms a linear code characterized by parameters [7n, k, dLee = dH].
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Example 2.2. Consider the element c ∈ Z5
7 ×A

3
7 × R

2
7, where

c = (1, 5, 4, 2, 0, 5 + 2u, 1 + 3u, u, 3 + 5v + w + 6vw, 5 + 2v + 3w + 2vw).

In alignment with the expression in Equation (2.1), we obtain:

Φ(c) = 1542050140164012455.

2.2. Minimal linear codes
The conditions guaranteeing the minimality of a linear code are precisely defined in the following lemma, which

outlines sufficient weight-related criteria. This lemma serves as a valuable guide, clearly specifying the conditions
that, once satisfied, ensure the minimality of the given linear code.

Lemma 2.3 (cf. [11]). Let C be an [n, k, p] linear code over Fp, and let wmin and wmax be the minimum and maximum
nonzero weights of C, respectively. If

wmin

wmax
⩾

p − 1
p
,

then all nonzero codewords of C are minimal.

To determine the minimal access sets, we necessitate the concept of minimal codewords.

Definition 2.4 (cf. [11]). The support of a codeword c = (c0, c1, · · · , cn−1) ∈ Zn
q is defined as

supp(c) = {0 ⩽ i ⩽ n − 1; ci , 0}.

Let c1 and c2 be two codewords of the code C. We say that c1 covers c2 if

supp(c2) ⊆ supp(c1).

Remark 2.5. A nonzero codeword c belonging to the code C is termed minimal if the only codewords that contain it
are scalar multiples of c.

Consider a systematic code C[n, k, d] capable of correcting t = ⌊
d − 1

2
⌋ errors, where its generator matrix takes

the form G = [Ik |A]. In this case, the parity-check matrix is given by H = [−At |In−k]. Such a code proves useful in
constructing secret-sharing schemes.

2.3. Secret sharing schemes based on linear codes
Consider a dealer P0 who wishes to securely distribute a secret s ∈ Fp among a set of n − 1 participants denoted

by P = {P1, P2, . . . , Pn−1}. Let Ap represent the collection of all possible access structures, i.e., subsets of participants
authorized to reconstruct the secret. The secret-sharing scheme is based on a linear code C over the finite field Fp

with a generator matrix G = [g0 | g1 | · · · | gn−1], where each gi ∈ Fk
p is a column vector.

To distribute the secret, the dealer randomly selects an information vector u = (u0, u1, . . . , uk−1) ∈ Fk
p such that the

inner product of u with the first column of G, denoted g0, yields the secret: s = ug0. Since there are pk−1 such vectors
u ∈ Fk

p satisfying this constraint, the scheme ensures randomness in share generation while keeping s fixed.
The codeword corresponding to the chosen vector u is computed as v = uG = (v0, v1, . . . , vn−1), a vector in Fn

p.
Each share vi is then distributed to participant Pi for 1 ≤ i ≤ n − 1, while the component v0 = s represents the secret.

Reconstructing the secret is possible only by those subsets of participants whose associated columns in the gener-
ator matrix can linearly generate g0. Specifically, a subset of participants

{Pi1 , Pi2 , . . . , Pim } ⊂ P

forms a qualified set if the column g0 can be expressed as a linear combination of their corresponding columns:

g0 =

m∑
j=1

η jgi j , η j ∈ Fp.
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Under this condition, the secret s can be recovered from the associated shares using the same linear combination:

s =
m∑

j=1

η jvi j .

The reconstruction process is deterministic and guaranteed by the linearity of the code, ensuring that only qualified
access sets can recover from the secret unauthorized subsets and obtain no information about s. This coding-theoretic
framework provides efficiency and security and forms the foundation for the secret-sharing schemes developed in this
work.

3. Linear simplex and MacDonald codes over R

In this section, we embark on the development of various constructions for linear codes over R. These construc-
tions hold significant importance in the context of implementing secret sharing schemes. As delineated in [5, 7, 8], it
becomes imperative to define the following concepts, setting the groundwork for the subsequent exploration of linear
codes and their applications in secure information sharing.

Definition 3.1. The generator matrix of Sαk , simplex codes of type α over R, as the concatenation of 76k copies of the
generator matrix of S αZ7,k

, 75k copies of the generator matrix of S α
A7,k

and 73k copies of the generator matrix of S α
R7,k

is
given by

Ωαk =
[

176k ⊗GαZ7,k
175k ⊗Gα

A7,k
173k ⊗Gα

R7,k

]
, for k ≥ 1. (3.1)

Definition 3.2. The generator matrix of Sβk is the concatenation of 7k+1 copies of the generator matrix of S βZ7,k
, 7k

copies of the generator matrix of S β
A7,k

and 7k−1 copies of the generator matrix of S β
R7,k

given by

Ω
β
k =

[
17k+1 ⊗GβZ7,k

17k ⊗Gβ
A7,k

17k−1 ⊗Gβ
R7,k

]
, for k ≥ 2. (3.2)

These findings result in the following implications.

(i) The simplex codes Sαk is of length n = 3 × 77k, and distance minimal d = 6
(
7k−1 + 2 × 72(k−1) + 4 × 74(k−1)

)
.

(ii) The simplex codes Sβk is of length n =
(

7k − 1
6

) [
7k+1 + 72k−1 + 74(k−1)

]
, and distance minimal

d = 6
(
7k−1 + 2 × 72(k−1) + 4 × 74(k−1)

)
.

Presently, we introduce the following definition pertaining to linear MacDonald codes over R.

Definition 3.3. The MacDonald codeMαk,t is a linear code over R of length

n = 3 × 77k −
(
76k+t + 75k+2t + 73k+4t

)
(3.3)

generated by, for k > 1 and 1 ≤ t ≤ k − 1,

Ωαk,t =
[

176k ⊗GαZ7,k,t
175k ⊗Gα

A7,k,t
173k ⊗Gα

R7,k,t

]
(3.4)

and the MacDonald codeMβk,t is a linear code over R of length

n =
(

7k

6

) [(
7k − 1

) (
7 + 7k−1 + 73k−4

)
−

(
7t − 1

) (
7 + 7t−1 + 73t−4

)]
(3.5)

generated by
Ω
β
k,t =

[
17k+1 ⊗GβZ7,k,t

1pk ⊗Gβ
A7,k,t

17k−1 ⊗Gβ
R7,k,t

]
. (3.6)
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3.1. Gray images of simplex and MacDonald codes over R

Our initial discovery centers around the identification of the Gray images for simplex and MacDonald codes over
Z7. This accomplishment is underpinned by the construction of linear simplex and MacDonald codes over R.

Theorem 3.4. Let Sαk be a R-simplex code of type α with minimum Lee weight dL. Then Φ(Sαk ) is a simplex code over
Z7 with parameters [

77k+1; k
]
. (3.7)

Proof. The code Sαk is constructed over the ring R = Z7A7R7 as a concatenation of generator matrices over its
component subrings. The Gray map Φ : R→ Z7

7 is an isometry with respect to the Lee weight on R and the Hamming
weight on Z7. ApplyingΦ to each codeword inSαk , we obtain a linear codeΦ(S αk ) ⊆ Zn

7, where n = 7×length(Sαk ). The
structure of the generator matrix ensures that Φ(Sαk ) spans a subspace of dimension k, and the distance is preserved
due to the isometric property. Therefore, Φ(Sαk ) is a simplex code over Z7 with parameters

[
7k+1, k

]
.

Theorem 3.5. Let Sβk be a R-simplex code of type β with minimum Lee weight dL. Then Φ
(
S
β
k
)

is a simplex code over
Z7 with parameters [

7
18

(
7k − 1

) [
7k+1 + 72k−1 + 74(k−1)

]
; k

]
. (3.8)

Proof. The generator matrix Ωβk of S βk over R is formed by repeating generators over Z7,A7, and R7 according to the
weight distribution scheme:

Ω
β
k =

[
17k+1 ⊗GβZ7,k

17k ⊗Gβ
A7,k

17k−1 ⊗Gβ
R7,k

]
, for k ≥ 2.

Each element is mapped underΦ to 7 coordinates in Z7, and the resulting image is a linear code. Since the components
are linearly independent and the map preserves the Lee weight, the Gray image has the expected parameters calculated
from the construction. Hence, Φ

(
S βk

)
is a simplex code over Z7 with the claimed parameters.

Theorem 3.6. LetMαk,t be aR-MacDonald code of type α and minimum Lee weight dL. ThenΦ(Mαk,t) is a MacDonald
code over Z7, with parameters [(

7k + 2 × 72k + 4 × 74k
)
−

(
pt + 2p2t + 4 × 74t

)
; k

]
. (3.9)

Proof. The MacDonald code Mαk,t is constructed by removing rows corresponding to lower-order subcodes from a
simplex code. The generator matrix Ωαk,t is a reduced form of Ωαk . As in the simplex case, the Gray map Φ acts as a
linear isometry, ensuring that the weight distribution ofMαk,t is preserved under mapping. Since the structure of the
generator matrix directly determines the dimension and length of the image, and minimality is preserved, Φ(Mαk,t) is
a MacDonald code over Z7 with the stated parameters.

Theorem 3.7. LetMβk,t be aRMacDonald code of type α and minimum Lee weight dL. ThenΦ(Mβk,t) is a MacDonald
code over Z7, with parameters[

7
18

(
7k − 1

) [
7k+1 + 72k−1 + 74(k−1)

]
−

7
18

(
7t − 1

) [
7t+1 + 72t−1 + 74(t−1)

]
; k

]
. (3.10)

Proof. The MacDonald codeMβk,t of type β is generated similarly toMαk,t, but with a different repetition scheme. The
generator matrix Ωβk,t incorporates copies of subcodes over Z7,A7, and R7 arranged in a weighted structure. Applying
Φ maps the code into Zn

7 while preserving linearity and weight. Due to the linear independence of generators and the
inherited structure, Φ

(
Mβk,t

)
forms a MacDonald code over Z7 with parameters matching the algebraic derivation from

the generator matrix size and structure.
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3.2. The Hamming weights distributions of Φ
(
Sαk

)
, Φ

(
S
β
k
)
, Φ

(
Mαk,t

)
and Φ

(
M
β
k,t
)

Specifically, our analysis delves into the determination of Hamming weight distributions, a crucial step in charac-
terizing a minimal linear code over Z7. The obtained results are presented in the Tables 1-3, offering a comprehensive
view of the weight distribution patterns within the code. This exploration contributes valuable insights into the funda-
mental properties of minimal linear codes.

wH Number of distinct codewords

Φ
(
Sαk

)
,Φ

(
S
β
k
)

0 1

Φ
(
Sαk

)
,Φ

(
S
β
k
)

6(7k−1 + 2 × 72(k−1) + 4 × 74(k−1)) (7k − 1) + 2(72k − 1) + 4(74k − 1)

Table 1. The Hamming weight distribution of linear codes Φ
(
Sαk

)
and Φ

(
S
β
k
)

wH Number of distinct codewords

Φ(Mαk ) 0 1

Φ(Mαk ) (7k−1 + 2 × 72k−1 + 4 × 74k−1) − (7t−1 + 2 × 72t−1 + 4 × 74t−1) 7k+1 − 7k+1−t

Φ(Mαk ) 7k−1 + 2 × 72k−1 + 4 × 74k−1 7(7k−t − 1)

Table 2. The Hamming weight distribution of linear codes Φ
(
Mαk,t

)

wH Number of distinct codewords

Φ
(
M
β
k
)

0 1

Φ
(
M
β
k
)

(7k−1 + 2 × 72k−2 + 4 × 74k−4) − (7t−1 + 2 × 72t−2 + 4 × 74t−4) 7k+1 − 7k+1−t

Φ
(
M
β
k
)

7k−1 + 2 × 72k−2 + 4 × 74k−4 7(7k−t − 1)

Table 3. The Hamming weight distribution of linear codes Φ
(
M
β
k,t

)
3.3. A minimal linear code over R = Z7A7R7

The distinctive category of linear codes known as minimal linear codes holds significant relevance in the realm of
secret-sharing schemes. These codes, characterized by specific properties, play a crucial role in ensuring the secure
distribution of sensitive information among multiple parties. The unique features inherent in minimal linear codes
make them particularly well-suited for applications where confidentiality, integrity, and efficient sharing of secrets are
paramount. This family of codes represents a valuable tool in the construction of robust and secure cryptographic
systems, contributing to the advancement of information security protocols.

Theorem 3.8. All nonzero codewords of codes Φ(Sβk), Φ(Mαk,t) and Φ(Mβk,t) over Z7 are minimal.

Proof. Let Φ
(
M
β
k,t
)

denote the Gray image of the β-MacDonald code over Z7. Since the Gray map Φ is a linear
isometry with respect to the Lee weight over R and the Hamming weight over Z7, the image C is a linear code over
Z7.

We use Table 3 and the Ashikhmin–Barg minimality criterion [3], which states that a linear code over Fp is
minimal if:

wmin

wmax
>

p − 1
p
.
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In our case, p = 7, so the threshold becomes:
6
7
.

The weights of the Gray images are derived as follows. For fixed k > t, the maximum weight of the code is:

wmax = 7k−1 + 2 × 72k−2 + 4 × 74k−4

and the minimum weight is:
wmin = wmax −

(
7t−1 + 2 × 72t−2 + 4 × 74t−4

)
.

Thus,
wmin

wmax
=

wmax − δ

wmax
,

where δ = 7t−1 + 2 × 72t−2 + 4 × 74t−4.

Example 3.9. Take k = 3 and t = 2 in Equation (3.8). Then

wmax = 72 + 2 × 74 + 4 × 78 = 49 + 4802 + 23059204 = 23064055,

δ = 71 + 2 × 72 + 4 × 74 = 7 + 98 + 9604 = 9709,

wmin = 23064055 − 9709 = 23054346.

Hence,
wmin

wmax
=

23054346
23064055

≈ 0.9996 >
6
7
≈ 0.8571.

This verifies the inequality explicitly for k = 3, t = 2. Since the denominator grows faster than the numerator when
k > t, the ratio becomes even closer to 1 as k increases.

Therefore, for all valid MacDonald code constructions where t < k, the inequality:

wmin

wmax
>

6
7

holds true, and hence Φ(Mβk,t) is minimal linear codes over Z7.

We use a similar arguments for the codes Φ(Sβk) and Φ(Mαk,t).
Theorem 3.8 leads us to the following remark.

Remark 3.10. The Gray images Φ(Sβk), Φ(Mαk,t), and Φ(Mβk,t) are minimal linear codes over Z7. Their minimality is
ensured by satisfying the Ashikhmin-Barg [3] condition:

wmin

wmax
>

6
7
,

where wmin and wmax are the minimum and maximum nonzero Hamming weights of the code, respectively. This
condition is verified in Theorem 3.8.

4. Secret-sharing schemes and multi-secret sharing schemes based on minimal linear simplex and MacDonald
codes

This section explores the design and implementation of secret-sharing and multi-secret-sharing schemes derived
from minimal linear codes constructed over the ring R = Z7A7R7. Specifically, we employ the Gray images of
linear simplex and MacDonald codes to generate minimal linear codes over Z7, which serve as the foundation for
cryptographic protocols. These minimal codes possess desirable algebraic properties that ensure that each nonzero
codeword is minimal, a feature essential for defining efficient and secure access structures. We investigate how the
duals of these codes can be applied to construct qualified access sets in secret-sharing schemes and how subsets of
these codes can support the secure distribution of multiple secrets simultaneously. Throughout this section, theoret-
ical results are supported by concrete examples that illustrate the construction, participant distribution, and recovery
processes in single- and multi-secret-sharing scenarios.
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4.1. Secret-sharing schemes based on minimal linear simplex and MacDonald codes

The utilization of minimal linear codes over Z7 extends to the establishment of secret-sharing schemes. The
implementation of this concept will be elucidated in the subsequent theorems, providing specific details on how
minimal linear codes play a pivotal role in the formulation and execution of secure information sharing mechanisms.

Theorem 4.1. Let Φ(Sβk) be the linear code over Z7. Then in the secret-sharing scheme based on Φ(Sβk)⊥, there are

τ1 =

(
7k − 1

6

) [
2 × 7k−1 + 4 × 73(k−1)

]
participants. Moreover, each participant Pi is involved in 6 × 7(k−2) out of 7(k−1)

minimal access sets.

Proof. This result follows directly from the access structure framework introduced by Massey [13], extended to linear
codes over finite fields. In a linear secret-sharing scheme, the secret is embedded in the first coordinate, and shares
are presented via the remaining coordinates of a codeword.

A subset of participants A ⊆ {P1, . . . , Pn−1} can recover the secret if there exists a codeword inΦ(Sβk)⊥ with support
contained in {0} ∪ A, and with c0 , 0. The minimality condition ensures that the access set is minimal, i.e., no proper
subset of A can reconstruct the secret.

Thus, participant Pi belongs to some minimal access set if and only if there exists such a codeword with c0 = 1
and ci , 0.

Theorem 4.2. Let Φ(Mαk,t) be the linear torsion code over Z7. Then in the secret-sharing scheme based on Φ(Mαk )⊥,

there are τ2 =
(
7k + 2 × 72k + 4 × 74k

)
−

(
7t + 2 × 72t + 4 × 74t

)
− 1 participants. Moreover, each participant Pi is

involved in 6 × 7(k−2) out of 7(k−1) minimal access sets.

Proof. Since Φ(Mαk,t) is a minimal code, every nonzero codeword in Φ(Mαk,t) is minimal, and its support is not strictly
contained within the support of any other codeword that is not a scalar multiple of it. By duality, every such codeword
in Φ(Mαk )⊥ with c0 = 1 defines a unique minimal access set.

This uniqueness arises because the support of a minimal codeword is minimal under inclusion. Therefore, each
codeword corresponds to a unique subset of participants capable of reconstructing the secret, and no proper subset
can do so.

Theorem 4.3. Let Φ(Mβk,t) be the linear torsion code over Z7. Then in the secret-sharing scheme based on Φ(Mβk)⊥,
there are

τ3 =

(
7k − 1

6

) [
1 + 2 × 7k−1 + 4 × 73(k−1)

]
−

(
7t − 1

6

) [
1 + 2 × 7t−1 + 4 × 73(t−1)

]
− 1

participants. Moreover, each participant Pi is involved in 6 × 7(k−2) out of 7(k−1) minimal access sets.

Proof. Each minimal access set corresponds to a unique minimal codeword c ∈ Φ(Mβk,t)
⊥ such that c0 = 1, as

established in Theorem 4.1. Since Φ(Mβk,t) is minimal, all codewords in Φ(Mβk,t)
⊥ with the required condition give

rise to distinct access sets by Theorem 4.2.
Therefore, counting the number of such codewords gives the number of minimal access sets. This bijection

between minimal codewords (with c0 = 1) in Φ(Mβk,t)
⊥ and minimal access sets proves the result.

Example 4.4. Let us consider the code Φ(Mβ2) over Z7 of length n = 61705 generated by

Φ
(
Ω
β
2,1

)
= 18815 ⊗

[
1 1 1 1 1 1 1
0 1 2 3 4 5 6

]
.
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In the access structure, there are m = 61704 participants and seven minimal qualified sets given by

Λ1 = 18815 ⊗
(

1 1 1 1 1 1 1
)
,

Λ2 = 18815 ⊗
(

1 2 3 4 5 6 0
)
,

Λ3 = 18815 ⊗
(

1 5 2 6 3 0 4
)
,

Λ4 = 18815 ⊗
(

1 3 5 0 2 4 6
)
,

Λ5 = 18815 ⊗
(

1 4 0 3 6 2 5
)
,

Λ6 = 18815 ⊗
(

1 6 4 2 0 5 3
)
,

Λ7 = 18815 ⊗
(

1 0 6 5 4 13 2
)
.

Each participant Pi, 1 ≤ i ≤ 61704 in the set ⟨61704⟩ where ⟨61704⟩ = {1, 2, . . . , 61704} is in 7 minimal access sets.

Example 4.5. The code Φ(Sβ3) over Z7 of length n = 769273197 generated by

Φ
(
Ω
β
3

)
= 113496021 ⊗

 100111111111111111111111111111111111111111111111110000001
010000011111112222222333333344444445555555666666601111110
001345601234560123456012345601234560123456012345611234562

 .
In the access structure, there are t = 769273196 participants and 49 minimal qualifed sets given by

ρ1 = 113496021 ⊗ (100111111111111111111111111111111111111111111111110000001) ,
ρ2 = 113496021 ⊗ (110111122222223333333444444455555556666666000000011111111) ,
ρ3 = 113496021 ⊗ (120111133333335555555000000022222224444444666666612222221) ,
ρ4 = 113496021 ⊗ (130111144444440000000333333366666662222222555555513333331) ,
ρ5 = 113496021 ⊗ (140111155555552222222666666633333330000000444444414444441) ,
ρ6 = 113496021 ⊗ (150111166666664444444222222200000005555555333333315555551) ,
ρ7 = 113496021 ⊗ (160111100000006666666555555544444443333333222222216666661) ,
ρ8 = 113496021 ⊗ (101456012345601234560123456012345601234560123456021234563) ,
ρ9 = 113496021 ⊗ (111456023456013456012456012356012346012345012345622345603) ,
ρ10 = 113496021 ⊗ (121456034560125601234012345623456014560123601234523456013) ,

ρ11 = 113496021 ⊗ (131456045601230123456345601260123452345601560123424560123) ,
ρ12 = 113496021 ⊗ (141456056012342345601601234534560120123456456012325601233) ,
ρ13 = 113496021 ⊗ (151456060123454560123234560101234565601234345601226012343) ,
ρ14 = 113496021 ⊗ (161456001234566012345560123445601233456012234560120123453) ,
ρ15 = 113496021 ⊗ (102024613502461350246135024613502461350246135024632461355) ,
ρ16 = 113496021 ⊗ (112024624613503502461461350250246136135024024613533502465) ,
ρ17 = 113496021 ⊗ (122024635024615024613024613524613504613502613502434613505) ,
ρ18 = 113496021 ⊗ (132024646135020246135350246161350242461350502461335024615) ,
ρ19 = 113496021 ⊗ (142024650246132461350613502435024610246135461350236135025) ,
ρ20 = 113496021 ⊗ (152024661350244613502246135002461355024613350246130246135) ,
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ρ21 = 113496021 ⊗ (162024602461356135024502461346135023502461246135031350245) ,
ρ22 = 113496021 ⊗ (103362514036251403625140362514036251403625140362543625140) ,
ρ23 = 113496021 ⊗ (123362536251405140362036251425140364036251625140345140360) ,
ρ24 = 113496021 ⊗ (133362540362510362514362514062514032514036514036246251400) ,
ρ25 = 113496021 ⊗ (143362551403622514036625140336251400362514403625140362510) ,
ρ26 = 113496021 ⊗ (153362562514034036251251403603625145140362362514041403620) ,
ρ27 = 113496021 ⊗ (163362503625146251403514036240362513625140251403642514030) ,
ρ28 = 113496021 ⊗ (113362525140363625140403625151403626251403036251444036250) ,
ρ29 = 113496021 ⊗ (104630415263041526304152630415263041526304152630454152632) ,
ρ30 = 113496021 ⊗ (114630426304153041526415263052630416304152041526355263042) ,

ρ31 = 113496021 ⊗ (124630430415265263041041526326304154152630630415256304152) ,
ρ32 = 113496021 ⊗ (134630441526300415263304152663041522630415526304150415262) ,
ρ33 = 113496021 ⊗ (144630452630412630415630415230415260415263415263051526302) ,
ρ34 = 113496021 ⊗ (154630463041524152630263041504152635263041304152652630412) ,
ρ35 = 113496021 ⊗ (164630404152636304152526304141526303041526263041553041522) ,
ρ36 = 113496021 ⊗ (115205320531643164205420531653164206420531053164266420534) ,
ρ37 = 113496021 ⊗ (125205331642055316420053164220531644205316642053160531644) ,
ρ38 = 113496021 ⊗ (135205342053160531642316420564205312053164531642061642054) ,
ρ39 = 113496021 ⊗ (135205342053160531642316420564205312053164531642061642054) ,
ρ40 = 113496021 ⊗ (145205353164202053164642053131642050531642420531662053164) ,

ρ41 = 113496021 ⊗ (155205364205314205316205316405316425316420316420563164204) ,
ρ42 = 113496021 ⊗ (165205305316426420531531642042053163164205205316464205314) ,
ρ43 = 113496021 ⊗ (106543210654321065432106543210654321065432106543206543216) ,
ρ44 = 113496021 ⊗ (116543221065433210654432106554321066543210065432100654326) ,
ρ45 = 113496021 ⊗ (126543232106545432106065432121065434321065654321001065436) ,
ρ46 = 113496021 ⊗ (136543243210650654321321065465432102106543543210602106546) ,
ρ47 = 113496021 ⊗ (146543254321062106543654321032106540654321432106503210656) ,
ρ48 = 113496021 ⊗ (156543265432104321065210654306543215432106321065404321066) ,
ρ49 = 113496021 ⊗ (166543206543216543210543210643210653210654210654305432106) .

Concerns a secret-sharing scheme derived from a minimal linear code Φ
(
S β3

)
over Z7, which is the Gray image of a

code constructed over the ring R = Z7A7R7. The generator matrix of the code is defined as Φ(Ωβ3) = 113496021⊗G,
where G is a 3 × 49 generator matrix specified in this example. This code of length n = 769273197 over Z7. Its
minimality is ensured by satisfying Lemma 2.3, which requires the ratio wmin

wmax
> 6

7 . Based on the Hamming weight
distribution given in the article, namely wH = 6(7k−1 + 2 × 72(k−1) + 4 × 74(k−1)), it is confirmed in Theorem 3.8
that the code is indeed minimal. Consequently, the dual code Φ(S β3)⊥ is used to construct the access structure of the
secret-sharing scheme. The number of participants is given by τ1 =

(
7k−1

6

) [
2 × 7k−1 + 4 × 73(k−1)

]
, which evaluates

to 769273196 for k = 3. The scheme defines 49 minimal qualified access sets, each represented by a tensor product
of a fixed vector and a row of the generator matrix. Each set corresponds to a subset of participants authorized to
reconstruct the secret. In practice, a dealer selects a random information vector u ∈ Zk

7 and computes the codeword
v = uG, distributing the coordinate vi to participant Pi. A minimal access set makes it possible to recover the
secret s = v0 if the corresponding participants can express the first column of G as a linear combination of their
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columns. The secret is then recovered using the formula s =
∑m

j=1 η jvi j , where the coefficients η j are in Z7. This
approach demonstrates the effectiveness of using minimal codes derived from Gray images for secure and efficient
secret-sharing schemes.

Example 4.6. The Φ(Sα2 ) code is an α-simplex code, where all nonzero codewords in this code are minimal. It is
important to note that while this condition is sufficient, it is not necessarily required. The dual of the α-simplex code
possesses parameters [n, k, d] = [49, 47, 42], and its generator matrix is defined by.

Φ
(
H

(
Ωα2

))
= 196889010407 ⊗



1000000000000000000000000000000000000000000000000
0100000000000000000000000000000000000000000000016
0010000000000000000000000000000000000000000000025
0001000000000000000000000000000000000000000000034
0000100000000000000000000000000000000000000000043
0000010000000000000000000000000000000000000000052
0000001000000000000000000000000000000000000000061
0000000100000000000000000000000000000000000000062
0000000010000000000000000000000000000000000000001
0000000001000000000000000000000000000000000000010
0000000000100000000000000000000000000000000000026
0000000000010000000000000000000000000000000000035
0000000000001000000000000000000000000000000000044
0000000000000100000000000000000000000000000000053
0000000000000010000000000000000000000000000000054
0000000000000001000000000000000000000000000000063
0000000000000000100000000000000000000000000000002
0000000000000000010000000000000000000000000000011
0000000000000000001000000000000000000000000000020
0000000000000000000100000000000000000000000000036
0000000000000000000010000000000000000000000000045
0000000000000000000001000000000000000000000000046
0000000000000000000000100000000000000000000000055
0000000000000000000000010000000000000000000000064
0000000000000000000000001000000000000000000000003
0000000000000000000000000100000000000000000000012
0000000000000000000000000010000000000000000000021
0000000000000000000000000001000000000000000000030
0000000000000000000000000000100000000000000000031
0000000000000000000000000000010000000000000000040
0000000000000000000000000000001000000000000000056
0000000000000000000000000000000100000000000000065
0000000000000000000000000000000010000000000000004
0000000000000000000000000000000001000000000000013
0000000000000000000000000000000000100000000000022
0000000000000000000000000000000000010000000000023
0000000000000000000000000000000000001000000000032
0000000000000000000000000000000000000100000000041
0000000000000000000000000000000000000010000000050
0000000000000000000000000000000000000001000000066
0000000000000000000000000000000000000000100000005
0000000000000000000000000000000000000000010000014
0000000000000000000000000000000000000000001000015
0000000000000000000000000000000000000000000100024
0000000000000000000000000000000000000000000010033
0000000000000000000000000000000000000000000001042
0000000000000000000000000000000000000000000000151



.

In the secret sharing scheme relying on the dual code Φ(Sα2 )⊥, there are 49 participants along with a dealer. The total
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number of minimal access sets in this scheme is seven.

P1 = {8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35,
36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49} ,

P2 = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 21, 22, 23, 24, 25, 27, 28, 29, 30, 31, 33, 34, 35,
36, 37, 39, 40, 41, 42, 43, 45, 46, 47, 48, 49} ,

P3 = {2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 22, 23, 25, 26, 27, 28, 29, 30, 31, 32, 33, 35,
36, 38, 39, 40, 41, 42, 43, 44, 45, 46, 48, 49} ,

P4 = {2, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 29, 31, 32, 33, 34, 35,
36, 37, 38, 40, 41, 42, 43, 44, 45, 46, 47, 49} ,

P5 = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 16, 17, 19, 20, 21, 22, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34,
36, 37, 38, 39, 41, 42, 43, 44, 46, 47, 48, 49} ,

P6 = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 17, 18, 19, 21, 22, 23, 24, 25, 26, 28, 29, 30, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41, 43, 44, 45, 47, 48, 49} ,

P7 = {2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30, 31, 32, 34, 35,
36, 37, 38, 39, 40, 42, 43, 44, 45, 46, 47, 48} ,

Participant P1 holds a dictatorial role as they are included in every minimal access set, signifying that any group of
participants capable of determining the secret must invariably include P1. Moreover, each participant within the set

{8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49}

is part of six distinct minimal access sets. Therefore, for any group of participants to successfully recover the secret,
it necessitates a minimum of six members, constituting 60% of the total participant count.

4.2. Multi-secret sharing schemes based on minimal linear codes
This subsection explores the realm of multi-secret sharing schemes, with a focus on those built upon minimal

linear codes. Secret sharing schemes play a pivotal role in secure communication and data protection, ensuring that
sensitive information can only be reconstructed when a predetermined set of participants collaborates. In the context
of minimal linear codes, these schemes leverage mathematical structures to enhance the security and efficiency of
secret sharing protocols.

Exploring an extension of the concepts presented in [1, 2], our research focuses on implementing multi-secret
sharing for the Gray images of sub-simplex and sub-Macdonald codes over R due to their minimal code properties.
To achieve this, we need the Gray images of sub-simplex and sub-MacDonald codes over Z7 with generating matrices
sub

(
Φ(Ωαk )

)
, sub

(
Φ(Ωβk)

)
, sub

(
Φ(Ωαk,t)

)
, and sub

(
Φ(Ωβk,t)

)
. These matrices are defined by the following equations:

rang
(
sub

(
Φ(Ωαk )

))
= rang

(
sub

(
Φ(Ωαk )

)
sub

(
Φ(Ωαk )

))t

= rang
(
sub

(
Φ(Ωαk )

)t
sub

(
Φ(Ωαk )

))
, 0, (4.1)

rang
(
sub

(
Φ(Ωβk)

))
= rang

(
sub

(
Φ(Ωβk)

)
sub

(
Φ(Ωβk)

))t

= rang
(
sub

(
Φ(Ωβk)

)t
sub

(
Φ(Ωβk)

))
, 0, (4.2)

rang
(
sub

(
Φ(Ωαk,t)

))
= rang

(
sub

(
Φ(Ωαk,t)

)
sub

(
Φ(Ωαk,t)

))t

= rang
(
sub

(
Φ(Ωαk,t)

)t
sub

(
Φ(Ωαk,t)

))
, 0 (4.3)
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and

rang
(
sub

(
Φ(Ωαk,t)

))
= rang

(
sub

(
Φ(Ωαk,t)

)
sub

(
Φ(Ωβk,t)

))t

= rang
(
sub

(
Φ(Ωβk,t)

)t
sub

(
Φ(Ωβk,t)

))
, 0. (4.4)

Let Zn
7 be the secret space, where a codeword encodes the secret S = (s1, s2, . . . , sn) in Zn

7. The rows of the matrices
sub

(
Φ(Ωαk )

)
, sub

(
Φ(Ωβk)

)
, sub

(
Φ(Ωαk,t)

)
, and sub

(
Φ(Ωβk,t)

)
represent minimal access elements.

All elements of the codes sub
(
Φ(Sαk )

)
, sub

(
Φ(Sβk)

)
, sub

(
Φ(Mαk,t)

)
, and sub

(
Φ(Mβk,t)

)
are participants in this

scheme.
The dealer or concessionaire, knowing the secret s, computes the user’s share t with the attached codeword c by

taking the dot product of this codeword with the secret t = ⟨c, s⟩ = c · s⊤. Using the previous relation, we have the
following equations:

tt = sub
(
Φ(Ωαk )

)
· st, tt = sub

(
Φ(Ωβk)

)
· st, tt = sub

(
Φ(Ωαk,t)

)
· st, and tt = sub

(
Φ(Ωβk,t)

)
· st. (4.5)

Here, t = (t1, t2, . . . , tk), and ti is the part attached to the i-th row of the matrices sub
(
Φ(Ωαk )

)
, sub

(
Φ(Ωβk)

)
,

sub
(
Φ(Ωαk,t)

)
and sub

(
Φ(Ωβk,t)

)
. The secret can then be obtained by solving the n equations and n unknowns according

to the linear systems:  tt = sub
(
Φ(Ωαk )

)
· st

0 = H
(
sub

(
Φ(Ωαk )

))
· st,

 tt = sub
(
Φ(Ωβk)

)
· st

0 = H(Φ
(
sub

(
Ω
β
k

))
· st.

(4.6)

 tt = sub
(
Φ(Ωαk,t)

)
· st

0 = H
(
sub

(
Φ(Ωαk,t

))
· st,

 tt = sub
(
Φ(Ωβk,t)

)
· st

0 = H
(
sub

(
Φ(Ωβk,t

))
· st.

(4.7)

Example 4.7. For k = 2, the generator matrix of sub
(
Φ(Sα2 )

)
is given by

sub
(
Φ(Ωα2 )

)
=

[
1 1 2 2 3 3 4 4 5 5 6 6
6 2 3 4 5 6 0 1 2 3 4 5

]
.

Following Equation (4.1), we have

rang
(
sub

(
Φ(Ωα2

))
= rang

(
sub

(
Φ(Ωα2 )

)
sub

(
Φ(Ωα2 )

)t
)
= rang

(
sub

(
Φ(Ωα2 )

)t
sub

(
Φ(Ωα2 )

))
= 2 , 0.

If s = (266534433221) ∈ sub
(
Φ(Sα2 )

)
, using Equation (4.5), we check a multi secret-sharing scheme based on

sub
(
Φ(Sα2 )

)
by computing the shares as follows

t = (3, 3) .

Let s = (s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 s11 s12) ∈ sub
(
Φ(Sα2 )

)
be the secret. Consider the system of equations defined

in Equation (4.6), we have

1 1 2 2 3 3 4 4 5 5 6 6
6 2 3 4 5 6 0 1 2 3 4 5
1 0 0 0 0 0 0 0 0 0 4 4
0 1 0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 0 6 3
0 0 0 1 0 0 0 0 0 0 0 2
0 0 0 0 1 0 0 0 0 0 6 4
0 0 0 0 0 1 0 0 0 0 0 3
0 0 0 0 0 0 1 0 0 0 6 5
0 0 0 0 0 0 0 1 0 0 0 4
0 0 0 0 0 0 0 0 1 0 6 6
0 0 0 0 0 0 0 0 0 1 0 5





s1
s2
s3
s4
s5
s6
s7
s8
s9
s10
s11
s12



=



3
3
0
0
0
0
0
0
0
0
0
0



.
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There is a singular solution to the system of equations, and upon solving it, we find that

s = (266534433221).

Example 4.8. When k = 3, the generator matrix for sub
(
Φ(Sβ3)

)
is expressed as follows:

sub
(
Φ(Sα3 )

)
=

 11111111111100000000
11223344556611111110
62345601234501234561

 .
In accordance with Equation (4.1), we observe

rang
(
sub

(
Φ
(
Ω
β
3
)))

= rang
(
sub

(
Φ
(
Ω
β
3
))

sub
(
Φ
(
Ω
β
3
))t

)
= rang

(
sub

(
Φ
(
Ω
β
3
))t

sub
(
Φ
(
Ω
β
3
)))

= 3 , 0.

If s = (26431054216565432106) belongs to sub
(
Φ
(
S
β
3
))

, we employ Equation (4.5) to examine a multi-secret-sharing

scheme utilizing sub
(
Φ
(
S
β
3
))

. The shares are computed as follows:

t = (4, 2, 0).

Assume s = (s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 s11 s12 s13 s14 s15 s16 s17 s18 s19 s20) ∈ sub
(
Φ
(
S
β
3
))

represents the secret.
Examining the system of equations outlined in Equation (4.6), we get

1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0
1 1 2 2 3 3 4 4 5 5 6 6 1 1 1 1 1 1 1 0
6 2 3 4 5 6 0 1 2 3 4 5 0 1 2 3 4 5 6 1
1 0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 5 4
0 1 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 5 1
0 0 1 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 4 6
0 0 0 1 0 0 0 0 0 0 0 6 0 0 0 0 0 0 4 5
0 0 0 0 1 0 0 0 0 0 0 6 0 0 0 0 0 0 3 3
0 0 0 0 0 1 0 0 0 0 0 6 0 0 0 0 0 0 3 2
0 0 0 0 0 0 1 0 0 0 0 6 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 1 0 0 0 6 0 0 0 0 0 0 2 6
0 0 0 0 0 0 0 0 1 0 0 6 0 0 0 0 0 0 1 4
0 0 0 0 0 0 0 0 0 1 0 6 0 0 0 0 0 0 1 3
0 0 0 0 0 0 0 0 0 0 1 6 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 6 6
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 6 5
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 6 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 6 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 6 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 6 1





s1
s2
s3
s4
s5
s6
s7
s8
s9
s10
s11
s12
s13
s14
s15
s16
s17
s18
s19
s20



=



4
2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0



.

A unique solution exists for the system of equations, and upon its resolution, we determine that

s = (26431054216565432106).

4.3. Security analysis of a multi-secret sharing scheme
This work presents a comprehensive evaluation of a multi-secret sharing scheme, focusing on various aspects cru-

cial for its security and reliability. The study begins by assessing the scheme’s ability to maintain the confidentiality
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of shared secrets through an analysis of its resistance against eavesdropping and unauthorized access. The algebraic
properties of the minimal linear codes employed in the scheme are thoroughly examined, including linearity, inde-
pendence, and other factors contributing to overall security. The computational complexity of reconstructing secrets
from shares is investigated to gauge the scheme’s resilience against brute-force and sophisticated computational at-
tacks. Information-theoretic security aspects, such as perfect secrecy, are considered, with an emphasis on evaluating
information leakage and the impact of additional information on shared secret security. The research extends to the
scheme’s error-handling capabilities during sharing and reconstruction, assessing the impact of errors on both security
and correctness. Cryptanalysis is conducted to identify potential vulnerabilities, including an evaluation of resistance
against cryptographic attacks such as algebraic attacks and side-channel attacks.

5. Conclusion

The article explores various aspects related to linear simplex and MacDonald codes over the ring R. It covers
the Gray images of simplex and MacDonald codes over R and investigates the Hamming weight distributions of
specific code constructions, namely Φ(Sαk ), Φ

(
S
β
k
)
, Φ

(
Mαk,t

)
, and Φ

(
M
β
k,t
)
. The second part of the article delves into

secret-sharing schemes based on minimal linear simplex and MacDonald codes. This involves exploring the potential
applications and security implications of utilizing these codes in secret-sharing scenarios. Furthermore, the third part
of the article extends the discussion to multi-secret sharing schemes based on minimal linear codes. The focus is on
schemes that involve multiple secrets and their security analysis. In conclusion, the article provides a comprehensive
examination of linear simplex and MacDonald codes over the ring R, shedding light on their properties, constructions,
and applications in secret-sharing schemes. The inclusion of the security analysis of multi-secret sharing schemes
enhances the practical relevance of the research, making it a valuable contribution to the fields of coding theory
and cryptography. The findings presented in the article offer insights into the potential use of these codes in secure
communication and data protection, paving the way for further research and development in the domain.
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