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Abstract

A rough bi-Heyting algebra is a mathematical structure extending classical logic with two implication operations on a rough
semiring (T,∆,∇). It provides a robust framework for the algebraic study of uncertainty and approximation in knowledge systems.
This paper investigates the rough intersection graph obtained through the filters of a rough bi-Heyting algebra, focusing on its
structural properties and interrelations. It helps associate filters with the rough intersection graph’s vertices and defines relations
based on their non-empty non-identity intersections. The higher-order degree vertices in a rough intersection graph are identified
based on the dense elements of a rough bi-Heyting algebra, which led to their characterization. The set of dense filters is denoted
by R − DF(T ). Later, the set of maximal filters being a proper subset of R − DF(T ) is established. Furthermore, the results are
extended to the domain of hypergraphs, where the complex relationships between filters are modeled through hyperedges. The
significance of this study is explored to model the overlapping features shared by the different nodes in various contexts.
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1. Introduction

Rough Set Theory (RST) is a mathematical framework introduced by Pawlak [11] in the early 1980s for analyzing
and modeling uncertainty and imprecision in data. It particularly deals with datasets where vagueness arises from
insufficient or incomplete information. At its core, RST is based on approximating a set using a pair of sets, termed
the lower approximation and the upper approximation, in an approximation space I = (U,R). These approximations
are derived from an indiscernibility relation R, which partitions the universe of discourse U into equivalence classes.
The lower approximation represents the set of objects that are certainly members of the target set, while the upper
approximation includes objects that could belong to the set. A rough set is defined through its lower and upper
approximation and denoted by RS (X) for X ⊆ U. The binary operations ∆ and ∇ were introduced and defined
specially for the rough sets in [17] by Praba and Mohan. Later, in [15], (T,∆,∇) was proved to be a semiring known
as rough semiring. As the association of various algebraic structures with the graph has paved the way for many
research groups, various graph characterizations were established on this rough semiring. To mention, see [16] for
zero-divisor graph, see [9] for total complemented graph, and see [12] for rough identity-summand graph, etc. Many
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authors began defining various graphs, including intersection graphs over algebraic structures, in 1964. Bosak [3]
was the one who initially proceeded in that way. An intersection graph derived from a semigroup S was defined and
explored by Bosak [3]. He defined the proper subsemigroups of S as the graph’s vertices and two separate vertices
AB that are connected by an edge if and only if the intersection of the subsemigroups A and B is non-empty. Csákány
and Pollak defined and examined the intersection graph of non-trivial proper subgroups of a finite group in 1969 (cf.
[6]). Zelinka [19] carried on their research by examining the intersection graph of non-trivial subgroups of finite
Abelian groups. In 2009, Chakrabarty et al. [5] introduced and examined the intersection graph of (nontrivial) ideals
of a ring, demonstrating how numerous graph-theoretic properties-such as connectivity, completeness, cycles, etc
reflect ring theoretic structure. They observed fascinating similarities between several algebraic aspects of rings and
the graph-theoretic properties of the intersection graph. In [1], the work discusses various properties of the small
intersection graph of filters of a bounded distributive lattice, such as being empty, complete, k-regular, triangle-free,
or a tree, and provides classifications of lattices and results related to their properties. Whereas Atani et al. [2]
introduces the concept of intersection graphs of co-ideals in semirings, denoted by G(R). The authors of [2] discusses
the conditions under which G(R) is empty or connected and the relationship between the graph’s properties and the
algebraic properties of the semiring R. Several results are presented, including those relating to the diameter, clique
number, and planarity of G(R).

Because intersection graphs can represent interactions between substructures like ideals, subgroups, and filters,
they have been extensively investigated for a variety of algebraic and topological structures. Classical intersection
graphs, on the other hand, are limited in their ability to represent systems that require vagueness, incompleteness,
or overlapping interactions since they are specified over simple or precisely defined sets. Elements may partially
belong to different sets or show ambiguous class borders in a variety of real-world decision-making and data analysis
challenges. The study of indiscernible or ambiguous connections is made possible by rough set theory, which offers
a natural framework for approximation sets through lower and upper limits to resolve such ambiguity. Although
intersection graphs and rough algebraic structures have been studied in great detail, the intersection graph of filters in
a rough bi-Heyting environment has not yet been thoroughly investigated. Current frameworks either handle rough
approximations or filters independently, failing to combine them into a single framework that can represent higher-
order relations in a context of uncertainty. The approximate extensions are not covered in the literature currently
available on intersecting graphs of algebraic structures. By extending the intersection graph of filters within the rough
bi-Heyting algebraic framework, the goal of this study is to fill this gap by building and analyzing rough intersection
graphs derived from filters. Examining their algebraic and topological characteristics, and showcasing their possible
use in problems like multi-criteria decision-making and similarity detection.

Our proposed method in this study is one such direction of defining a graph called a rough intersection graph
R − IGF(T ) inspired by Ebrahimi et al. [1], a small intersection graph of filters of a lattice, and an intersection graph
of co. ideals of a semiring (cf. [2]). An underlying structure taken in exploring the rough intersection graph is a
rough bi-Heyting algebra (cf. [13]). A rough bi-Heyting algebra is an algebraic structure that differs from classical
logic by the presence of a weaker notion of complements. In the study of structure theory, in general distributive
lattices and in particular Boolean algebras, the notion of filters is essential. The concept of a filter and the graph
corresponding to the filter were introduced in rough bi-Heyting algebra by Praba et al. [12, 14]. The rough identity-
summand graph is a graph corresponding to the filter that helps in representing complex hierarchies. While exploring
various filters of this rough bi-Heyting algebra, defining dense and maximal filters was motivated by [8, 10]. Also,
there is a relation established between the dominant elements of T (cf. [16]), and the dense elements in this work.
This study characterizes dense and maximal filters and explores their behavior on this rough bi-Heyting algebra. This
is further taken to define the rough intersection graph of filters by considering the works of Ebrahimi et al. [1, 2]. This
study is motivated by a need to capture the approximate and imprecise relationships between components of algebraic
structures by extending the traditional concept of intersecting graphs into the rough-set framework. Through the use
of the semiring structure on rough sets and the analysis of filters in rough bi-Heyting algebras, this paper develops
a unified method for algebraic and graphical representation and analysis of uncertain connections. In addition to
generalizing current graph-theoretic models, this extension strengthens the bond between soft computing, algebraic
topology, and decision theory. Following from [1, 2], the rough intersection graph defined in this work analyzes the
behavior of the vertices in the R − IG(F)(T ), which plays the major role when the edge between two filters exists.
So, the cardinality and the characterization of filters help to partition the vertices that behave similarly. Unlike G(R)
is a complete (or) regular graph, the rough intersection graph introduced in this study is a connected graph but not
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complete (or) regular. The adjacency between the vertices is highlighted, and it leads to characterizing the overlap
between them. This overlap between the vertices captures its application in various fields. In [7], the research covers
the mathematical and algorithmic properties of intersection graphs, their generalizations, and graph parameters, and
Reff [18] establishes various matrix relationships between oriented hypergraphs and their intersection graphs, focusing
on eigenvalue bounds and vertex/edge-switchings. Intersection graphs are widely studied in graph theory because they
capture relationships between sets and have applications in various domains. Defining the rough intersection graph of
filters of a rough bi-Hetyting algebra combines the algebraic properties with the graph theoretic notion, and represents
this complex structure in the form of a hypergraph (cf. [4]). Also, converting this rough intersection graph into a
hypergraph can be more applicable in finding similarity between the vertices. This leads to the overview of finding the
similar behavior of elements in the overlapping vertices of each hyperedge in a hypergraph. The suggested framework
illustrates how combining rough set theory with hypergraph structures offers a strong and adaptable tool for managing
ambiguity and overlapping relationships in a variety of fields, including customer behavior analysis, cybersecurity
threat classification, medical diagnosis, educational analytics, and industrial fault detection. In contrast to traditional
pairwise or crisp relational approaches, the model goes above these restrictions by extracting a hypergraph from the
rough intersection graph. Analysis of complex systems where elements naturally belong to numerous decision regions
is made more accurate, interpretable, and adaptable by this enhanced representation. This methodology creates a
unified algebraic–combinatorial framework that improves the relationship between theoretical rough set models and
real-world data-driven applications.

This paper is divided into the following sections. In Subsection 1.1, some basic notions and formal definitions
are provided. In Section 2, dense filters, maximal filters, and dominant elements of a rough bi-Heyting algebra are
characterized. In Section 3, we define the rough intersection graph R − IGF(T ) for the filters of a rough bi-Heyting
algebra and discuss their nature. In Sections 4 and 5, the application of our proposed method and the conclusion are
given.

1.1. Preliminaries

This subsection provides the formal definitions for the remaining sections.

Definition 1.1 (cf. [11]). The structure I = (U,R) is an approximation space where U is a non-empty finite set of
objects, called a universe, and R is an arbitrary equivalence relation on U. A partition induced by the relation R
consists of an equivalence class denoted [x]R, a subset of U. The lower and upper approximations defined for the
subset X of U are given, respectively, as follows:

R−(X) = {x ∈ U | [x]R ⊆ X}

and

R−(X) = {x ∈ U | [x]R ∩ X , ∅}.

If X is an arbitrary subset of U, then the rough set RS (X) is an ordered pair (R−(X),R−(X)). The set of rough sets is
denoted by T and defined by T = {RS (X) | X ⊆ U}.

Definition 1.2 (cf. [17]). Let X,Y ⊆ U. The Praba join of X and Y is denoted by X∆Y and defined as X∆Y = X ∪ Y if
IW(X ∪ Y) = IW(X) + IW(Y) − IW(X ∩ Y), where IW(X) is the number of equivalence classes in X.

If IW(X ∪ Y) > IW(X) + IW(Y) − IW(X ∩ Y), then the equivalence classes obtained by the union of X and Y are
identified. The elements of that class belonging to Y are deleted, and the new set is named Y . Now, we obtain X∆Y .
This process is repeated until

IW(X ∪ Y) = IW(X) + IW(Y) − IW(X ∩ Y).

Definition 1.3 (cf. [17]). If X,Y ⊆ U, then an element x ∈ U is called pivot element, if [x]R ⊈ X∩Y , but [x]R∩X , ∅
and [x]R ∩ Y , ∅.

Definition 1.4 (cf. [17]). If X, Y ⊆ U, then the pivot elements of X and Y are called the pivot set of X and Y , denoted
by PX∩Y .
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Definition 1.5 (cf. [17]). Let X, Y ⊆ U. The Praba meet of X and Y is denoted as X∇Y and defined by

X∇Y = {x ∈ U | [x]R ⊆ X ∩ Y} ∪ PX∩Y .

Here each pivot element in PX∩Y is the representative of that particular class.

Theorem 1.6 (cf. [17]). For any two sets X, Y in U,

(i) RS (X∆Y) is the least upper bound of RS (X) and RS (Y).

(ii) RS (X∇Y) is the greatest lower bound of RS (X) and RS (Y).

Theorem 1.7 (cf. [17]). T = {RS (X) | X ⊆ U} is a lattice called rough lattice.

Theorem 1.8 (cf. [15]). For any given approximation space I = (U,R), (T,∆,∇) is a semiring called rough semiring.

Remark 1.9 (cf. [13]). RS (E − R−(X)) = RS (∅).

Definition 1.10 (cf. [8]). An element a of a lattice L is called a dense element if a∗ = {0} and the set of dense elements
of L is defined by D(L) = {a ∈ L | a∗ = 0}.

Definition 1.11 (cf. [16]). A subset X of U is said to be dominant if X ∩ Xi , ∅ for i = 1, 2, . . . , n.

Definition 1.12 (cf. [2]). Let R be a semiring. The intersection graph of co-ideals of R, denoted by G(R), is the graph
with all elements of I∗(R) = {I : I , {1} is a proper co-ideal of R} as vertices and two distinct vertices I and J are
adjacent if and only if I ∩ J , {1}.

Definition 1.13 (cf. [12]). For any X ⊆ U, define FX(T ) by FX(T ) = {RS (Y) | Y = X∆V∆W,V ∈ P(E \ EX),W ∈

P(B \ BX)}, where E is the set of equivalence classes in U and EX be the set of equivalence classes in X, B is the
pivot set of representative elements of equivalence classes and BX is the pivot set of representative elements in X of
equivalence classes, whose cardinality is greater than 1.

Theorem 1.14 (cf. [14]). For any X ⊆ U, the cardinality of FX(T ) is 2r3m−(t+r)2n−(m+k).

Definition 1.15 (cf. [4]). A hypergraph H denoted by H = (V; E = (ei)i∈I) on a finite set V is a family (ei)i∈I , (I is a
finite set of indexes) of subsets of V called hyperedges. Sometimes V is denoted by V(H) and E by E(H).

2. Dense and maximal filters

In this section, we characterize the dense and maximal filters and some of their basic properties on a rough bi-
Heyting algebra.

Definition 2.1. Let (T,∆,∇,∗ ,+ ,→,←,RS (∅),RS (U)) be a rough bi-Heyting algebra. An element RS (X) ∈ T is said
to be dense if RS (X)∗ = RS (E − R−(X)) = RS (∅) and the set of dense elements of T is defined by

D∗(T ) = {RS (X) ∈ T | RS (X)∗ = RS (E − R−(X)) = RS (∅)}.

Theorem 2.2. D∗(T ) is the set of dominant elements in T .

Proof. Consider RS (X) ∈ D∗(T ) then RS (X)∗ = RS (∅)

⇒ RS (E − R−(X)) = RS (∅) (from Remark 1.9)
⇒ E − R−(X) = ∅
⇒ E = R−(X)
⇒ X is dominant.
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Conversely, if X is dominant then X ∩ Xi , ∅ for i = 1, 2, . . . , n

⇒ R−(X) = E

⇒ E − R−(X) = ∅
⇒ RS (E − R−(X)) = RS (∅)
⇒ RS (X)∗ = RS (∅)
⇒ RS (X) ∈ D∗(T ).

Definition 2.3. For the set B ⊆ U, define D∗(T ) = {RS (Z) | Z ∈ B∆(E \ R−(B))∆P(R−(B))} where E is the set of
equivalence classes in U and B is the pivot set consists of representative elements of the equivalence classes whose
cardinality is greater than 1.

Theorem 2.4 (Characterization theorem for D∗(T )). D∗(T ) = {RS (Z) | Z ∈ B∆(E \ R−(B))∆P(R−(B))}.

Proof. Let RS (X) ∈ D∗(T ) then RS (X)∗ = RS (∅)

⇔ R−(X) = E (by Theorem 2.2)
⇔ X ∈ B∆(E \ R−(B))∆P(R−(B))
⇔ RS (X) ∈ {RS (Z) | Z ∈ B∆(E \ R−(B))∆P(R−(B))}.

Therefore, D∗(T ) = {RS (Z) | Z ∈ B∆(E \ R−(B))∆P(R−(B))}.

Theorem 2.5. D∗(T ) is a filter.

Proof. Let RS (X1),RS (X2) ∈ D∗(T ), then RS (X1)∗ = RS (X2)∗ = RS (∅)

⇒ RS (X1)∗∇RS (X2)∗ = RS (X1∇X2)∗ = RS (∅)
⇒ RS (X1∇X2) ∈ D∗(T ).

D∗(T ) is closed under ∇. Now, suppose RS (X1) ∈ D∗(T ) and RS (X2) < D∗(T )

⇒ RS (X1)∗ = RS (∅) and RS (X2)∗ , RS (∅)
⇒ RS (X1∆X2) = RS (X1)
⇒ RS (X1∆X2)∗ = RS (X1)∗ = RS (∅)
⇒ RS (X1∆X2) ∈ D∗(T ).

Therefore, D∗(T ) is a filter.

Definition 2.6. A filter FX(T ) is said to be a dense filter if D∗(T ) ⊆ FX(T ). The set of all dense filters of T is given
by DF(T ) = {FX(T )|X ∈ P(B ∪ X j)}, where B = {xi || Xi |> 1} and | X j |= 1 for j ∈ {m + 1, . . . , n}.

Remark 2.7. D∗(T ) is indeed a dense filter.

Theorem 2.8 (Characterization theorem for DF(T )). FX(T ) is a dense filter if X ∈ P(B ∪ X j).

Proof. Consider X = ∅, then

F{∅}(T ) = {RS (Y) | Y ∈ P(E)∆P(B)}
⇒ F{∅}(T ) = T

⇒ D∗(T ) ⊆ F{∅}(T ).
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Therefore, F{∅}(T ) is a dense filter. Now consider X = xi where | Xi | >1 for i = {1, 2, . . . ,m} then F{xi}(T ) =
{RS (Y)|Y ∈ {xi}∆P(E)∆P(B \ {xi})}

⇒ F{xi}(T ) = {RS (Y)|Y ∈ (P(B) \ P(B \ {xi})∆P(E)}
⇒ F{xi}(T ) = R − upset(RS ({xi})).

Let RS (Y) ∈ D∗(T ) then RS (Y)∗ = RS (∅), for some RS (Y) ∈ F{xi}(T ) so that RS (Y)∗ = RS (∅)

⇒ D∗(T ) ⊆ F{xi}(T )
⇒ F{xi}(T ) is a dense filter.

Similarly using the above arguments, the filter F{X j}(T ) is also a dense filter for | X j |= 1 for j ∈ {m+1,m+2, . . . , n}.

Definition 2.9. Let FX(T ) be a filter is said to be a maximal filter if

(i) FX(T ) is a proper filter.

(ii) There is no proper filter FY (T ) such that FX(T ) ⊂ FY (T ).

Theorem 2.10 (Characterization theorem for maximal filter). FX(T ) is a maximal filter if X ∈ B ∪ X j .

Proof. When X ∈ B, F{xi}(T ) = {RS (Y) | Y = {xi}∆V∆W} where V ∈ P(E),W ∈ P(B \ {xi})

⇒ F{xi}(T ) , T

⇒ F{xi}(T ) is proper.

Now to prove F{xi}(T ) is maximal, suppose there exists FZ(T ) ∈ T \ F{xi}(T ) and let RS (S ) ∈ FZ(T )

⇒ RS (Y)∆RS (S ) ∈ F{xi}(T ).

If this is true for all RS (Y) and RS (S ), then

FZ(T ) ⊂ F{xi}(T )
⇒ F{xi}(T ) is maximal.

Theorem 2.11. FX(T ) is a maximal filter if RS (X) is an atom.

Proof. Assume FX(T ) be a maximal filter

⇒ FX(T ) is proper
⇒ FX(T ) , T

⇒ RS (X) , RS (∅).

Also there exist no proper filter FY (T ) such that FX(T ) ⊂ FY (T ). Suppose there exist FY (T ) such that FX(T ) ⊂ FY (T )
then Y = ∅

⇒ RS (Y) ≤ RS (X)
⇒ RS (X) is an atom.

Remark 2.12. A maximal filter is one of the dense filters. The set of maximal filters is properly contained in the dense
filters. The set of all maximal filters of T is denoted by MF(T ) = {FX(T )|X ∈ B ∪ X j}, where B = {xi || Xi |> 1} and
| X j |= 1 for j ∈ {m + 1, . . . , n}.
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Theorem 2.13. The set of all maximal filters of T is a subset of the set of all dense filters of T . Consequently,
MF(T ) ⊂ DF(T ).

Proof. Let FX(T ) ∈ MF(T ) then FX(T ) is a proper filter for X ∈ B ∪ X j. By Theorem 2.10, RS (X) is an atom.

⇒ RS (X) , RS (∅)
⇒ FX(T ) , T.

For all X such that FX(T ) , T is given by F(T ) − F∅(T ) = {FZ(T ) | Z ∈ [P(B)∆P(E)] − ∅}. Since the maximal filter is
one of the dense filters, the dense filters of F(T ) − F∅(T ) is

{FZ(T ) | Z ∈ P(B ∪ (E \ R−(B))) − ∅} = {FZ(T ) | Z ∈ [P(B)∆P(E \ R−(B))] − ∅}
= DF(T ) − F∅(T )
⇒ FX(T ) ∈ DF(T ) − F∅(T )

for X ∈ B ∪ (E \ R−(B))

⇒ MF(T ) ⊂ DF(T ).

3. Rough intersection graph of Filters and its hypergraph representation

Throughout this section, we discuss the nature and properties concerning the graph R − IGF(T ).

Definition 3.1. The set of all filters of a rough bi-Heyting algebra is denoted by F(T ) and defined by F(T ) = {FX(T ) |
RS (X) ∈ T }.

Definition 3.2. A filter FX(T ) is said to be non-trivial if X , ∅ and X , U.

Definition 3.3. Let (T,∆,∇,∗ ,+ ,→,←,RS (∅),RS (U)) be a rough bi-Heyting algebra. A rough intersection graph
for the filters of T is denoted by R − IGF(T ), whose vertex set is V(R − IGF(T )) = {FX(T )|FX(T ) , F∅(T ) and
FX(T ) , FU(T )} and the edge between two distinct vertices FX(T ) and FY (T ) exists iff FX(T ) ∩ FY (T ) , {RS (U)}.

Remark 3.4. From Definition 3.3, | V(R − IGF(T )) |=| F(T ) | −2.

Theorem 3.5. For any subset X ⊆ U and the filter FX(T ), the vertices non-adjacent with FX(T ) in an rough intersec-
tion graph is

˜FX(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}.

Proof. The proof of the theorem is given in different cases for X:
Case 1. When X = {xi1 , xi2 , . . . , xir } for {i1, i2, . . . , ir} ∈ {1, 2, . . . ,m}, the set of vertices non-adjacent with

˜F{xi1 ,xi2 ,...,xir }
(T ) is

˜F{xi1 ,xi2 ,...,xir }
(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U} = {FZ(T ) | Z ∈ E − U} = ∅.

∴ F{xi1 ,xi2 ,...,xir }
(T ) is adjacent to all the vertices of a rough intersection graph.

Case 2. When X = {Xs1 , Xs2 , . . . , Xst } for {s1, s2, . . . , st} ∈ {1, 2, . . . ,m}, the set of vertices non-adjacent with
˜F{Xs1 ,Xs2 ,...,Xst }

(T ) is

˜F{Xs1 ,Xs2 ,...,Xst }
(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({Xs1 , Xs2 , . . . , Xst })∆(E \ {Xs1 , Xs2 , . . . , Xst })] − U}.
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Case 3. When X = {X j1 , X j2 , . . . , X jk } for { j1, j2, . . . , jk} ∈ {m + 1,m + 2, . . . , n}, the set of vertices non-adjacent
with ˜F{X j1 ,X j2 ,...,X jk }

(T ) is

˜F{X j1 ,X j2 ,...,X jk }
(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({X j1 , X j2 , . . . , X jk })∆(E \ {X j1 , X j2 , . . . , X jk })] − U}.

Case 4. When X = {xi1 , xi2 , . . . , xir , Xs1 , Xs2 , . . . , Xst } for {i1, i2, . . . , ir, s1, s2, . . . , st} ∈ {1, 2, . . . ,m}, the set of
vertices non-adjacent with ˜F{xi1 ,xi2 ,...,xir ,Xs1 ,Xs2 ,...,Xst }

(T ) is

˜F{xi1 ,xi2 ,...,xir ,Xs1 ,Xs2 ,...,Xst }
(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({Xs1 , Xs2 , . . . , Xst })∆(E \ {Xs1 , Xs2 , . . . , Xst })] − U}.

Case 5. When X = {xi1 , xi2 , . . . , xir , X j1 , X j2 , . . . , X jk } for {i1, i2, . . . , ir} ∈ {1, 2, . . . ,m} and { j1, j2, . . . , jk} ∈ {m +
1,m + 2, . . . , n}, the set of vertices non-adjacent with ˜F{xi1 ,xi2 ,...,xir ,Xs1 ,Xs2 ,...,Xst }

(T ) is

˜F{xi1 ,xi2 ,...,xir ,Xs1 ,Xs2 ,...,Xst }
(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({X j1 , X j2 , . . . , X jk })∆(E \ {X j1 , X j2 , . . . , X jk })] − U}.

Case 6. When X = {Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk } for {s1, s2, . . . , st} ∈ {1, 2, . . . ,m},
{ j1, j2, . . . , jk} ∈ {m + 1,m + 2, . . . , n}, the set of vertices non-adjacent with ˜F{Xs1 ,Xs2 ,...,Xst ,X j1 ,X j2 ,...,X jk }

(T ) is

˜F{Xs1 ,Xs2 ,...,Xst ,X j1 ,X j2 ,...,X jk }
(T )

= {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk })∆(E \ {Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk })] − U}.

Case 7. When X = {xi1 , xi2 , . . . , xir , Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk } for {i1, i2, . . . , ir, s1, s2, . . . , st} ∈ {1, 2, . . . ,m}
and { j1, j2, . . . , jk} ∈ {m + 1,m + 2, . . . , n}, the set of vertices non-adjacent with ˜F{Xs1 ,Xs2 ,...,Xst ,X j1 ,X j2 ,...,X jk }

(T ) is

˜F{xi1 ,xi2 ,...,xir ,Xs1 ,Xs2 ,...,Xst ,X j1 ,X j2 ,...,X jk }
(T )

= {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}

= {FZ(T ) | Z ∈ [P({Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk })∆(E \ {Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk })] − U}.

Lemma 3.6. For any X ⊆ U and for the filter FX(T ), the number of vertices non-adjacent with FX(T ) in a rough
intersection graph is

| ˜FX(T ) |= 3t2k − 1.

Proof. It is proved that ˜FX(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}.
If FY (T ) ∈ ˜FX(T ) and by Theorem 3.5, for {Xs1 , Xs2 , . . . , Xst } ⊆ X be the equivalence classes of cardinality greater

than one will have 3 choices namely ∅ (or) xi (or) Xi. Also for {X j1 , X j2 , . . . , X jk } ⊆ X be the equivalence classes of
cardinality equal to one will have 2 choices either ∅ (or) X j.

Also, for the given X, FX(T ) is not adjacent to itself. Hence the total number of vertices non-adjacent to FX(T )
will be 3t2k − 1.

Lemma 3.7. For the subset X of U, the degree of FX(T ) in a rough intersection graph R − IGF(T ) is

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1,

where ˜FX(T ) = {FZ(T ) | Z ∈ [P(B)∆P(EX)∆(E \ EX)] − U}.

Proof. The degree of vertices in a rough intersection graph R − IGF(T ) will be given in different cases for various X.
Case 1. When X = {xi1 , xi2 , . . . , xir } for {i1, i2, . . . , ir} ∈ {1, 2, . . . ,m}, the degree of F{xi1 ,xi2 ,...,xir }

(T ) is
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deg(F{xi1 ,xi2 ,...,xir }
(T )) =| V(R − IGF(T )) | − | ˜F{xi1 ,xi2 ,...,xir }

(T ) | −1.

Using Theorem 3.5, F{xi1 ,xi2 ,...,xir }
(T ) is adjacent with all the vertices of R − IGF(T ) and by Lemma 3.6,

deg(F{xi1 ,xi2 ,...,xir }
(T )) =| V(R − IGF(T )) | −1.

Case 2. When X = {Xs1 , Xs2 , . . . , Xst } (or) X = {xi1 , xi2 , . . . , xir , Xs1 , Xs2 , . . . , Xst } for {i1, i2, . . . , ir, s1, s2, . . . , st} ∈

{1, 2, . . . ,m}, the degree of FX(T ) is

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1.

Then, using Theorem 3.5 and Lemma 3.6, we get

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1 =| V(R − IGF(T )) | −(3t − 1) − 1.

Case 3. When X = {X j1 , X j2 , . . . , X jk } (or) X = {xi1 , xi2 , . . . , xir , X j1 , X j2 , . . . , X jk } for {i1, i2, . . . , ir} ∈ {1, 2, . . . ,m}
and { j1, j2, . . . , jk} ∈ {m + 1,m + 2, . . . , n}, the degree of FX(T ) is

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1.

Then, using Theorem 3.5 and Lemma 3.6, we have

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1 =| V(R − IGF(T )) | −(2k − 1) − 1.

Case 4. When X = {Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk } (or) X = {xi1 , xi2 , . . . , xir , Xs1 , Xs2 , . . . , Xst , X j1 , X j2 , . . . , X jk }

for {i1, i2, . . . , ir, s1, s2, . . . , st} ∈ {1, 2, . . . ,m} and { j1, j2, . . . , jk} ∈ {m + 1,m + 2, . . . , n}, the degree of FX(T ) is

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1.

Then, using Theorem 3.5 and Lemma 3.6, we get

deg(FX(T )) =| V(R − IGF(T )) | − | ˜FX(T ) | −1 =| V(R − IGF(T )) | −(3t2k − 1) − 1.

Theorem 3.8. In any rough intersection graph R − IGF(T ), the elements common between any two vertices (say)
FX(T ) and FY (T ) are

FX(T ) ∩ FY (T ) = FX∆Y (T ),

where FX∆Y (T ) = {RS (Z) | Z ∈ (X∆Y)∆P(E \ EX ∪ EY )∆P(B \ BX ∪ BY )}.

Proof. From Definition 1.13, FX(T ) = {RS (Y) | Y = X∆V∆W,V ∈ P(E \ EX),W ∈ P(B \ BX)}. To prove the theorem,
let RS (K) ∈ FX(T ) ∩ FY (T ), then

⇔ RS (K) ∈ {RS (Z) | Z = X∆V1∆W1,V1 ∈ P(E \ EX),W1 ∈ P(B \ BX)}
∩ {RS (Z) | Z = Y∆V2∆W2,V2 ∈ P(E \ EY ),W2 ∈ P(B \ BY )}

⇔ RS (K) ∈ {RS (Z) | Z ∈ (X∆Y)∆P(E \ EX ∪ EY )∆P(B \ BX ∪ BY )}
⇔ RS (K) ∈ FX∆Y (T ).

Corollary 3.9. In any rough intersection graph R− IGF(T ), the number of elements common to any two vertices (say)
FX(T ) and FY (T ) is

| FX(T ) ∩ FX(T ) |=| FX∆Y (T ) |= 2r3m−(t+r)2n−(m+k).

Proof. The proof is straightforward. Theorem 1.14 identifies the cardinality of FX∆Y (T ).
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Example 3.10. Consider I = (U,R) be an approximation space, where the universal set U = {x1, x2, x3, x4, x5, x6} and
an arbitrary equivalence relation R induces the equivalence classes X1 = {x1, x3}, X2 = {x2, x4, x6} and X3 = {x5} on U.

The rough sets obtained are

T = {RS (∅),RS ({x1}),RS ({x2}),RS (X1),RS (X2),RS (X3),RS ({x1} ∪ {x2}),RS (X1 ∪ {x2}),RS ({x1} ∪ X2),RS ({x1} ∪ X3),
RS ({x2} ∪ X3),RS (X1 ∪ X3),RS (X2 ∪ X3),RS (X1 ∪ X2),RS ({x1} ∪ {x2} ∪ X3),RS (X1 ∪ {x2} ∪ X3),
RS ({x1} ∪ X2 ∪ X3),RS (U)}.

Then, by the characterization given for the filter in Definition 1.13, the filters obtained for the subsets of U are
F(T ) = {FX(T )|RS (X) ∈ T } and are

(i) F∅(T ) = T

(ii) F{x1}(T ) = {RS ({x1}),RS (X1),RS ({x1}∪{x2}),RS (X1∪{x2}),RS ({x1}∪X2),RS ({x1}∪X3),RS (X1∪X3),RS (X1∪

X2),RS ({x1} ∪ {x2} ∪ X3),RS (X1 ∪ {x2} ∪ X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(iii) F{x2}(T ) = {RS ({x2}),RS (X2),RS ({x1}∪{x2}),RS (X1∪{x2}),RS ({x1}∪X2),RS ({x2}∪X3),RS (X2∪X3),RS (X1∪

X2),RS ({x1} ∪ {x2} ∪ X3),RS (X1 ∪ {x2} ∪ X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(iv) F{x1,x3}(T ) = {RS (X1),RS (X1 ∪ {x2}),RS (X1 ∪ X3),RS (X1 ∪ X2),RS (X1 ∪ {x2} ∪ X3),RS (U)}

(v) F{x2,x4,x6}(T ) = {RS (X2),RS ({x1} ∪ X2),RS (X2 ∪ X3),RS (X1 ∪ X2),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(vi) F{x5}(T ) = {RS (X3),RS ({x1} ∪ X3),RS ({x2} ∪ X3),RS (X1 ∪ X3),RS (X2 ∪ X3),RS ({x1} ∪ {x2} ∪ X3),RS (X1 ∪

{x2} ∪ X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(vii) F{x1,x2}(T ) = {RS ({x1} ∪ {x2}),RS (X1 ∪ {x2}),RS ({x1} ∪X2),RS (X1 ∪X2),RS ({x1} ∪ {x2} ∪X3),RS (X1 ∪ {x2} ∪

X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(viii) F{x1,x2,x4,x6}(T ) = {RS ({x1} ∪ X2),RS (X1 ∪ X2),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(ix) F{x1,x5}(T ) = {RS ({x1}∪X3),RS (X1∪X3),RS ({x1}∪{x2}∪X3),RS (X1∪{x2}∪X3),RS ({x1}∪X2∪X3),RS (U)}

(x) F{x1,x2,x3}(T ) = {RS (X1 ∪ {x2}),RS (X1 ∪ X2),RS (X1 ∪ {x2} ∪ X3),RS (U)}

(xi) F{x2,x5}(T ) = {RS ({x2}∪X3),RS (X2∪X3),RS ({x1}∪{x2}∪X3),RS (X1∪{x2}∪X3),RS ({x1}∪X2∪X3),RS (U)}

(xii) F{x1,x2,x3,x4,x6}(T ) = {RS (X1 ∪ X2),RS (U)}

(xiii) F{x1,x3,x5}(T ) = {RS (X1 ∪ X3),RS (X1 ∪ {x2} ∪ X3),RS (U)}

(xiv) F{x2,x4,x5,x6}(T ) = {RS (X2 ∪ X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(xv) F{x1,x2,x5}(T ) = {RS ({x1} ∪ {x2} ∪ X3),RS (X1 ∪ {x2} ∪ X3),RS ({x1} ∪ X2 ∪ X3),RS (U)}

(xvi) F{x1,x2,x3,x5}(T ) = {RS (X1 ∪ {x2} ∪ X3),RS (U)}

(xvii) F{x1,x2,x4,x5,x6}(T ) = {RS ({x1} ∪ X2 ∪ X3),RS (U)}

(xviii) F{x1,x2,x3,x4,x5,x6}(T ) = {RS (U)}.

Here the dense and the maximal filters are F∅(T ), F{x1}(T ), F{x2}(T ), FX3 (T ), F{x1∪x2}(T ), F{x1∪X3}(T ), F{x2∪X3}(T ),
F{x1∪x2∪X3}(T ) and F{x1}(T ), F{x2}(T ), FX3 (T ) respectively.

The vertices of a rough intersection graph are

V(R − IGF(T )) = {F{x1}(T ), . . . , F{x1∪X2∪X3}(T )} .
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The rough intersection graph R − IGF(T ) obtained is given in Figure 1.

Figure 1. Rough intersection graph for the filters of T

The degree of vertices in Figure 1 is as follows:

(i) deg(F{x1}(T )) = deg(F{x2}(T )) = deg(F{x1∪x2}(T )) = 15

(ii) deg(FX3 (T )) = deg(F{x1∪X3}(T )) = deg(F{x2∪X3}(T )) = deg(F{x1∪x2∪X3}(T )) = 14

(iii) deg(F{X1}(T )) = deg(F{X2}(T )) = deg(F{x1∪X2}(T )) = deg(F{X1∪x2}(T )) = 13

(iv) deg(F{X1∪X3}(T )) = deg(F{X2∪X3}(T )) = deg(F{x1∪X2∪X3}(T )) = deg(F{X1∪x2∪X3}(T )) = 10

(v) deg(F{X1∪X2}(T )) = 7.

Remark 3.11. For any rough intersection graph, its hypergraph representation involves the hyperedges, which are a
subset of V(R− IGF(T ). The vertices of each hyperedge share the overlapping elements, denoting the common feature
shared by the vertices.

Example 3.12. For the rough intersection graph in Figure 1, its corresponding hypergraph is given in Figure 2. The
hypergraph H(R − IGF(T )) = (V(R − IGF(T ), E). Here E is the subset of V(R − IGF(T ) are the hyperedges. The
hyperedges in Figure 2, is given by E = {e1, e2, . . . , e13} where

(i) e1 = {F{x1}(T ), F{x2}(T ), F{x1∪x2}(T )}

(ii) e2 = {F{x1}(T ), F{x2}(T ), F{X3}(T ), F{x1∪x2}(T ), F{x1∪X3}(T ), F{x2∪X3}(T ), F{x1∪x2∪X3}(T )}

(iii) e3 = {F{x1}(T ), F{x2}(T ), F{X2}(T ), F{x1∪x2}(T ), F{x1∪X2}(T )}
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(iv) e4 = {F{x1}(T ), F{x2}(T ), F{X2}(T ), F{X3}(T ), F{x1∪x2}(T ), F{x1∪X2}(T ), F{x1∪X3}(T ), F{x2∪X3}(T ),
F{X2∪X3}(T ), F{x1∪x2∪X3}(T ), F{x1∪X2∪X3}(T )}

(v) e5 = {F{x1}(T ), F{X3}(T ), F{x1∪X3}(T )}

(vi) e6 = {F{x1}(T ), F{X1}(T )}

(vii) e7 = {F{x1}(T ), F{x2}(T ), F{X1}(T ), F{x1∪x2}(T ), F{X1∪x2}(T )}

(viii) e8 = {F{x1}(T ), F{X1}(T ), F{X3}(T ), F{x1∪X3}(T ), F{X1∪X3}(T )}

(ix) e9 = {F{x1}(T ), F{x2}(T ), F{X1}(T ), F{X2}(T ), F{x1∪x2}(T ), F{x1∪X2}(T ), F{X1∪x2}(T ), F{X1∪X2}(T )}

(x) e10 = {F{x1}(T ), F{x2}(T ), F{X1}(T ), F{X3}(T ), F{x1∪x2}(T ), F{X1∪x2}(T ), F{x1∪X3}(T ), F{X1∪X3}(T ),
F{x2∪X3}(T ), F{x1∪x2∪X3}(T ), F{X1∪x2∪X3}(T )}

(xi) e11 = {F{x2}(T ), F{X2}(T )}

(xii) e12 = {F{x2}(T ), F{X3}(T ), F{x2∪X3}(T )}

(xiii) e13 = {F{x2}(T ), F{X2}(T ), F{X3}(T ), F{x2∪X3}(T ), F{X2∪X3}(T )}.

Figure 2. Hypergraph representation from the rough intersection graph of filters of T
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Remark 3.13. For the vertices FX(T ), FY (T ) ∈ e, where e is a hyperedge, the elements common between the vertices
of a hyperedge e are {RS (Z)|Z ∈ [P(BX ∪ BY )∆P(EX ∪ EY )] − ∅} = {RS (Z)|Z ∈ [P(BX∪Y )∆P(EX∪Y )] − ∅}.

Remark 3.14. For the vertices FX(T ), FY (T ) ∈ e, the number of elements common between the vertices of a hyperedge
is 2r3t2k − 1.

4. Application

Consider the universal set U denotes the set of skills namely Communication skills (s1), Problem-solving (s2),
Technical skills (s3), Customer service (s4), Teamwork and adaptability (s5), Language proficiency (s6), Work ethics
(s7), Professionalism (s8), and Billing inquiries (s9) required from the employee to be recruited for various depart-
ments in a company.

Let the departments be Customer service (D1), Technical support (D2), Sales (D3), Quality assurance (D4), Work-
force management (D5), Training and development (D6), Human resource (D7), and Data analytics and reporting
(D8).

The partition on U induces the equivalence classes

X1 = {s1, s6}, X2 = {s2, s5}, X3 = {s3, s9}, X4 = {s4, s8}, X5 = {s7}.

If X = {Work ethics}, then RS (X) = (X5, X5). This ensures that the employee is fit to work in the department
D4. Suppose that when X = {Customer service, Technical skill }, then RS (X) = (∅, X3 ∪ X4) will not guarantee in
which department the employee fits, or the employee cannot be placed in two departments simultaneously. So, the
representation of a hypergraph from the rough intersection graph helps to cluster the employees with similar skills.
The hyperedge represents such a cluster common to multiple rough sets. Each hyperedge will have common skills in
terms of rough sets obtained from the vertices, which are collections of filters. This will lead to shared skill-based
employee identification in the company’s recruitment process. The methodology of this proposed study improves
department-specific recruitment strategies by identifying clusters of essential skills.

5. Conclusion

The findings of this study highlight how rough intersection graphs and their hypergraph generalizations are pow-
erful tools for visualizing and identifying the common features shared by the vertices. This helps to connect the rough
set theory with graph-theoretic applications. The methodology of this work, which can even be further explored in
various applications, is the key focus of our future work.
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