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Abstract

In 2015, Andrews [1] defined combinatorial objects which he called as singular overpartition is an integer partition in which no part
divisible by ¢ and parts = +i (mod ) may be overlined. In 2023, Ballantine and Welch [2] have considered various generalizations
of POD and PED. In the process, they led to two new classes of POND and PEND partitions which are integer partitions with odd
parts cannot be distinct (in case of POND) and even parts can not be distinct (in case of PEND) respectively. In this paper, we
considered a new class of partition function called as singular PEND overpartition is a singular overpartition in which even parts
not distinct, and obtain several Ramanujan-type infinite families of congruences.
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1. Introduction

Throughout this paper, we let |g| < 1. We use the standard notation

fi = (d5 4w
Following Ramanujan, we define
f@ = fg-a) = D¢V = (g g), (1.
‘o) = ) D'Qn+ DR, (1.2)
q q
n=0

which are special cases of Ramanujan’s general theta function (cf. [3]):

fla,by:= " a2y ab) < 1, (1.3)

tArticle ID: MTIPAM-D-25-00135

Email addresses: prasadmj1987@gmail.com (Mahadeva Naika Prasad “*"), kaneezraheela92@gmail.com (Kaneez Raheela),
msmnaika@rediffmail.com (Megadahalli Sidda Naika Mahadeva Naika)

Received:28 May 2025, Accepted:10 July 2025, Published:16 March 2026

*Corresponding Author: Mahadeva Naika Prasad

77

This work is licensed under a Creative Commons Attribution 4.0 International License.


https://orcid.org/0009-0009-6228-1892
https://orcid.org/0009-0009-6228-1892

Prasad, Raheela and Naika / Montes Taurus J. Pure Appl. Math. 8 (1), 77—-104, 2026
In Ramanujan’s notation, Jacobi’s famous triple product identity becomes,
f(a,b) = (—a; ab)w(—b; ab)«(ab; ab)c, 1.4
where

@) =] [0 -ag".
n=0

A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. Let P(n)
denote the number of partitions of n with P(0) = 1 and the generating function for P(n) is

Z Pmd" =4 q)m

In 2004, Corteel and Lovejoy [4] introduced the notion of overpartitions, which are partition of a positive integer n in
which first occurrence of each part may be overlined. The generating function is

S g’ = LD (15)
3 (@ Do

For example, there are 8 partitions for P(3), namely
3, 3, 241, 2+1, 241, 241, 1+1+1, T+1+1.

In 2015, Andrews [1] defined combinatorial objects which he called singular overpartitions and proved that these
singular overpartitions which depends on two parameters & and i can be enumerated by the function Cs;(1) which
gives the number of overpartitions of » in which no part divisible by ¢ and parts = +i/ (mod ) may be overlined. The
generating function of C(;,,(n) is

(e

_ S 0N (i 40 =i, 6 i 0—i
chi(n)qn: (4°:9")(=4";4°)oo(=4" "1 4" )0 _ (4", 4°") (1.6)

(4 Do (@ P

For example, there are 10 partitions for Cs1(4), namely
4, 4, 242,242, 2+41+1, 2+41+1, 241+ 1, 241+ 1, 1+1+1+1, T+1+1+1.

He also proved that _ B
C319n+3)=C3,9n+6)=0

For more details one can see [8, 10] and [9].

In the following paper, Ballantine and Welch [2] considered various generalizations and refinements of POD and
PED partitions. In the process they led to two new classes of POND and PEND partitions which are integer partitions
with odd parts can not be distinct (in case of POND) and even parts can not be distinct (in case of PEND) respectively.

In 2025, Prasad et al. [11] have introduced a new class of partition function called as [ j, k]-pond overpartitions or
OPOND partitions which enumerates the number of partitions of a positive integer n in which first occurrence of each
part congruent to j modulo k may be overlined and odd parts are not distinct (even parts are unrestricted) and obtained
several infinite families of congruences.

In [12], Prasad et al. have defined and obtained infinite families of congruences for singular POND overpartitions
which are singular overpartitions of a positive integer n in which odd parts are not distinct (even parts are unrestricted).
Let cpond,; ;(n) denote the number of such partitions of 7 and the generating function be given by

icpondaxn)q% Sl 4. (1.7)
gy ’ 5 hifo
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A singular PEND overpartition is a singular overpartition of a positive integer n in which even parts are not distinct
(odd parts are unrestricted). Let cpend;s;(n) denote the number of such partitions of 7 and the generating function be
given by

00

— a_ NS s
ds . == s . 1.8
;:o cpends (n)q e G (1.8)

Motivated by the above works, in this paper we obtain several Ramanujan-type infinite families of congruences for
a new class of combinatorial objects called as singular PEND overpartitions by using elementary dissection formulas.

1.1. Preliminaries

In this section, we record several identities which are useful in proving our main results.

Lemma 1.1. The following 2-dissection holds:

1 f3 ) i

— = , (1.9)
2R R
1 14 2
[ e k- (1.10)
AR

and 3 3 2 3
i _ Ll + &, (1.11)

= q
h fhe fa
The equation (1.9) can be found in [5, p. 14, Eq. (1.9.4)]. The identity (1.10) can be found in [5, p. 15, Eq.
(1.10.1)]. The equation (1.11) is same as equation (22.2.14) in [5] (after using equations (22.1.6) and (22.1.7) of [5]).

Lemma 1.2. The following 3-dissections hold
3 _ ff’f96 4 3fSZfl68

= - 3qf3, 1.12
R B
—==-2 1.13
£ fis qf6f9 (113

and 9 2 3 4¢3 13
o T Tolis . 2Jels S5
S apas T 9ms T s
N Blsffe B L
The equation (1.12) can be found as equation (14.8.5) in [5]. The equations (1.13) and (1.14) can be found in [7].

(1.14)

Lemma 1.3. The following 5-dissection holds

fi=psla-q-4'/a), (1.15)
where 0 s
a:= a(q5) — f(_q 7_4 )
f=¢.¢*)

The identity (1.15) is essentially (8.1.1) in [5].

Lemma 1.4. The following 7-dissection holds

B A s 5 C)

— 2_.2._ =, 1.16
fi f49(c 94 +q' 7 (1.16)

where A := A(q") = f(=¢*',=¢"), B := B(¢") = f(=¢",¢*) and C := C(q') = f(=q",—¢™).

The equation (1.16) can be found in [5], one can also see [3, p. 303, Entry 17(v)].
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2. Generating function for cpend,;(n)

In this section, we provide proof for a generating function of a partition cpend;;(n).

Theorem 2.1. For 1 <i <6, we have

(e

Zcpend5,(n)q _ ffv

L. 2.1
2, ffff(qq ) (2.1

Proof. By the definition,

o)

fd'.qa™ ( ! 2l-) 1. ¢ (l—q +(q2i)2)
cpend; (n)q" = il = i
2, Pends, (@ 4o 1:[ 1-¢ (4 4))eo L 2

n=0 9 i= i=1

fq.¢H ( (1 +¢%) )
(4; 4P U (1= g*)(1 +¢*)

@4 (=¢°: ¢ _ fofiz

— ( i’ §—i)‘
@GP @ Fifife] D
O
3. Congruences for cpend;s;(n)
In this section, we prove several infinite families of congruences for cpend ;(n).
Theorem 3.1. We have 5
o —— hfafy,
cpend, (n)q" =2 , 3.1
ZO R
o ——— Hfiafi
cpend,, (n)q" = (3.2)
Zg Pt = T oo
and
cpend, ;(n) = 2 cpendy ,(n). (3.3)
Proof. Putting 6 = k and i = k in (2.1), we find that
i m (n)qn — fZﬁZf(qk9 1) — zfzﬁzf(qk7 QSk)
gy ke Jifafe fifafs
k
2f2f12¢/(t] )’ (3.4)
Sifafe
which implies (3.1).
Putting 6 = 4k and i = kin (2.1), we find that
iw g = ffif(d.q*) _ Fofiop(dh)
g ek fifafe Jifafe
_ Hfiafa , 35)
Sifafefi
which proves (3.2).
From (3.1) and (3.2), we obtain (3.3). O
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Theorem 3.2. For a > 0 and n > 0, then we have for (mod 32)

0 16a+2 _ 1
Z cpend, ; (2 -3larly 4 T) g =4ff, (3.6)
n=0
- 13. 316(1+8 —-1
cpend, ; (4 - 316a%9y, 4 f) =0, 3.7
) k(Bk-1)
16a+8 _ | — _
cpend,, 3 (4 316049, 4 3—) = 16 if n 2 (3.3)
2 0  otherwise
and
316a+16 -1
cpend,, 5 (2 - 3l6aH1Ty o T) =0, (3.9)
where the dot symbol - denotes the classical multiplication.
Proof. Putting k = 3 in (3.2), we deduce that
S —— a_ Jafeli2
cpend, s(n)q" = ———-. (3.10)
ZO 29 fifafs
Using (1.14) in (3.10), we get
o —— ffg
cpend |, ;3n)q" = ————, (3.11)
; fff3f4f12
= 3 £3
Z cpend,;(3n+ 1)q" = f24f62 (3.12)
n=0 f] f;t
and
o —— KB
cpend,;(3n+2)q" = . (3.13)
Zo RIS
Employing (1.10) in (3.12), we find that
o0 . f12f3
Zcpend,2,3(6n+ Dq" = 2” 34 (3.14)
n=0 1 f4
and
ol 4 3 4
Z cpend, 3(6n +4)q" = 1;3(7f4 . (3.15)
n=0 1
By using binomial theorem, we can easily prove
fi= B8 =f% (mod8). (3.16)
4 1
Using (3.16) in (3.15), we get
Z cpendy, ;(6n+4)g" =4f)f;  (mod 32), (3.17)

n=0

which is @ = 0 case of (3.6).
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Suppose that the equation (3.6) is true for @ > 0.
Using (1.12) in (3.6), we find that

3

00

316a+2 -1 fﬁf f
d 2. 316a+1 "= 4 9 4 373 -3 3
nz:(;cpen 12,3( n+ ) )CI fs (f3 f2f3 qafs
3
= 4@ +A4f fy +28
fis

Blefis

9

+12¢° 3 fo fy fis + 16 wa;g(flg

Extracting the terms involving ¢*", ¢*"*! and ¢***? in (3.18), we find that for (mod 32)

316(1+2 -1 3 £2
Zcpend123(2-316”+2n+ )q” E4f2f3 +4qfl3f39,
n=0 ’ 2 f6

(e

_— 7. 316a+1 -1 2 2
Z cpend,y (2 L 3l6a2y —)qn = 28f1? fo

2
n=0 3

and

00

[ 11_316a+1_1 3 6
> ependys s (2 3602 f) = 1212t fo + 16Qf2]]: 2o
n=0

Using (1.12) in (3.19), we find that

o)

316w+2 -1 6 2
Zcpendlm (2-316”+2n+ —)q” = f3 Ji/is + 445 o Jo s -3¢ f%
n=0 2 f f6f36 f12f18

fof; VAR
4g 2 9 L4318 _ 5 3)
+aats (fsfﬁg MR AT
_ 4f3f12f36 164 6f18 f5f18 + 164 4f12f oS
T2 f2 f9 13
+20g 2f +204°f5 fy  (mod 32).

Extracting the terms involving ¢*", ¢***! and ¢***? in (3.22), we get

= _ 16a+2 _ 1 ) 9
ZCpe”d12,3 (2 231003, 4 3—) "= 4f1 {4212 + 16q2f_6,
n=0 2 5ts Ja
> 5.316a+2 _ | 5 2 13 (3
Zcpend123 p.3M6at3, L = - 0 ) 54f2f6 +16qf4f6fs
’ 2 f‘z fl
n=0 3
and
e 316a+4 -1
D ependss (231 s T = SR

n=0

82
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(3.20)
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Using (1.12) and (1.13) in (3.25), we find that
3

© 316a+4 -1 2
Z cpend ;5 (2 - 316a+3y, 4 —)q” = 20fé (f_9 -2 f3f18) + 20]‘33(](6]09 +4 3f32fls - 3qf93)
oy > 2 flS f6f9 f3f13 f f9
)
= sf—6f9 +204° £3 15 +4qu3ff’f‘8
Jis 9
1+28¢ o ls fis 1 16¢ 5f6f9f36 (3.26)
I f
Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that
o 16a+4 _ 1 f3f2
Zcpend123 2. 3M6ardy, ¢ =822 12017 12, (3.27)
= ' 2 o
© . 7. 316043 _ 1 f1f22f62
> cpend, s (2 L3l6atdy 4 )q" =4 (3.28)
n=0 2 f3
and o3 3 3
o ——— 113163 _
Zcpend123 (2 L3l6ardy, 4 —) = f2f36f6 6425 (3.29)
n=0 ’ 2 f fl
Employing (1.12) in (3.27), we deduce that
> 3l6a+d _ | 2 46
Z cpend, ; (2 - 3l6ardy o —) q" = 8f3 [f12 +4q° f2f336 - 36]2f138J
n=0 2 o \ fofy Tixfis
ffs Ve
+20qf; [ +4q° = 3qfs
f3f18 f fg
f Nt A fo Fisfs
- 12J18 20q69+16q46189
f32f36 Jis f
L1
7 3f18 +44 11 (3.30)
Extracting the terms involving ¢, ¢*"*!' and ¢*'*? in the above equation, we find that
g g q
e 316[1/+4 —-1 2
Zcpendlzﬁ (2 L316a%5, 4 —)q” =8 f;‘f6 , (3.31)
n=0 2 f1 f12
= 5.316a+4_1 5 £2 4 3 £3
Zcpend123 (2 L316a%5, 4 —)q” = 20f2f3 + 16qj€2f6f3 (3.32)
pary ’ 2 fs hi
and o )
< N " 30 -1\ L _ o fide
Zcpendlzﬁ (2 316045, T)q ek 4p0f3. (3.33)
n=0

Using (1.12) and (1.13) in (3.33), we see that

00

S 316a+6 _ | f: b fefy SRS
7 5 . 316a+5 o= gl ~2g 18,4 4 8 _ 3,3
nzz(;cpen 12’3( n+—2 )q fé(fls f6f9) f3 (f3f18 fﬁfg Qfg]

ff Ve it
= 1270 4 R 412 3;918

L1 hs s Jo IS5
6 .
f36 + 16g 7

+124?

(3.34)
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3n+1 3n+2

in the above equation, we get

©° 316a+6 —-1
Zcpend12,3 (2 . 316(I+6n + T)qn = 12f2-f£’)

n=0

Extracting the terms involving ¢*", ¢ and ¢

+4 fIfS’

- 7. 316a+5 -1 2 2
Zcpend123 23046, 4 22 T g = lzflfzf6
n=0 ' 2 3
and y
N ——— 11.316a+5_1
Z cpend,y 3 (2 . 316246, | f)qn = 12f2f36.fé Qf2f6f3 .
=0 5 fi

Using (1.12) in (3.37), we get

00

316a+6 -1
Z cpend 5 (2 - 31606, 4 —) q"
n=0 ’ 2

f3 [f12f168 6f6 36 ]
122 4q ~3q
s f6f336 ’ f12f18 flg
f6f6 3f3f18 3)
+ 4P 308 3

+ f*(fsf]8 Ty T
13 fizfr6 Gfig f6f18
T21E +16g fiz f2

12

VR 12
+164" 282318+20ff'
f f6 3J9
Extracting the terms involving ¢*", ¢**! and ¢*"*? in the above equation, we get
R 316a+6 -1 2
Z cpendyy 3 (2 -3100% 7 4 —)q” = 12f1 {4]22 16 s
n=0 2 fz f6 f4
had 5.316a+6 _ | 5 3 £5
ZCPe"d123(2'316M7"+ )q" = 4f2{6 + léqﬁfzf6
=0 ’ 2 f A
and
> 316a+8 ~1
n=0 ' 2 f

Using (1.12) and (1.13) in (3.41), we deduce that

[eS]

316(l+8 -1 2
Z cpend, ; (2 316 Ty o —) ¢ = 28f f—9 -2q Dl

=0 2 fis f6f9
fof® F2f8 ’
20 3( 9 4 3J3 18 3]
PG T e

2 12
16£8 + 2047 £3 12 + 2oqf3J;§f18
9
6 £3
+28¢% 1 fef) fis + 16q5ﬁ’]}—8fg.
3

Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that
Nt 16ass, . 3O -1 6 3 09
Zcpenduj 2-3 n+ — =16/ +20qf7 15,

n=0
84
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s 7. 31611+7 -1 2 £2
Zcpend123 (2 316ty o4 —)q" = 2oflf2 Js (3.44)
= ' 2 VE
and
> 11_3160+7_1 6
Z cpend,y s (2 - 31608y, o f) " =281 fofyfo + 16 f§f3 (3.45)
n=0

Using (1.12) in (3.43), we find that

00

2

16a+8 _ 1
Zcpend,2,3(2~3‘6“+8n+—3 )q” = 16(f6f‘) +4 3f*2f138 -3qu] +20qfy (ff9 +4 3f32f‘38 —3qf93)
n=0 2 f3f1g f f Nk f f
413 £3
= 16f; +20q;f6f18 16q4f6f18f9 AL 13 + 1647 . (3.46)
72 f
Extracting the terms involving ¢*", g**! and ¢***? in the above equation, we deduce that
0 3]6a+8 -1
Z cpend,y 5 (2 - 316049y 4 T) q" =16/, (3.47)
n=0
which implies (3.7), (3.8) and
e 5.316a+8 _ | 5 4¢3 13
Zcpendm (2 L 316049, 4 f)q” = 2ofzf6 + 16qf2f6f3 (3.48)
n=0 fé fl
and 16a-+10
e P— |
Z cpend, ; (2 316049, 4 T) ¢ =ARL + 161 (3.49)
n=0
Employing (1.12) in (3.49), we find that
3
o0 316a+10 _ | fof? 135
cpend,,, (2 - 316a+9, 4 —)q” = 4f ( +43 28 331 4162
nZ:(; 12,3 3 3 f3f18 f2f9 9 6
2 (2
= —_— + + + 20¢q
L AT R e
fis fo
fsfs 5
+12¢* f3 fo f3 fis + 164° ;3 =3 (3.50)
Extracting the terms involving ¢*", ¢***! and ¢***? in the above equation, we deduce that
© 3l6a+10 -1 3
Zcpendlm (2 - 31610, 4 T)cf = fff3 +4qff; + 16f5, (3.51)
n=0
N 16a+10 7310049 ] f1f22f62
> cpendy s (2 . 316a+10, —)q” =28 (3.52)
= ' 2 f
and
© 11 - 316a+9 -1 6
Z cpend 3 (2 - 3100+10p 4 f) = 12f; fzfAfé + 16qf2]]:3f (3.53)
n=0
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Employing (1.12) in (3.51), we get

00

316(1+10 -1
Z cpend )3 (2 - 3160410, 4 T) q"
n=0

fsz (le 168 6féf%6 )
4—= 4 —3q
f6 f6 336 T flS

12 18

6 2
+4qf39(f6f +4q3f -3 fg)

£ 155
+16(f12f18 + 44 fﬁf% _ 3q2f138]
f6 flgflg
_ 4fng12f36 N 166]6@ f6f18 164 WA
f62f128 fiz f9 f
+20 2f3ff‘8 + 204215 13 + 1642 3. (3.54)
Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that
R 316a+10 -1
Zcpend123(2 3l6aeily o ) n gt f‘];“ 16¢ Jo (3.55)
oy ’ 2 5ts fa
o 5. 3160410 _ | 3 3
> cpend,, s (2 L 3loeil, —)q” = fz Je + 16g o (3.56)
n=0 2 f3 fl
and 16a+12 3
o ——— 3lbatl2 _q
Z cpend,y 3 (2 - 3toatily o T)q" f‘ff +20f)f; + 16f;. (3.57)
n=0
Using (1.12) and (1.13) in (3.57), we deduce that
© 3160+12 -1 f f3f2
cpend (2 -39 p + —) "= 20 (—9 —2¢=-18
nzz(; b 12’3( 2 1 o fs  The
3
f6f96 f32f168
+20f3( +4q° -3qf5 | +16f;
VT oy °
3 222
_ gl fols L2043 310 + 163 + 4 Lo his
fo
Je I3 Y,
+28¢ 1 fof fis + 164" == (3.58)
Extracting the terms involving ¢*", g**! and ¢***? in the above equation, we deduce that
© 316a+12 -1
Z cpend,, 5 (2 L3l6aizy, T)cf g fo 3 420qf0 2 + 163, (3.59)
n=0
b 7.316rr+11_1 2 2
Z cpend, 5 (2 L 3l6at2, f)q” = 4M (3.60)
n=0 f3
and
o 11 - 316a+11 _ 4 3 16
Z cpend,y 5 (2 L 3l6atizy, f)q" =281 fofy fo + 16qu§+f6. (3.61)
n=0
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Using (1.12) in (3.59), we find that
R 3160z+12 -1 2 6
Z—Cpendug (2_316¢1+12n+ : )qn - 8f_3(f12f;8 + 44 6 fo —36]2f]38]
n=0 fo \ fofss Tl
fefs vt
+20qf; ( > +4g = -3
i 1ers
Saf fefs
+16[ 514407058 342
JeJ36 Tiatis
4 03 23
= f12f18 +16f +20qf6f18 66]4f6f9 1
7 f6 f5 /3
+8¢ iy +AG L1+ 1647 3.
fo
Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that
o 316(1+12 -1 ﬂf6
cpend (2 L 3l6atls, —)q" + 16/,
; 23 2 fifin
o L 3l60+12 _ | 4 £3 3
Zcpend123(2-316““3n+ >3 ) 20@ 16g hlils
n=0 , 2 3 fi
and cols )
o 31 a+14 1
Zcpend123 2.36e%13, = |y = f fs 'f+ 1617
n=0 ’ 2 f
Using (1.12) and (1.13) in (3.65), we deduce that
s 316<1+14 —-1 f f%f
cpend 2.316(I+l3n+ ) n — ( 9 _ ]8
; P 12’3( 2 1 8 fi8 f6f9
3
f6f9 fsz 168
+a4f) ( +4q° -3qf; | +16f;
3 f f62f93 9 6
2 2
= f6f9 4 fo9 16f63+ 12qf3f6f18
f fo
fols 1
+1267 2 fo fo fis + 16q5%.

in the above equation, we deduce that

Extracting the terms involving ¢**, ¢***! and ¢**+?

o 16a+14 _ 1

Zcpendlm (2-316‘”14n+ 5 )q" = 12fsz3 +4qfif +16f5,

n=0
© . . 316a+13 _ . f1f22f2
nZ:Ocpendlm (2-316 4 3 )q = 12T6

and
> 11-316a+13 _
Zcpendlm (2~316““4n+ 5 ) = 1212 fofi fo + 16‘17fzjjf3f6
n=0

87
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(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
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Using (1.12) in (3.67), we see that

[e]

3160/+14 -1
Z cpend, ; (2 - 3l6atldy, T) q"
n=0

f3 (f12f18 6f6f36 2 3]
12— 4q -3
s f6f36 ’ f12f18 s

f6f9 3f32f18 3]
4 4 -3
+4qfy (f3f18 +4q 2 15

f12f18 6f6f36 2 3]

16 4 -3

’ (féf336 T f122fl38 s

12f32f12f36 164 6f198 +4q f6fl8 164 WA
T2 Sz 13 /3

+204* f3f9 + 164* f18

+28¢ 2f3 fis (3.70)
Je

Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that

o

_ 316a+14 -1 2
g Cpendlz& (2-3160+15n+ 2 )qn = 12f1 f4f12
n=0

f9
276
e + 164 A (3.71)
> 5. 3l6a+14 _ | f2f6 afs 13
cpend,5|2-30 B = g = +16 (3.72)
12,3 2
n=0 f3 fl

and

00

316416 _ | f1 f3
Z cpend,y 3 (2 - 3l6atlSy, o T) q" = +20f)f; + 16f;. (3.73)
n=0

Using (1.12) and (1.13) in (3.73), we get

00

3160+16 -1
Z cpend, 3 (2 - 316atlsy, o T) q"
n=0

i fsffg)
285 (flS 2 f6f9

fof§ |, S ’
+20f33(f3fl§8 +4q° 362;938 —3qf93) +16f;

BIEG
204° £ f5 +20q ;9 18

+ 2847 f5 fo s fis
3 6
16q5%. (3.74)

Extracting the terms involving ¢*", g***! and ¢***? in the above equation, we deduce that

oo

316(1+l6 -1
Z cpend, 5 (2 . 3l6atl6y, T)q" =20qf} f3, (3.75)
n=0

00

7. 316cx+15 -1 2 £2
Z cpend, 5 (2 3160416, 4 f)q" = 20f ”;ff 6 (3.76)
n=0 3

and

e

11_3160+15_1 3 6
g Cpendlzj (2 . 316d+16n + f) no— 28f1 f2f3 f(, + 16qf2; f
n=0

(3.77)
88
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Using (1.12) in (3.75), we find that

o ——— 3t6atlé 9 fofy 3f32f168 3
cpend,, 5 (2 - 316atlty, 4 —) q" = 20qf. +4q - 3qf.
2 2 afiy U BRSO
4
= f6f18 16 4f6f9f18+4 f:;fg
5 RE!
Extracting the terms involving ¢*", ¢**! and ¢*'*? in the above equation, we obtain (3.9),
o 5.316a+16 _ | 5 473 3
Z—cpend123(2-316””7n+ ) - f 56 16Qf2f3f6
n=0 ' 2 f fl
and
s l6asl] 3160+18 -1 03
Z cpend, 3 (2 <3000 g 4 T)q" =417 13,
n=0

which is @ + 1 case of (3.6). By mathematical induction, the equation (3.6) is hold for all @ > 0.

Theorem 3.3. For a, > 0 and n > 0, then we have for (mod 8)

iwm (4 3i6a+2 5%, . 7- 316a+12. 5% _ 1) n o= 4f1f235
=0
iml2,3 (4 - 3lbat2g2prly, o S 3]6(Y+;52B+] - l)q" = dafsho
=0
EMMﬁ (4 - 316042 5%y 4 D 316(”2l - l)q" =4l
=0
imlzﬁ (4 . 3loa+2526+1, | =k 316%2152[%1 — )qn = 4513f5]€330’
=0
imlzﬁ (4 - 3loavd 528y 4 L~ 316%32. .- )q" =ARL
wn:O— 316a+352ﬁ+l 1
=0
imlzﬁ (4 - 3l6atd 5%y 4 1 316[”3 - )q” - 4f1f6 ’
=0
i Mlzﬁ (4 . gloatdg2prl,, | =k 3]60252&1 - 1)61” = 4q3f5f330,
=0
imm (4 3l6ass 52, L 7- 3|6a+52. 528 _ 1)q" = 4fi £
=0
i mlzﬁ (4 L 3l6a+2525+1,, - 316&+;52ﬁ+1 - 1)61" = 4abshi
n=0
imlzﬁ (4 - 316046 528y 4 D 316&; o 1)6]" =4nss
=0
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(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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iMms (4 3l6as652p+1, 23 316d+;52ﬁ+1 - 1)4" =44’ 5 fo-
n=0
imnﬁ (4 . 316a+8 528, o T 316%72. - l)q,, = 4f1f23’
n=0
i Wﬂﬁ (4 - 316a+852B+ 1, o 316w+;52ﬁ+1 - l)q" - 461f5f130’
n=0
iM12,3 (4 . 316048 526y 4 o 316a+; - 1)61" ) 4flfg’
n=0
i cpend; 5 (4 . 3l6at852pely, | =k 316“+;52ﬁ” - 1)(]’1 =40
n=0
imlm (4 . 316a+10 528, T 3160”9 - I)CI = 4flf23’
n=0
imm (4 . 316a+10528+1, 11- 316&+952ﬁ+1 1)‘1 = 4qfs -
n=0

o

Z cpend 5 (4 - 3160410 526, 4
n=0

19 . 316(1+9 . 52[3 _
2

1 n 3
)q =4fifs,

i cpend,, 5 (4 teartogape, o 23 316%;5%1 — l)q” = 44’ 5 f3p»
n=0
icpendlz’_g (4 . 3l6a+12 528, + 316{“” 5% - l)q = 4f1f2,
n=0
i cpendlz’_g (4 . 3l6a+12526+1, 11 :’316(Y+11525Jrl l)q _ 4qf5f]0,
n=0
i—cpendlzs (4 L 3l6a+12 528, 19 - 316<x+121 528 _ l)q" _ 4f1f()3,
n=0
i cpend, 5 (4 . 3l6a+12528+1,, | 23 316Q+12152'B+1 - ) no_ 4q f5f30,
n=0
i cpendlz,g (4 . 3l6a+ld 528, o T 316(”]; Y- )C]n = 4flf23,
n=0
i cpend ;5 (4 - 3latlagafrly, o 1 3]6a+12352ﬁ+l — 1)6]" = 4qfs 1o
n=0
i cpendlzj (4 . 3l6a+14 528, 19 3]6[”123 57— )q" = 4f1f63,
n=0
i—cl?endn,s (4 . 3l6a+1dg2Btl, 23 - 316a+12352ﬁ+l _ 1)q” _ 4q3f5f330,
n=0
i—cpend12,3 (4 . 316a+16 528, | 7- 316ct+l; .528 _ l)q” _ 4f1f23,
n=0
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(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)
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(o]

Z —cpendlm (4 . 316a+16528+1
n=0

11 - 316w+1552ﬁ+1 -1
" 2

)q" = 4qfsfio»

o 19. 316a+15 ) 52/3 -1
Z cpendyy ; (4 - 310ar16 . 5%y 4 )qn =4f f;

n=0 2
and
© 23. 316a+1552ﬁ+1 -1
Z cpend, 3 (4 - 316041652641, 5 )q" =44 f5f3).
n=0

Proof. From the equation (3.20), we have for (mod 8)

00

R 7. 316ry+1 3 £3
Z cpendyy (2 <3102y 4 —)q” = 4—f2f3 .

n=0 2 fl
Using (1.11) in (3.113) and then extracting the terms involving ¢*" and ¢***!, we deduce that
e 7. 316a+1 -1
> cpendyy s (4 310042 4 f) q" =44
n=0
and
o 19 . 316a+1 -1
Z cpend,, 5 (4 - 3l6at2y, 4 f) q"' = 4f1f63-
n=0

The equation (3.114) is 8 = 0 case of (3.81).
Suppose that the equation (3.81) hold for @, 8 > 0.
Using (1.15) in (3.81) and then extracting the term involving ¢>"*2, we obtain (3.82).
From equation (3.82), we find that

0o

Z cpend 3 (4 - 3l6a42 52642, 4
n=0

7. 316(y+1 . 52ﬁ+2 -1
2

)q” =4fif5,

which is 8 + 1 case of (3.81). Hence by induction the equation (3.81) is hold for all @, > 0.
The equation (3.115) is 8 = 0 case of (3.83).
Suppose that the equation (3.83) hold for @, > 0.
Using (1.15) in (3.83) and then extracting the term involving ¢>"**, we obtain (3.84).
From equation (3.84), we find that

e

- 19. 316a+1 . 52/5’+2 -1
Z cpend,, 3 (4 - 316042 52642y > )CI" = 4fi /7,
n=0

which is 8 + 1 case of (3.83). Hence by induction the equation (3.83) is hold for all @, > 0.

The proofs of (3.85)-(3.112) are similar to the proofs of (3.81)-(3.84). So, we omit the details.

Theorem 3.4. For a,f8 > 0, then we have for (mod 8)

e

11- 16a+1 | 528 _ 1
Z cpend,, 3 (4 - 316042 528y 4 & > > )Cln =45f;.
n=0

oo

- 11 .316a+152ﬁ+l -1
Z cpend, 3 (4 - 3l6ar25afrly, o

)q” =44 fiof s,

n=0 2
o 11.316a+3'52,3_1
Z cpend,, 3 (4 - 3l6ard 5By 4 5 )qn =413,
n=0
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(3.110)

@3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)
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© 7. 316a+352ﬁ+1 -1
Z cpend, 5 (4 . 3l6a+dg2Bel, o 5 )q" =44 fiofs, (3.121)
n=0
o ——— 160+6 <28 11310005 5% 1\ 3
D" cpendyy; (431076 - 5% + 5 q'=4hf (3.122)
n=0
) 7. 316a+552ﬁ+1 -1
Z cpend,y 5 (4 . 3l6at652p+1, | 5 )q" = 4q* fiofiss (3.123)
n=0
o 11.316a+7.52,[3_1
Z cpend, 5 (4 . 316048 526y 4 5 )q" =4hf;, (3.124)
n=0
) 7. 316(y+752ﬂ+1 -1
Z cpend ;5 (4 . 3l6a+852p+l, | 5 )q” = 44> fiofs» (3.125)
n=0
R 11.316a+9.52ﬁ_1
> cpend,, s (4 3100410 528 4 5 )q” =45, (3.126)
n=0
s 16a+10 £28+1 731004952641 n 2 3
Z cpend s |4 - 31001052+ 4 > q" =44 fiofis (3.127)
n=0
o 11'316a+11_52ﬁ_1
Z cpend,, 5 (4 -3l6a+12 526y 4 5 )q" =4pHf5, (3.128)
n=0
o 7. 3160+11528+1 _ |
Z cpend,, 5 (4 3161252641, 5 )q" =44 fiof s, (3.129)
n=0
o 11'316a+13.52ﬂ_1
Z cpend,, 5 (4 L3l6arld 52y, 4 5 )q" =4pH 15, (3.130)
n=0
o 7.3160+13528+1 _ |
Z cpend,y 3 (4 - 3l6arldgahrly, o 5 )q" =44 fiofis, (3.131)
n=0
s 16a+16 <28 1131915, 5% n 3
D cpendyy; (43 5% + 5 q" = 4hf; (3.132)
n=0
and 60+15528+1
> 7_31n+15ﬁ+_1
Z cpend,, 5 (4 . 3l6ar16525+L,, 5 )q" = 4¢” fiofs. (3.133)
n=0
Proof. From the equation (3.21), we obtain
0 11 -316a+1 _q 3 £3
Z cpend,, 5 (2 316042y, 4 f)q" = 12% (mod 16). (3.134)
n=0 1
Using (1.9) in (3.134) and then extracting the term involving ¢, we find that
O 16a+2 11- 316a+1 -1 n 3
Zcpendlm 4312 4 == |q" =4/ (mod B), (3.135)
n=0

which is 8 = 0 case of (3.118).
Suppose that the equation (3.118) hold for a, 8 > 0.
Using (1.15) in (3.118) and then extracting the term involving q5’”1, we obtain (3.119).
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From equation (3.119), we find that

> 11 - 316a+1 . 52ﬁ+2 -1
Z cpend,, 3 (4 - 316042 52642y > )Cln =45f;.
n=0

which is S + 1 case of (3.118). Hence, by induction the equation (3.118) is hold for all @, 5 > 0.

The proofs of (3.120)-(3.133) are similar to the proofs of (3.118)-(3.119). So, we omit the details.

Theorem 3.5. For a,f8 > 0, then we have for (mod 16)

o

. 23. 31601+1 1
Z cpend,, 5 (4 S 316ty o —) q' =8Hf 1
n=0

o

> Gpend 4300+ B s
=0
YT PRI P )
=0
Nz PRI P )
=0
cpend123(4 316a+10, &)q =851 13,
cpend123 (4 - 3l6ati2y, o w q" =8H1 11,
n=0
icpendlm (4 3l6atldy, o 4" =8HL 1)
n=0

and
23. 316a+15 1

23'316a+13 1)

q' = 8f2f3 f4

Proof. Using (1.9) in (3.134) and then extracting the term involving ¢*"*!, we obtain (3.137).
The proofs of (3.138)-(3.144) are similar to the proof of (3.137). So, we omit the details.

Theorem 3.6. For a > 0, then we have for (mod 8)

. k(3k—1)
. 316(y+2 -1 —_ N
Cpendlzj (4 . 316(1+3n + —) = 4 lf n )
2 0 otherwise,
. k(3k—1)
- 316(y+6 -1 _ o
Cpendlzj (4 . 316(1+7n + —) = 4 lf n= )
otherwise,

0 otherwzse

and

316a+14 k(3k 1 )

. 316(1+15n+ =

316af+10 k(3k -D
cpend, 3 (4 el 2 E
cpend 3 (4 {

0 otherwzse

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)
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Proof. From the equation (3.23), we deduce that

o

3161y+2 —-1 f4f12
cpend . (2 - 3l6at3y, 4 —)q” =4 (mod 16).
; 12,3 2 f12f62

Using (1.9) in (3.149) and then extracting the term involving ¢, we find that

o)

Z cpend, ; (4 -316a+3y, 4
n=0

316w+2 -1

5 )q” =4f; (mod 8),

which implies (3.145).
The proofs of (3.146)-(3.148) are similar to the proof of (3.145). So, we omit the details.

Theorem 3.7. For a,B > 0, then we have for (mod 16)

00

Z cpend, ; (4 - 316043 528y 4
n=0

13- 316ar+2 . 52[3 -1
2

)q" =811 1;,

[eS]

- 17 - 316<x+252ﬁ+1 -1
Z cpend ;5 (4 - 3l6at3g2pely, o

)q” = 84" fs fx0:

n=0 2
i cpend12,3 (4 . 316(H7 . 52ﬁn + 13- 316(”; 5 - 1)61" = 8f1ff7
n=0
i cpend, 3 (4 31007524y 4 7 316‘”;52/3” — 1)q” = 8612f5f230,
n=0
i—cl’endus (4 . 3lea+ll 528, 13- 316a+120 .52 _ 1)q" _ 8f1f43,
n=0
i—cpendlz,a (4 . 3l6a+11g28+1,, 17 - 316a+;)52ﬁ+1 _ l)qn _ 8q2f5f230,
n=0
i—cpe”dng (4 . 3l6a+15 528, o 13- 316a+124 .52 _ 1)(]” _ 8f1ﬁ43
n=0

and

00

Z mlm (4 . 3l6a+15528+1,
n=0

17 - 316a+1452ﬁ+1 -1
" 2

)q” =84 fs f5.-

Proof. Using (1.9) in (3.149) and then extracting the term involving ¢*'*!, we find that

oo

Z cpend 5 (4 -3l6a+3y, 4
n=0

13- 316(l/+2 -1
f)qn =8ff) (mod 16),
which is 8 = 0 case of (3.151).
Suppose that the equation (3.151) is true for all @, 8 > 0.
Using (1.15) in (3.118) and then extracting the term involving ¢>"*3, we obtain (3.152).
From (3.152), we find that for (mod 16)

e

- 13- 316a+2 . 52ﬁ+2 -1
Z cpend,, 3 (4 L 316at3 . 522, 4 5 )Cln = 8fif;.
n=0

which is 8 + 1 case of (3.151). So by induction, the equation (3.151) is hold for all @, 8 > 0.
The proofs of (3.153)-(3.158) are similar to the proof of (3.151). So, we omit the details.
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(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)

(3.159)

(3.160)
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Theorem 3.8. For a > 0, then we have for (mod 16)

. k(3k-1)
16a+4 _ 1 —
cpend, (4 - 316045, 4 3—) = 8 ifn 2
2 0 otherwise
and k(3k-1)
316ar+12 -1 . — —
cpend, (4 L 3l6a+13, —) _J8 ifn —
2 0 otherwise.

Proof. From the equation (3.31), we have

oo

Z cpend, ; (2 - 316a+S, 4
n=0

16a+4 _ 1 2
3_) LY/ (mod 32).

2 12

1J12

Using (1.9) in (3.163) and then extracting the term involving ¢**, we find that

e8]

—_— 3
Z cpend, 3 (4 316045, 4
n=0

l16a+4 _ 1

> )q” =8f, (mod 16),

which implies (3.161).
The proof of (3.162) is similar to the proof of (3.161). So, we omit the details.

Theorem 3.9. For a,f3 > 0, then we have for (mod 32)

5]

Z cpend, ; (4 - 316045 . 526y 4
n=0

13. 316(y+4 . 52ﬁ —-1
2

)qn = 16/, f;,

00

Z—Cpe”dlz,3 (4 . 316a+5526+1
n=0

17 - 316(y+452ﬁ+l -1
" 2

)q" = 164" fs 5

00

Z cpend, 3 (4 - 3160413 52y 4
n=0

13- 316a+12 . 52,8 -1
2

)q" =16/ f;

and

(e

Z —Cpend12,3 (4 . 316a+13526+1, |
n=0

17 - 316(l+1252ﬁ+1 -1
2

)q” = 164 f5 >,

Proof. Using (1.9) in (3.163) and then extracting the term involving ¢*'*!, we find that

O 16a+5 13- 316ar+4 -1 n 3
> cpendyy; (431 n + ——5——|4" = 16fif} (mod 32),

n=0

which is 8 = 0 case of (3.165).
Suppose that the equation (3.165) is true for all ,8 > 0.
Using (1.15) in (3.165) and then extracting the term involving ¢>"*3, we obtain (3.166).
From (3.166), we find that for (mod 32)

o

Z —cpendlm (4 . 316a+5528+2,)
n=0

13- 316a+452ﬁ+2 -1
" 2

)CI” =811,

which is 8 + 1 case of (3.165). So by induction, the equation (3.165) is hold for all @, 8 > 0.
The proof of (3.167)-(3.168) is similar to the proof of (3.165). So, we omit the details.
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(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

(3.168)

(3.169)

(3.170)
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Theorem 3.10. For a,8 > 0 and n > 0, then we have for (mod 8)

o)

5. 316(1+2 . 72[3 -1

Z cpend, ; (4 - 3l6as3 28y 4
n=0

00

5 )q” = 4fifs,

Z cpend,3 (4 L 310083 2By
n=0

o)

n=0

00

- 5
Z cpend, ; (4 - 316045 728y 4

> cpend,, s (4 316045 72841,
n=0

00

n=0

[S)

11

- 5
Z cpend, ; (4 - 30adT 2By

1. 3]6a+22, 72B+1 _ l)qn = 49 frs,
'3‘“‘”42' - l)q” = 4fifin

1 _316@4—42. 72B+1 _ )q” _ 4af fos
.316(1+62.7ZB— 1)q,, =41\ fa,

. 316a+6 . 72,8+1 -1

Z cpend, 3 (4 L3160t 2By,
n=0

00

. 316(l+8 . 72ﬂ -1

5 )qn = 4q 1 /23,

n=0

00

- 5
Z cpend 3 (4 L3160+ 2By 4

11-

5 )61" = 4f1fa,

316&4—8 . 72,B+1 -1

Z cpend, ; (4 - 310a+9 7B, o
n=0

[e]

5 )6]" = 4q f1fas,

A 3160+10 . 72/3 -1

— 5
Z cpend,, 5 (4 -3teatll 726y 4

. )q" = 4fifi.

n=0
iM12,3 (4 N T 316%102' A )qn = 44 f1 /2,
n=0
S cpendi (4 3161 g2y 4 3 316”“; 7P 1)q” = 4fifi
=0
EMQS (4 3160015 gpet, o 110 316%142. e )q" = 449128,
=0
immg (4 3160417 28, O 316a+l; i 1)6]” =411/
n=0

and

00

11-
+

3161y+16 . 72ﬁ+1 -1

Z —Cpendlz,g, (4 L 3160+17 728+,
n=0

Proof. From the equation (3.32), we have

00

n=0 2

5 )61" = 4q 7 f2s.

2
3

5.316a+4 _ 1 5
Z cpend, 3 (2 <3100ty o —) q" = 4]% (mod 16).

Using (1.9) in (3.185) and then extracting the term involving ¢*", we find that

oo

Z cpend, 3 (4 - 3l6a+Sy 4
n=0

96

5. 316a+4 -1

)q" =4f’ (mod 8),

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)

(3.177)

(3.178)

(3.179)

(3.180)

(3.181)

(3.182)

(3.183)

(3.184)

(3.185)

(3.186)
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which is 8 = 0 case of (3.171).
Suppose that the equation (3.151) is true for all @, 8 > 0.
Using (1.16) in (3.171) and then extracting the term involving q7”+3, we obtain (3.172).
From (3.172), we find that

00

Z cpend, 5 (4 - 316045 B2y
n=0

5. 316(l+4 . 72ﬁ+2 _
2

l)q” =8fifs (mod 8), (3.187)

which is S + 1 case of (3.171). So by induction, the equation (3.171) is hold for all @, 8 > 0.
The proofs of (3.172)-(3.184) are similar to the proof of (3.171). So, we omit the details. O

Theorem 3.11. For a,B > 0 and n > 0, then we have for (mod 16)

o 16 3 17 316a+2 1

Z cpend 3 (4 . 3roet )q = 8qf1f4f12, (3.188)
n=0

o 6 S 17 3]6<y+4 1 3

Z cpend, (4 - 37001 )CI = 8qfifafirs (3.189)
n=0

N 16a+7 1 7 3 16a+6 -1 3

Z cpendyys |4 -390 + q" = 8qfifif (3.190)
n=0

s 17 - 3]601+8 1

Z cpend,, s (4 . 3160%9,, )q 8af1fof s (3.191)
n=0

a 17 - 3]6a+10 1

> cpendyy; (4-310 i + )q = 84171, (3.192)
n=0

> 17 - 3lea+14 1

Z cpend, 5 (4 L 3l6atls, | )q" =8¢/ f3, (3.193)
n=0

and
o 17 - 3160+16 5
> cpendy, s (4 -3160+17, 4 ) = 84£7 12, (3.194)

n=0

Proof. Using (1.9) in (3.185) and then extracting the term involving ¢>"*!, we obtain (3.188).
The proofs of (3.189)-(3.194) are similar to the proof of (3.188). So, we omit the details. O

4. Ramanujan-type congruences for cpend,, ;(n)

In this section, we prove Ramanujan-type infinite families of congruences for cpend,, 3(n).

Theorem 4.1. Let p be a prime such that p = 13,17,19 or 23 (mod 24). Then for all k,m,a, > 0 such that p t m,
we have for (mod 8)

- 7. 316a+152B 2k+2 _ 1

cpend, ; (4 - 316a+2526 2kl o 5 p ) =0, 4.1
7. 316a+352ﬁ 2k+2 _ 1

cpend 3 (4 - 316044528 kel 3 P ) =0, 4.2)

- 7. 316a+552/3 2k+2 _ 1

cpend, 3 (4 - 3160465268 kel 3 P ) =0, (4.3)
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7. 316a+752ﬁ 2k+2 -1
cpend, 3 (4 - 316048528 kel 3 P ) =0, 4.4)
160+9528 | 2k+2
Mf]z,a (4  3160+10528 2kt 1, 7 3775 'BP ' 1) =0, 4.5)
7. 316a+1152ﬁ 2k+2 -1
cpend, ; (4 - 3160412528 2kt Ly, o P ) =0, (4.6)
7 316(1+1352ﬁ 2k+2 —-1
—cpendlm (4 316414526 2k 1, p ) =0 4.7
and 160+15828 , 2k+2
— - 300 5 -1
cpend, s (4 36a+1652 2kt T P ) = 0. (4.8)
Proof. Using (1.1) and (1.2) in (3.81), we find that
o " 7.31601+1 .52/3_ sl sl (G
Z cpendlm (4 L 316a+2 52y 4 > ) =4 Z Z q * H(Hl)’
n=0 k=—co =0
which implies n = k(3k Dy [(I + 1). This is equivalent to
24n+7 = (6k — 1)* + 621 + 1)* = x* + 6)°.
Thus if24n +7 # 22 + 6y2, then
7. 316a+1 . 52,8 ~-1
cpendy, 5 (43" 5%n + 5 ) =0 (mod 8).
Taking n = p**'\m + 25— L) _l) # x* + 6y%, we obtain (4.1).
The proofs of (4.2)- (4 8) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.2. Let p be a prime such that p = 13,17,19 or 23 (mod 24). Then for all k,m,a,3 > 0 such that p t m,
we have for (mod 8)

cpendy s (4 3160252841 ke s 316‘”152ﬁ+1 2k+2 1) _o, 9)
cpendyy s (4 6ot 52l ket 11- 3'6‘“’352ﬁ+l 22 1) _o, “.10)
cPend123(4 3lbar2g2bl 2kl Lk 316“55 o 1) =0, (4.11)
cpendyy s (4 31604852841 2kl 11 -316a+752,3+1 2%k+2 1) o @)
Wus( . 3160+10528+1 2kl 11 -3'16‘”952'3+1 2k+2 1) _o @13
cpend, 5 (4  I60HI2G2BH1 Dkt 11- 316‘”“525+1 2Je+2 1) _o 414)
cpendyss (4 36142 2l 11 .316a+1352/3+1 2%k+2 1) o @1s)
and
cpend 4 (4 . 316a+1652601 ksl 11- 316““5525+1 2k+2 1) _o. “4.16)
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Proof. The proofs of (4.9)-(4.16) are similar to the proof of (4.1). So, we omit the details.

O

Theorem 4.3. Let p be a prime such that p = 5 or 7 (mod 8). Then for all k,m, a, > 0 such that p 1 m, we have for

(mod 8)

and

cpend ) (

cpend12 3

Cpend123(4 316&/+652ﬁ 2k+1
(4 3160/+852B 2k+l

Cpe”dlz 3

Cpendlz 3 (4 316(1/+1052,3p2k+1

MIZ,?) (4 . 316a+1252ﬁp2k+1

Wll’j (4 . 316(1+1452ﬁp2k+1

4. 316a+252/3p2k+1m

4. 3160452 2ks 1, 19 316‘”35% pHr2 - 1)

W12,3 (4 . 316ﬂr+1652ﬁp2k+1m +

19 . 31601+152/3 2k+2 _
+ P 1) =0,
2
=0,
19 316a+552ﬁp2k+2 1) o
19 3]6(1+752ﬁp2k+2 1 ) o
19 316a+952ﬁp2k+2 1 ) o
19 316a+1152ﬁp2k+2 l) o
19 316(y+1352ﬁp2k+2 1) o

19 . 316a+1552ﬁp2k+2 _ 1)
> =0.

Proof. The proofs of (4.17)-(4.24) are similar to the proof of (4.1). So, we omit the details.

4.17)

(4.18)

(4.19)

(4.20)

4.21)

4.22)

(4.23)

(4.24)

O

Theorem 4.4. Let p be a prime such that p = 5 or 7 (mod 8). Then for all k,m, a, B > 0 such that p 1 m, we have for

(mod 8)

and

Mus (4 . 316a+252ﬁ+1p2k+1m +

Cpend123 4 - 316(2+452ﬁ+1 2k+1

4. 316a+652ﬁ+1 2k+1

c end 4. 316(t+852ﬁ+1 2k+1
12,3

|
(

WIZ,S (4 . 316(1+1052,B+1p2k+1m +

cpend,, 5 (4 3160+1252841 2kt 1,

Cpendlz ; (4 316(1/+l452ﬁ+1p2k+1

Cpend12 3 (4 316a+1652ﬁ+1p2k+1

+

m +

+

+

m +

m +

99

23. 3160+152ﬁ+1p2k+2 -1 o
2 - 9
23. 316(1+352,8+1 2k+2 -1
s
23. 316a+552ﬁ+1 2k+2 -1
oo
23. 3]6(1+752ﬁ+1 2k+2 -1
s
23. 3160+952ﬁ+1 2k+2 -1
s
23. 316a+1152ﬁ+1 2k+2 1)
=0,
23. 316a+]352ﬁ+1 2k+2 -1 )
=0
23. 316a+1552ﬁ+1 2k+2 1)
=0.

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

431

(4.32)
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Proof. The proofs of (4.25)-(4.32) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.5. Let p be a prime such that p = 5 or 7 (mod 8). Then for all k,m,a, 8 > 0, we have for (mod 8)

cpend, (4 . 316042526 Dkl 11 '316{”152%1?2’(+2 - 1) — o0, 4.33)
cpend123( 316044528 21 11 -3]60/+352ﬁp2k+2 1) o @3
cpendys (4 316046528 2kt 11- 316a+552/3p2k+2 1) o 35)
cpend123(4 316048528 2kt 11 .316a+752,8p2k+2 1) o @36
cpendys ( 3160410528 2kr1, 11- 3lﬁa+952ﬂp2k+2 1) o @37
cpend,y (4 3160+12528 2kt 11- 316a+1152ﬁp2k+2 1) o @38
erdsss (4 Sl lig2s ket 11 .31m+1352ﬁp2k+2 1) 0 @39
and
v I (4 ytbortosas puet, 11 316a+1552ﬁ’p2k+2 1) o 40

Proof. Using (1.1) and (1.2) in (3.118) and then extracting the term involving ¢”, we see that

n=kk—-1)+ = 24n+ 11 = 2(6k — 1)* + 921 + 1)* = 24 +y*.

3+ 1)
2

Thus if 24n + 11 is not of the form 2x2 + yz, then

. 11.3160+1_52ﬁ_1
cpend,, 3 (4 316042 526y 4 )

2
2k+1 L(p**2 - 1) : : : 2.2 :
m+ S y— which canot be written in the form 2x~ + y~. For such n, we obtain (4.33).
The proofs of (4.34)-(4.40) are similar to the proof of (4.33). So, we omit the details. O

Takingn = p

Theorem 4.6. Let p be a prime such that p =5 or 7 (mod 8). Then for all k,m, a,8 > 0, we have for (mod 8)

- 11- 316<x+1 . 52ﬁ+1 2k+2 _ 1

cpend, (4 - 3l6at2 5Lkl o 5 P ) =0, (4.41)
7. 31601+3 52ﬁ+1 2k+2 -1

cpend,y s (4 - 3l6atd S 2kl ) =0, (4.42)
7. 316a+5 52ﬁ+l 2k+2 —-1

cpend, 5 (4 316046 2B+l p2ktlyy, o ) =0, (4.43)
7. 316ar+7 52,B+1 2k+2 -1

cpend,, 5 (4 316048 5B+l p2klyyy o ) =0, (4.44)
7. 316a+9 52ﬁ+1 2k+2 -1

cpend, (4 3160410 5B+l 2kl o ) =0, (4.45)
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7. 316a+11 . 52ﬁ+1 2k+2 _ 1
cpend, (4 316012 52 2kl > P ) =0, (4.46)
7. 3160413 | §2B+1 2k+2 _ |
cpend, 3 (4 L 3l6atld 5B+l 2krlyyy o 5 P ) =0 (4.47)
and 16a+15 2B+1 ,2k+2
- . 316a+15 -1
cpend, s (4 3160+16 | 521 2kl 7-3 52 p ) - 0. (4.48)
Proof. The proofs of (4.41)-(4.48) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.7. Let p be a prime such that p = 5 or 11 (mod 12). Then for all k,m, 3 > 0 such that p ¥ m, we have
for (mod 16)

- 13. 316a+252,8 2k+2 _ 1
cpend, 5 (4 - 316043528 kel 5 P ) =0, (4.49)
- 13- 316a+652,8 2k+2 _ 1
cpend (4 316047528 241y : P ) = 0, (4.50)
- 13. 316a+1052ﬁ 2k+2 _ 1
cpend, ; (4 - 3160+ 1528 2kl o 3 P ) =0 4.51)
and 16a+14 | 528, 2k+2
— 13 -3'0a*ie. 5 -1
cpend 5 (4  3l6avls 5282kl > b ) = 0. (4.52)
Proof. The proofs of (4.49)-(4.52) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.8. Let p be a prime such that p = 5 or 11 (mod 12). Then for all k,m,a, > 0 such that p t m, we have
for (mod 16)

- 17 - 316a+252ﬁ+1 2k+2 _ 1
cpend, 5 (4 316035251 2kl y . P ) =0, (4.53)
- 17- 3160/+652ﬁ+1 2k+2 _ 1
cpend ;5 (4 - 3160475281 2kl o 5 P ) =0, (4.54)
17 - 316a+1052ﬁ+1 2k+2 _ 1
cpend,, 5 (4 - 316ar 15281 2kl o 5 d ) =0 (4.55)
and 160+14528+1 . 2k+2
—_— 17 - 30a+ia5p+ipok+s ]
cpend, 3 (4 - 3160155281 2kl o 3 P ) =0. (4.56)
Proof. The proofs of (4.53)-(4.56) are similar to the proof of (4.1). So, we omit the details. ]

Theorem 4.9. Let p be a prime such that p = 5 or 11 (mod 12). Then for all k,m, @, > 0 such that p ¥ m, we have
Sfor (mod 32)

13. 3]6<z+452ﬁ 2k+2 _ 1
cpend, 3 (4 - 3160045528 Akl 3 P ) =0 (4.57)
and 16012828 , 2k+2
— 13 -37%e+125 -1
cpend, s (4 3160413528 2k . P ) = 0. (4.58)
Proof. The proofs of (4.57)-(4.58) are similar to the proof of (4.1). So, we omit the details. O
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Theorem 4.10. Let p be a prime such that p = 5 or 11 (mod 12). Then for all k,m,a, 8 > 0 such that p 1 m, we have
for (mod 32)

- 17 - 316a+452ﬁ+1 2k+2 _ 1
cpend, 5 (4 - 316003 2B 2kl 3 P ) =0 (4.59)
and 160+1228+1 , 2k+2
—_— 17 - 310arisgaprlpakts
cpend, s (4 31601352841 2kt . P ) = 0. (4.60)
Proof. The proofs of (4.59)-(4.60) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.11. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a,B > 0 with p ¥ m, we have for
(mod 8)

- 5. 31601+272[3 2k+2 _ 1
cpend ; (4 31643728 2kl 5 P ) =0, 4.61)
- 5. 316a+472ﬁ 2k+2 _ 1
cpend,y 3 (4 - 316ar372p 2kl 5 P ) =0, (4.62)
- 5. 316(1+672ﬁ 2k+2 _ 1
cpend, s (4 3160772 2kl . P ) =0, (4.63)
- 5. 316a+872ﬁ 2k+2 _ 1
cpend, s (4 316049728 241y . P ) =0, (4.64)
- 5. 316a+1072,3 2k+2 _ 1
cpend, ;3 (4 - 3l6ar g8 2kt lyy, o 5 P ) =0, (4.65)
- 5. 316a+1472ﬁ 2k+2 _ 1
cpend,, 5 (4 - 31615726 2kl 3 P ) =0 (4.66)
and 16a+16728  2k+2
— 5. 3ioatiog -1
cpend, ; (4 - 36017728 2kl o 5 P ) =0. (4.67)
Proof. The proofs of (4.61)-(4.67) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.12. Let p be a prime such that p = 3 (mod 4). Then for all k,m,a, > 0 with p ¥ m, we have for
(mod 8)

11 316a+272ﬁ+1 2k+2 -1
Cpendlzﬁ (4 . 3160+372ﬁ+1p2k+1 ) = O, (468)
11 316a+472,8+1 2k+2 -1
cpend,y 5 (4 - 3160457281 2kt Ly, ) =0, (4.69)
11 3]6a+672,8+1 2k+2 -1
cpend, 5 (4 Lo 2kl ) =0, (4.70)
——— 4 3160972551 oket 3]60/+872ﬁ+1 2%+2 _ _
pendpp |4 - T pT m+ =0, 4.71)
31601072641 22 _
cpend,, 5 (4 - 3lar L g2BHl 2kl o 5 ) =0, 4.72)
- 11- 316w+1472ﬁ+1 2k+2 _ 1
cpend, (4 31601572841 2kt . P ) =0 4.73)
and 160+16726+1 ,,2k+2
— 11 - 310e+i07pHl pirs ]
cpend, ; (4 - 316ar1T2BL 2k Ly, 3 P ) =0. (4.74)

102



Prasad, Raheela and Naika /| Montes Taurus J. Pure Appl. Math. 8 (1), 77-104, 2026

Proof. The proofs of (4.68)-(4.74) are similar to the proof of (4.1). So, we omit the details. O

Theorem 4.13. If n is not a sum of one, a pentagonal number, four times a pentagonal number and twelve times
triangular number, then we have for (mod 16)

17 - 316(1+2 1
cpend,y 5 (4 - 3l6at3y 4 ) =0, (4.75)
17 - 316(l+4 1
cpend,y 5 (4 - 316a%5, 4 —) =0, (4.76)
17 - 3160+6 1
cpend,y 5 (4 - 316at Ty 4 —) =0, 4.77)
17 - 31611r+8 1
cpend,y 5 (4 L3169y —) =0, (4.78)
17 - 3]60+10 1
cpend,, 3 (4 - 3latlly, 3 ) =0, (4.79)
17 - 316a+14 -1
cpend,, 5 (4 L 3l6arlS, o f) =0 (4.80)
and 16a+16
— 17300 — 1
cpend, 5 (4 - 3l6at1Ty f) = 0. 4.81)
Proof. Using (1.1) and (1.2) in (3.188), we find that for (mod 16)
im 4. 316043, 17 3100%2 =3 i i q1+k‘3k KD 12131~ D+6mOm+1) (4.82)
12,3 ) :

n=0 k,J=—oc0 m=0

which impliesn = 1 + k(3k D

+ 2131 - 1) + 6m(m + 1). This is equivalent to
24n+17 = (6k — 1)* + (121 = 2)* + (12m + 6)*> = x> + y* + 2%

Thus if 24n + 17 # (6k — 1)> + (121 = 2)> + (12m + 6)* = x> + y + 7%, then we have

17 - 316(y+2 -1
cpend, ; (4 L 316a+3, 4 #) =0.
This proves (4.75).
The proofs of (4.76)-(4.81) are similar to the proof of (4.75). So, we omit the details. O
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