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Abstract

Let (a,).>0 be an arbitrary sequence and (au/x)),s its dual floor sequence. We study infinite series and finite generalized binomial
sums involving (ay,k)),so- As applications, we prove a range of new closed-form expressions for the Fibonacci (Lucas) series and
binomial sum identities as particular cases.
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1. Introduction

For x € R, Legendre introduced the concept of the integer part of x. The notation [x] goes back to Gauss.
Following Knuth [11], the floor and ceiling functions were introduced in the second half of the 20th century. The
floor of x is defined as | x| = max{k € Z|k < x}, while the ceiling of x is defined as [x] = minf{k € Z|k > x}.
These functions are significant in number theory, combinatorics, and mathematical analysis. They frequently appear
in asymptotic estimates, modular arithmetic, and summation formulas. Despite their simple definitions, expressions
involving these functions often exhibit intricate and surprising properties, making them an intriguing subject of study.

In recent years, various summation techniques have been developed to evaluate series involving the floor and
ceiling function. The study of such a series not only deepens our understanding of discrete mathematics and analytical
techniques but also has applications in computational mathematics, algorithmic number theory, and special functions.
For further reading, we refer to [8, 10], [15]-[17], [25]. Additionally, a detailed analysis of both finite and infinite
series involving these functions is presented in [22, 23].

This paper aims to extend the existing body of work by systematically analyzing series and sums involving the
floor function. We derive new identities, evaluate specific cases, and explore connections with classical number-
theoretic functions. In doing so, we provide insights that may contribute to further theoretical developments and
practical applications.

As usual, the Fibonacci numbers F,, and the Lucas numbers L, are defined, for n € Z, through the recurrence
relations F,, = F,_1 + F,,_», n > 2, with initial values Fy =0, Fy =land L, = L,y + L, , with Ly =2, L; = 1. For
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negative subscripts we have F_, = (=1)""'F, and L_, = (—1)"L,. They possess the explicit formulas (Binet forms)

an_ﬁn
FVL: ’
V5

For more information we refer to Koshy [12] and Vajda [26] who have written high-quality books dealing with the
Fibonacci and Lucas numbers.

If we were to specify a particular motivation, it would be the following series, which recently appeared as a
problem proposal in [6]:

L,=a"+p8", nelZ. (1.1)

S =2 w06

n=0 n=0

These series allow for generalizations in various directions. A Gibonacci version of the above series formulas is
given by

|1 G, 8QBa+4b)

nZ(; (\; ZJ + 1) on - 5 ’

where G, denotes the Gibonacci number defined by the recurrence relation G, = G,—; + G,—, n > 2, with initial
conditions Gy = a and G| = b, where a and b are arbitrary. The term Gibonacci was introduced by Benjamin and
Quinn in [3]. Note that the Fibonacci sequence F, corresponds to the case of G, when a = 0 and b = 1, while the
Lucas sequence L, is obtained when a = 2 and b = 1. For n > 0, the Fibonacci and Gibonacci numbers satisfy the
simple identity G, = aF,_; + bF, (see, e.g., [26]). The Binet-like formula for the Gibonacci sequence is given by

G, = % ((a+@=-b)pa™" - (a+@-ba)p™).

In [3], it is shown that G,, counts the total weight of all n-tilings, where a tiling that ends in a domino has weight a and
a tiling that ends in a square has weight b. Notable among the recent studies on the Gibonacci and the more general
Horadam sequence are the papers [1, 2, 7, 9, 14, 24].

In this paper, we explore a general framework involving sequences and their transformations. Given an arbitrary
sequence (ay)n>0, We examine its associated dual floor sequence (aj,/k))n=0. Our focus is on the study of infinite series
and finite generalized binomial sums incorporating (@) )n>0-

In the first part of this study (Sections 2 and 3), we explored the properties of infinite series involving sequences
of the form (ay,/x))n=0 and derived closed-form evaluations for these series at specific Fibonacci (Lucas) arguments.
Additionally, we obtained what appears to be a novel expression for the Riemann zeta function £(3), which involves
harmonic numbers and the floor function (Theorem 2.24). In the second part (Sections 4 and 5), we focused on finite
binomial sums, specifically examining three distinct sequence classes: aju/x) = L5 1, @iy = I_%JZ, and a,/) = (— DL

2. Some infinite series

The next fundamental lemma will be crucial in the first part of the study. It will enable us to establish many results
for infinite series involving the floor function.

Lemma 2.1. Let k > 1 be an integer and z € C with |z| < 1. Let further (a,),s0 be an arbitrary sequence with ordinary
generating function F(z). Then the ordinary generating function of the sequence (a,k)), is

[e]

k
z
F*(z,k) = w2t = ——F (). 2.1
(z,k) n§=oaL/kJZ T () 2.0

Also, the ordinary generating function of the sequence ((=1)"ayui)),s( is

00

F (z,k) = Z(_l)naLn/kJZn =

n=0

1+ (1)1

k_k
T2 F((-1)*Z").

2
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Proof. We have

k-1 k—1 )

00

> ) 1-z
F+(Z; k) — Za\_n/k]zn — Za” anJrj — Zj anzkn — —

n=0 n=0 Jj=0

~
I}
(=}

n=0

The second identity follows from the first by replacing z with —z.

Lemma 2.2. For integer k > 1 and |z| < 1 the following expressions are valid:
k

S
2 =i

and

S | n _ (_l)kzk
Z(_l) L%JZ T +2)(1 + (=11

n=0

Proof. Use Lemma 2.1 with a, = n in conjunction with generating function F(z) = ), nz" =
=0

identity follows from the first by replacing z with —z.

2.

2.2)

(2.3)

The second

O

o

Remark 2.3. Since for k < 0, {%J =-1- L%J, we can extend formulas (2.2) and (2.3) to negative integer k as follows:

k

o+ 1 0 b4
25K s

n=0

and

n=0

These results can be compared with those in [21].

gn+l (—1)ZF
Z( 1){ J (14 2)(1 + (=1kHiZR)”

Remark 2.4. Since [%J =[] - 1fork > land 2] = [;—ﬂ -1 for k < -1, from (2.2) and (2.3) we have infinite

series involving the ceiling function:

- 1 1

S k=1
g (1 -2 =25’

- 1

27 S a-oi- =-L
g (I-2(1 -2

and

O a1, 1
=)

N [t no_ 1
i e e = M

Lemma 2.2 leads immediately to a range of new Fibonacci (Lucas) series evaluations.



Adegoke, Frontczak and Goy /| Montes Taurus J. Pure Appl. Math. 8 (2), 1-26, 2026

Theorem 2.5. For any integers m and s, an integer k > 1 and any p > a°, we have

- [EJan+m _ pk(stk+m - (_])st(k—1)+m) - (_I)Sk(me - (_l)sFm—s)
pr k pn+l (pZ _ va + (_l)s)(ka _ pkLsk + (_1)sk)

and
- [EJLsn+m _ pk(pLsk+m - (_1)SLs(k—l)+m) - (_1)Sk(me - (_1)s m—s)
btk pr! (p? = pLy + (=D*)(p* = p*Ly + (=1)*)

Proof. Inserting z = "7 in (2.2) gives

S s sk b sn+m sk+m
[EJQ_ = P or Z[EJQ _ po '
n=0 k4 p" (p — a*)(p* = a*h) ~ k4 pr (p — a@®)(pk — a*)
Similarly,
i [EJ,BSVHm _ pﬁsk"'m
Stk pr (p =B - B
Now, we combine the results according to the Binet forms (1.1) usingaf = —-landa+ 8 = 1. 0

Corollary 2.6. We have the following series valid for k > 1:

n Fn+m 2ka+m+2 - (_l)ka+2 n Ln+m 2kLk+m+2 - (_l)kLm+2
M [zl =

1D

kdomt 4k 2k 4 (—1) kdonel — gk 2k, 4 (=1
lEJFn+t11 — 3kLk+m+1 - (_l)kLnHl [EJLn+m — 3ka+m+1 - (_l)ka+1

kA 3n+l 5(9% = 3kLy + (=1)%) ~ k- 3n+l Ok _3k[, + (=)k
lEJ F2n+m — 4’kL2k+m+l - Lm+l i lEJL2n+n1 — 4kF2k+m+l - Fm+l

kA4 T 5(16k — 4Ly + 1) Ly S T T TS T

n F2sn+m Lk F2S(k+l)+m — U'm+2s - n LZm+m Lk L2s(k+l)+m - Lm+2s

el 7 = 2T ==
+1 2k k +1 2k k

k Lgs L2s - LZSLZ‘Vk +1 0 k Lgs L2s - LZSLZ‘Vk +1

n=

, F,>a'

NSENINGERINgERingERingk

an Fogem _ FY(F pFaseem = Fas-1yem) = FpFm + Fua
kPt (F2 = Fplog + 1)(F2 - FiLog + 1)

Il
(=]

n

Proof. All results follow by taking particular values for the parameters s and p in Theorem 2.5. For instance, for the
first two series take s = 1 and p = 2, and simplify. To get the third and fourth series take s = 1 and p = 3, and so
on. U

We now present the alternating version of Theorem 2.5.

Theorem 2.7. For any integers m and s, integer k > 1 and any p > o, we have

i(_l)n—klfj Fyim _ Pk(prk+m + (_l)st(k—1)+m) - (—l)k(sfl) (pFum + (1) Fp—5)
& kd pret (P? + pL + (=1)*)(p* = (=1FprLg + (=1)*)

and

i(_l)n_klﬁjl‘srwm — pk(pLsk+m + (_l)st(k—l)+m) - (_l)k(s_l)(me + (_l)xl‘m—s)
pr k4 prt (P + pLs + (=1)*)(p* = (=D} p*Lyy + (=D)*)
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Proof. Insert z = % andz = &

, in turn, into (2.3), then multiply through by o™ (or ) and combine the resulting

expressions according to the Binet forms (1.1), makinguse of ¢ = -l anda + 5 = 1. O
Corollary 2.8. For k > 1, we have the following series:
n— k n+m 2kLk+m—1 - Lm—l
Z( ) = :
2t = @ rn o
Z( l)n k n+m - 2ka+m—] - Fm—l
2n+l 4k — (—2)k+lLk + (—l)k ’
Z( 1)”{ JF2n+m (=3 BFasm + Fag-1yrm) = 3Fm = Fu2
o 3n+l 19(9% — (=3)Loi + 1) ’
Z( 1) L2n+m _ (_3)k(3L2k+m + L2(k—l)+m) - 3Lm - Lm—2
3n+l ]9(9k - (—3)kL2k + ])
and
Z( l)n kl JF25n+m _ Lgs-(F25k+mLZS + F25(k—1)+m) - (_l)k(L2sFm + Fm—Zs)
Py Ly QL3 + (L3 = (=1 LE Loy + 1) ’
Z( l)n k Lzm_,.m _ LZX(L2yk+mL2v +L2v(k l)+m) _( 1)k(L2¥L +Lm 2?)
g Lg;l (L2, + 1)(L3* — (=DFLE Loy + 1)
Proof. Take specific values for the parameters s and p in Theorem 2.7. O
Let f*(z, k) and f~(z, k) denote the functions in (2.2) and (2.3), respectively, i.e.,
o0 k
n Z
*(z,k) = ', k>1,lzZl <1 2.4
Fr(z.k) ;[ka =905 l 2.4
and
(—1)ka
,k 1 ” , k>1,17l < 1. 2.5
f(zk) = ”Z(;( ) (1 +2)(1 + (=Dk+1zh) Iz (2.5)
Lemma 2.9. If|z| < 1, then
o n| 1 1-z z
—|===1 — |+ 2.6
Z;Mn i s e 20
and
o 1 1-z z
_py! H . 27
;( N 3 PRl v Rl ve e, 2.7)

Proof. To get the first identity integrate i +(ZZ’2) and use f*(0,2) = 0. The second follows from working with f~(z, 2).
O

Corollary 2.10. The following series are valid:
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Proof. Setz = g z= T‘f 7= 2«f ,and z = 2 \F , in turn, into (2.6), (2.7), and then add both resulting formulas. [
Remark 2.11. One can obtain all of the above formulas from [19, Formula 5.2.4.]:
kZ:: T (log( \/})+(—1)’”log(l+ \/)_c))
For instance, to get the first formula, insert x = é and m = 1 to get
> (5 5 V5 + 1) S 1
— 1o or — = V5loga.
ZZ;J g(«/§—1 ;(2k+1)5’< g
The formula follows from 2;311 =1- ﬁ and kgl slk = %.
Theorem 2.12. If m is any integer, then
— n Ln+m _ 3 \/g L Lm+3
Z lzJ S =2 —F,loga - a log5 + — > (2.8)
and
- n+m _ 3 \/_ m m+3
Z{ J o 20L1oga 2 logs + 22 2.9)
Proof. By substituting z = § and z = 5 successively into (2.6), we obtain
- a3 1 1
Z{ J = (—Zloga—glog5+a+§) (2.10)
and
an+m
ZM _p" ( loga—glog5+,8+ ) @2.11)
n=1
Addition of (2.10) and (2.11) yields (2.8) while their difference gives (2.9). O
The alternating versions of (2.8) and (2.9) via (2.7) are stated next.
Theorem 2.13. If m is any integer; then
ntm __ 3 \/§ Fm
Z( 1) { J 8 g5+ =~ Fyloga - = (2.12)
and
345 L
5| === Fuy —Lyloga - —=. 2.1
Z()H ~log5 + ==L, loga - 77 (2.13)
Proof. Use of z= 5 and z = 5, in turn, in (2.7) produces
; n+m 3 \/g
Z( 1) { J = ( 1oga+§log5—ﬁ)
and
. ﬂnﬂn " 1 \/5
Z( D [ J = ——loga+810g5+ﬁ
Adding the last two formulas yields (2.12), while their difference results in (2.13). O

6
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Lemma 2.14. [f m is a non-negative integer and |z| < 1, then

o\ 3 (=" m+1
Z::‘lEJ(m)Z T A0 A 21 =g 219
and
N _ 1yl 2 N\ n—m _ (_1)m3 _ 1 _(_l)m(m+l)
;( b bJ(m)Z BT T s N YO WS TIeh 2.15)
Proof. Differentiate
o o N Z _1( 3 1 2
172 .—;[ij T 902" 4( Tt —z)z)’

where f*(z, k) defined in (2.4), m times with respect to z, for |z] < 1 we obtain (2.14). Since the proof of (2.15) follows
similarly using f~(z,2), we omit the details. O

Theorem 2.15. If m is a non-negative integer, then

o n (2n+1 B OGm+ V)F, + (5Gm—-3)F,
Z - 2m+4

and

n 2n (3m + DF 1 + (m+ l)F
2m+4

n=1

Proof. Setting z = g into (2.14) and (2.15), we obtain, respectively,

iH 5 = S (S0m + 10 = 3VBa ! - )

and

S |2 B < S o g 35 4 ).
n=1

Adding and subtracting these expressions, followed by applying the Binet forms (1.1) and simplifying, yields the
desired results. O

Theorem 2.16. If m is a non-negative integer, then

Sl o - e ome s

2 ”(22:11 l1) (g) - 3% (i) ((6m + 6) L6 = ALamss), 2.17)

2"(22:1) (g) = % (%) ((6m + 3)Lamsa — 2Lams2) (2.18)
and

2”(2,,12 'fr 1) (g) 12 ( ) (Bm + 3)Famse — Famea). (2.19)

7
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Proof. Setting z = g in (2.14) and (2.15), we get

0o

‘/5”*'" 3(3 " m+ m+ m 2m+
X e e R

n=

and

Z:;(_l)n \‘SJ (Z)(?)nm _ %(%) (3(—1)'”(771 " 1)182;714—4 _ 3(_1)mﬁ2m+2 + 02m+2) )

Adding and subtracting these identities and simplifying, we obtain (2.16) and (2.18) for even m, and (2.17) and
(2.19) for odd m. O

Theorem 2.17. For p an integer and m a non-negative integer, we have the identities

e

5-mD21 | meven;
Z{ J( ) ar 4(m+1)F3m+,,+4—3F3m+,,+2+<—1)'"{ s

- on-1 5 (m-*—l)/2Fp_17 m odd
and
i { J( ) "D = 4m+ 1)L Mg + (1|0 et meven:
=alm m - m
- 3m+p+4 3m+p+2 5_(m+1)/2Lp_1, m odd.
Proof. Insertz = 5 and z = ﬁ , in turn, into (2.14), and then multiply through by &*? and "*?, to obtain
i\‘ J a'"tP B 3a,m+p+1 . (2m _ 1)a,m+p . (_1)ma,m+p
- on 22 — @)y"*? (2 — @)y 2(2 + a)ym+!
and

i\‘ J a"tr _ Sam+p+l . (2m _ 1)a,m+p . (_l)ma,m+p
£ on 22 — a)y"*? (2 — @)y 22 + ayn*t’

Then, combine the resulting expressions above according to the Binet forms (1.1), making use of the relations
2—a=a?2+a=V50,2-B=0a%and2 + B = -5 O

Corollary 2.18. For a positive integer k and |z] < 1,

& nl|{z" Zn+l B 1 '
;{EJ(Z_;@H)__klOg(I_Z) (2.20)
and
m_n—lﬁ 4 ! _ 1 Nk
;( 1 M(ﬂ +n+1)—klog(l (-1)'2). 2.21)
Proof. Write (2.2) as
o k-1
n Z
1 - n—1 —
nzznkJ( 22 1-2

and integrate both sides with respect to z to obtain (2.20). The second identity follows from (2.20) by replacing z with
-z O
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Theorem 2.19. Ifk > 1 is an integer, r is any integer and m is an even integer, then

00

mn+rLm Lm(ﬂ+l)+f _ ﬁr 2k k ‘/g k mk
51 0 ) gt ) el e 22

n=

and

Z; l|:EJ (anJrer _ Fm(n+1)+r) — ﬂr 10g (lenk _ L§1Lmk + 1) _ er log (LI;1 _a,mk) + F,log (Lm) (223)

ol n n+1 V5 k

Proof. Choosing z = & a ndz = m 7 in (2.20) produces

© Q" am(n+1)+r a L’]; _ a,mk
Sl - )
nLi,  (n+ DL k 73

n=

and
s mn+r m(n+1)+r r Lk — gk
Sld\'nLy L)k Lf,
from which (2.22) and (2.23) follow. O

Theorem 2.20. If k > 1 is an integer, r is any integer and m is an odd integer, then

n Lmn r m Lm n r
\/_ + _ (n+1)+ — \/gLrlog(\/gFm)
Z \/SnF;}l'F] n n+1

n=1

r FV
g5k NP L+ (1)) 2L g (VBT )

i 5] ((V3FunerFu  Futir = V5F,log(V5F,)
n=1 \/S_nF;l,ﬁ'l n n+l r ’

' L
_% tog (53 = VIS Ly + (=1)f) + = log (VUL - %),

Proof. Setz = , in turn, in (2.20) and proceed as in the proof of Theorem 2.19. 0

\f 5F \f 5F

The alternating versions of (2.22) and (2.23), obtained from (2.21), are left as an exercise.
In the next lemma we present a generalization of (2.20) and (2.21) using the polylogarithm function, defined as

Li,(x) = Z zw» for which more details and properties can be found in [13].

Lemma 2.21. Let k > 1 be an integer. For any integer m and |z| < 1, we have

o n+l

Z{ J(n’” n+ 1)m) - kimLi"’(Zk) (224)

n=

and

S| J( < (nzfll)m):kimLim((—l)kzk).

n=1

If Izl = 1, both series are valid for integer m > 2.
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Proof. We prove (2.24) by induction on m for a fixed k. The identity is valid for m = 1, corresponding to (2.20).
Assume that it is valid for an integer m = r. We therefore have the hypothesis:

© n+l

Zl J(n (n+l)) o Lir@):

n=

We wish to prove that P, implies P,.;. The P, identity is true for z = 0. Dividing through by z # 0 gives

[ (7"! & 1 Li,(zh)
ZAM(T_(HW):P z

n=

which, upon integration with respect to z from 0 to z yields

n Zn+1

e n z
Pry Z [zJ (W - W) e L1r+1(Z ),

n=1

since

Llr(xk) knl 1 Z - 1 0 an Lir+](Zk)
[ fz = Z—ka =g =

Thus, P, implies P,., as desired. O

Remark 2.22. Since Li,,(e*™) = Z(m), for m > 1, from (2.24) we have a representation of the Riemann zeta function
as follows:
" -
Z(m) = k’"ZH(H o s

n(n+ 1)y"

Lemma 2.23. Let H; be the j-th harmonic number and k be a positive integer. If |z| < 1, then

[eS]

H, 4
Z (Ln/kj /f e = 11 _ZZ (g log z1og?(1 — 2) + log(1 — 2*) Liy(1 — 2) - Lis(1 - 2*) + §(3)). (2.25)
n=0

Proof. 1t is known that [13, p. 303, Formula (12)]:

00

Z n+ 1)2 H= %logzlogz(l —2) +log(1l — z) Lip(1 — z) — Liz(1 — 2) + {(3).
=0

Thus, with a,, = in (2.1), the result follows. O

(n+1)2
From (2.25) we have a series representation of £(3), which we present as the next theorem.

Theorem 2.24. The following formula holds:

o H " 4

[(3) =42 - V2) Z s, 2 log> 2. (2.26)

o 2 n+2J2 3
Proof. The proof follows from (2.25) by using the formulas (cf. [13])

1\ 7% log’2 1\ _log2 n’log2 7
Li(=])= = - d L ~£(3).
12( ) 2 @ 13(2) 6 n T§¢®

10
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Lemma 2.25. Let k be a positive even integer and |z| < 1. Let (a,)us0 be an arbitrary sequence. Then
(1=2) Y @i = (1+2) D (=1"apuyud". 2.27)
n=0 n=0
In particular, for all convergent sequences (a,),>o we have
Z(—l)”aLn/kJ =0, k even.
n=0

Proof. Let h(z,k) = (1 —z)F*(z, k). Clearly, from (2.1), h(—z, k) = h(z, k) if k is an even integer; and hence (2.27). O
Example 2.26. Lemma 2.25 yields for k > 1:

1-3(=1) 1-3(-1)"

Zz—F“J_O Zz—LL”_O

n=1 n=1

S 1—2(—1)”{nJ -2~ 1)*1[ J
— = 2 | |Fz, = - Lz =

; 3n o) P =0 Z:; 3n o) L =0

o 3 - 5(-1)" 3-5(-1)

24—anLﬁJ:O’ Z4—ILkLnJ_O

n=1 n=1

Theorem 2.27. Ifk is a positive even integer, m any integer, p > 2 and (a,),>o an arbitrary sequence, then

N Lyim— L = Lym + L
Z aLn/ka”J“m—n’”m*'l = Z(_l)”aLn/ka”J’m—n’”m*'l (2.28)
n=0 14 n=0 p
and
N Fuim = F, S Foim + F,
Z Aty Prpam n+m+1 — Z(_ l)naLn/kJ M - (2.29)

n=0 p" n=0 p"
Proof. Setting z = ;—: and z = %, respectively, in (2.27) gives
n+m

s Qtm s R
p-a Z Ak~ = (P + @) Z (=Dapup)——
n=0 p n=0 p

and

I’H’Iﬂ n+m

(p- ﬁ)zam/u <p+ﬁ)2( a

where m is an arbitrary integer. Respective addition and subtraction of these two identities produce (2.28) and (2.29).
O

Example 2.28. For p = 2 and p = 3 in Theorem 2.27, we have:

Aln/k n
Z Lzr/l J(Ln+m72 - 5(_1) Fn+m+1) = 0,
n=0

Aln/k n
Z i J(Fn+m 2~ (_1) Ln+m+1) = O’

n=0
A|n/k n
Z ;l{l J(Lr1-¢-m—l = (=D)"(Fpym + Ln+m+l)) =0
n=0

11
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and

00

aip ;
Z L3r/lkJ (5Fpim—1 = (=1)"(Lptm + SFpims+1)) = 0.
n=0

Theorem 2.29. If k is a positive even integer, m is an even integer, r any integer and (a,),>o0 an arbitrary sequence,

then
Z zn/ J(Lanrr—m - (_l)n(Lanrer + Lm(n+1)+r)) =0
n=1 m
and
() Ao
Z Zl,i J(Fmrwr—m - (_1)n(an+er + Fm(n+1)+r)) =0.
n=1 m
Proof. Setz = OL‘—m and z = [Lﬁ, in turn, in (2.27) and proceed as in the proof of Theorem 2.7. ]
Theorem 2.30. If k is a positive even integer, m is an odd integer, r is any integer and (a,),>o an arbitrary sequence,
then
i aLZn/kJFZmn+r+m - aL(Zn—l)/kJFm(LZm(n—l)+r + L2mn+r) -0
p SnEF
and
i a\_2n/kjL2mn+r+m - 5a|_(2n—1)/k]Fm(FZm(n—l)+r + FZmn+r)Z -0
n=1 SHFI%Tn
Proof. Setz = \‘é—; and z = \g_,;, in turn, in (2.27) and proceed as in the proof of Theorem 2.7. O

3. The binomial transform of (a|,/x))uz0

We begin by recalling some basic facts. Let (a,),>0 be an arbitrary sequence of numbers with ordinary generating
function F(z). Let further (s,),>0 be the generalized binomial transform of (a,),>0, i.€.,

n
n .
Sp = Z( ,)b”‘fcfaj
=0\
with b and ¢ being nonzero real numbers. Then the ordinary generating function of the sequence (s,),>0 is given by

(cf. [4, 18]): 1
CZ
5@ =1 —sz(l -bz)'

Therefore, the ordinary generating function of the sequence s;, = >’ (;',)b”‘j clay i) equals
j=0
2 Nk 2 \k
1 1_(13,) Cc7 \k I- 1i§,) cZ k
§*(2) = = A )= () 3.1
@O= 1o s )= oo FllisR) G-b

1-bz

In general, such a function will be a complicated expression. Focusing on the sequence a,, = n, we have

cz \k cz \k
1 - ( l—sz) l—i)z) (Cz)k

1—(b+c)z(l ~ li_i)k)z T (= b+ 021 = b2 — (c2)b)

Sz, k) =

12
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The complex function P(z) = (1 — bz)* — (cz)* is a polynomial of degree k for b # +c and we have P(z) =
(z=-r)z—-=r)--(z—r), where r; € C,i = 1,...,k, are the roots of P(z); see also [20]. The partial fraction

decomposition yields
k

1 1
%zzz—n

i=1

k 1

-1

r
=1
This shows that (at least theoretically) the function S *(z, k) can be expressed as a convolution. But even for small
values of k this will be a challenging issue. Our first result is therefore concerned with analyzing the case k = 2.

Theorem 3.1. For any numbers b, ¢ # 0, and integer n > 1, we have

(1 J uj i P i b+ = (=0
]Z_;(j)bjb Il =S +o) - . (3.2)

If b = c, then this identity becomes

- n -] _ An-2
Z(,)BJ = 2" 2(n — 1).
Proof. If k = 2 we simplify S *(z,2) and get

(cz)?
(1 =B+ c)z)(1 = 2bz + (b = c2)z2)’

§°(z,2) =

Obviously, near zero there exists the power series m = ngo(b +¢)"7". Also, from the partial fraction decomposition

1 B b+c B b-c
1=2bz+ (B> =22 2c¢(1 = (b +0c)2) 2¢(1 = (b-c0)z)

we get (again near zero)

1 1 <
- b+ n+l _ b— n+l n.
1—2bz+ (P - D)2 2 Z:(; (@ +™ - b=z

Hence, applying Cauchy’s product formula for power series
i 2
n=2 j=0

n—

$°@2) = b+ ((b+e)" = (b -y )

[\Sl ot

or, forn > 2,

n-2
Db+ o) b+ = b -y

M-
—_—
s
NI

a—

N .

| —

=
S
L
Q‘\
Il
TR

j=1 Jj=0
n-2 j
c c b+c\
=—(b+c)'n-1)~-=(b- 'HE .
S+ (n=1)=35(b-c) j:o(b_c)
The statement now follows by simplifying, making use of the geometric series. O

Corollary 3.2. Forn > 2 we have
() 2] 2 g2
;( 1>(j)[2J—2

and

(g o2
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We proceed with some new binomial sums involving Fibonacci and Lucas numbers.

Theorem 3.3. For m an integer, we have

S (n\ j n 1 "
Zl(])l%JF]+m = §F2n+m—l - Z (Fopam + (=1)"Fp_)
j=

and

;(j)[%JLﬁm = gl‘2n+m—l - % (L2n+m - (—l)an_m),

(3.3)

(3.4)

Proof. Work with (b,c) = (1,a) and (b,c) = (1,8) in Theorem 3.1. When simplifying use F_, = (-1)*"'F, and

L_, = (-1)"L,, respectively.
Identities (3.3) and (3.4) should be compared to the classical results (cf. [5, 27]):
= (n = (n
Z( .)Fj+m = Fom and Z( .)Lj+m = Loyim-
=0\ =0\

Theorem 3.4. For m an integer and p an odd integer, we have

. N — V51
i (n)lJJF _ %FZ 1Fp(nJrl)er - STFZLanrm - %LZF[?”‘F"’I?
5 2pj - \/5n-2 n
j=1 J 2 e %FZ_ILp(rHle - TﬁF;Ferm + %L;I;Fpn-#ma
and
. 4qn-1 — /5n+1
i (n)l]JL _ %F‘Z 1Lp(n+1)+m - STFZFpn+m - }TLZLanrm, n odd;
A E2pj4m — T _ n
=1 J 2 %?F; le(n+1)+m - \/T?F;Lprwm + %L;Lpn-%—ms

n even

n even.

n odd;

O

(3.5)

(3.6)

Proof. Work with (b,c) = (1,a”) and (b, c) = (1,”) in Theorem 3.1, using, for odd p, the relations 1+ = \/ngap,

1+8% = —V5F,B, 1 —a® = —L,a?,and | — B = —L,B".

Theorem 3.5. For m an integer and p an even integer, we have

u 1 -1 1 5(-/2
g Fro . = gL; Fperetyem = ZLZFerm - TF;l;Ler—m,
. \-ZJ 2pj+m = npn-lp _lpp + 512 FF

j=0 25p pn+)+m — gLpl pntm T 4 L p " pntms

and

nyn—1 1 5(n+1)/2
QLZ Lp(n+1)+m - ZLZLerm I FZFerms

n .
n\ J
(')LEJLZP'H'":{QL”“L AL+ ZEFIL
Jj=0 J 2bp  Lpn+D+m = ghplpn+m 1 £ plpn+m,

n odd;

neven

n odd;

n even.

O

Proof. Work with (b,c) = (1,a”) and (b, c) = (1,8?) in Theorem 3.1, using, for even p, the relations 1 + a?r = Lya?,

144 = LB, 1—a* = —V5F,a",and 1 - B = V5F,pP.
The classical counterparts of identities (3.5) and (3.6) are
Z": (n)F L 5n=bizp o nodd;
Ci\j) " |52 P, neven
and
z": n,o_ 50bizp . nodd;
S\ G) " 5P Ly, meven
(cf- [SD.
14

O
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Theorem 3.6. For m an integer, we have

n n\ i B .
Z (])L%JF3j+m =2" 2(nFZn+m+l - F2n+m + (_1) Fn+m)

and

n n . B .
Z (j)[%JLf&j-#m =2" 2(nL2n+m-¢—l - L2n+m + (_1) Ln+m)~
j=1

Proof. Work with (b, c) = (1,a%) and (b, c) = (1,8) in Theorem 3.1. When simplifying use 1 — a® = —2a, 1 - =
-28,1+¢a®=2a%and 1 + 83 =28 O
Theorem 3.7. For any integer m, we have

Sn/Z

n . 1 £ .
Z (n)[]J2JF _ nF3n+m—2 - ZF3n+m + TFms neven;
A Jj+m — 1 5(=1)/2
j=1 J 2 nF3n+m—2 - ZF3n+m - TLmv n odd

and

= 1 52
nl3pym—2 — ZL311+m B F,,, nodd.

n . 1 5n/2 .
n\J1,; nL3nim-2 = 7L3an+m + =3 L, n even;
j L J2 Lj+m =

J=1

Proof. Work with (b, c) = (1,2«a) and (b, c) = (1,28) in Theorem 3.1. When simplifying use the relations 1 — 2a =
-V5,1-28=V5,1+2e=a*and 1 +28 =p°. O

The classical counterparts of the identities from Theorem 3.7 are

5 (n = (n
Z( .)2JFj+m = F3,4m and Z( .)szj+m = Lapim
=0 =Y

(cf. [5D.

Although it is possible to state some more binomial identities we conclude with the following sums.

Theorem 3.8. For any integers m and g, we have

- j -1 _1 5n/2 )
Z(_I)Q(n—j)(n)[lJFz em = %Fq(iHl)erLg - ZFanrmLZ + (Tl)];anr,an, n even,
: qj+m = _ 1 L
Jj=0 JJk2 %Fq(n+1)+mL; 1 _ 1Fanem L; — ST Lgwim F;, nodd
and
n n . nr Ln—l _ lL "+ ﬂL Fn n even:
Z(_l)q(n_j)( ){lJLZijLm = {2t em™g 47qnem=q (4+]>/2qn+m r ’
J=0 J 2 qu(11+l)+mL271 - %Lqrﬁml‘g - STFqumFZ, n odd.

Proof. Work with (b, c) = ((=1),a?9) and (b, c) = ((~=1)¢,8%9) in Theorem 3.1, respectively. When simplifying use
the relations (—1)7 + @ = a?L,, (1)1 — a® = —a9F V5, (=1)7 + % = B1L,, and (=1)? — B2 = BIF 5. O

Corollary 3.9. Let n, r and s be non-negative integers such that n > r + s. Let b and ¢ be nonzero numbers. Then

Z (I’L ;j ; r)[%an—j—rcj—S — W(b + C)n—r—s—l _ % ((b + c)n—r—s _ (_1).)(b _ C)n—r—s) ) (37)
=0

Proof. Differentiate (3.2) r times with respect to b and s times with respect to c. O

15
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Given (3.7), it is obvious that Theorems 3.3 to 3.8 allow further generalizations.

Theorem 3.10. Let n, r and s be non-negative integers. Then

3 R LI U e
j=1

and

Zn: (-1)/‘(” ;j . r)[%] =22 s ras+2,
=1

Proof. Evaluate (3.7) at b = c and b = —c, respectively.

Corollary 3.11. Let n, r and s be non-negative integers such thatn > r + s + 2. Then

ln/2]
Z(n ,S r)j:Z”_S_r_S(n+s—r)
2j—s

J=1
and

2
L"/J(n—s—r

j=2" (s —r = 2).
2j—s+1)] (+s-r=-2)

=1

Proof. Writing the sums in Theorem 3.10 according to the parity of the index, we obtain A+ B =

and A — B = 2"57"2_ where

- s—r L
A= B B = B
;(2j—s)’ ;(21—”1)]

The result follows immediately by solving this linear system.

25T 2 s—r—1)

Lemma 3.12. If p, g, r and s are rational numbers, then p + g N5 = r + s\5 ifand only if p = rand q = s.

Proof. From p + g V5 = r+ sV5 we obtain (p —r) + (g — ) V5 = 0. If g # s, then V5 = -2

q—s
Hence g = s, and then p = r.

The converse is obvious.

Theorem 3.13. Let n, r and s be non-negative integers with n > r > s. If s is odd, then

[n/2]
Z ( e )5/’ j=2""35T (= r)Lyy_1 +25F ),
P 2j—s

[n/2]
n—r i _ An—r-3g&t _ _
2 (o =2 S DF 20 D,

while if s is even, then

o )5/’ j=2""355(5(n = P)F_py + 25L,_,),
- S

( . )SJ'j =2""353((n = P)Lyyo + 2(s = DF,_,).
j+t1l-=3s

16

€ Q, a contradiction.

O

(3.8)

(3.9)

(3.10)

(3.11)
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Proof. Choosing b = % and ¢ = ‘/75 in (3.7), and assuming s is an odd integer, gives

N L S Va(n-s-r) s 1
- 5/ 59(i—-1) = n—r—s—1 2 on—r=s _ _Ln—r—s-
zn-”;(zj—s) ”2"-r-s;(2j—l—s) vob 0 Tt T

The use of 2™ = L, + F,, V5 in the above identity, along with the application of Lemma 3.12 yields (3.8) and (3.9).
The proof of (3.10) and (3.11) is similar. O
4. More series and identities

From the general relations (2.1) and (3.1) it is obvious that many particular examples can be studied. For instance,
by choosing a, = n* we get the next corollary.

Corollary 4.1. Fork > 1 and z € C with |z| < 1, the following expressions are valid:

= lEJZ n FA+2H
2l T ==y
and
- np (=D*ZA (1 + (=1
-1 nl n o _ .
;( ) lkJ ¢ (1+2)(1 + (=1)k+1zk)?

Proof. Use Lemma 2.1 with a, = n? in conjunction with F(z) = Y n%" = 222 The second identity follows from
n=0

(12"
the first by replacing z with —z. U
Corollary 4.1 also leads to new Fibonacci (Lucas) series evaluations, one of which is stated in the next theorem.

Theorem 4.2. For k > 1 and m integers, we have

i ngFn+m—2 _ 4ka+2k + 2k+1(22k71 - (_l)k)Fm+k + 2ka—k + (1 - 2(_4)k)Fm
=k (48 = 2L + (=1)%)°

=

and

i |-nJ2 Ln+m—2 4kLm+2k + 2k+1(22k71 - (_l)k)Lm+k + 2kLm—k + (1 - 2(_4)k)Lm
Sk 2 (4 = 2L + (=1)%)° '

n . .
For the binomial transform of a,/x; = I_%JZ, ie., the sum u, = Y, ('l'.)b"’fcf [%Jz with b and c real, the ordinary
=0
generating function is given by

sty 20 G EE) | (65

l-(b+0)z (1 - 1f_§az)k)3 (1 —(b+c)z)(l —(lfiz)k)z'

To highlight the increasing algebraic complexity, we again consider only the case k = 2. In this particular case,
the ordinary generating function reduces to

2001 _ o2 2
S22 = (c2)*((1 = bz2)* + (c2)*) N
(1= (b +0)2)((1 = b2)? - (cz)?)

From this expression, we can prove the following result.

17
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Theorem 4.3. For nonzero real numbers b and ¢ and n > 1, we have

=Y

Proof. We write

and use the power series

znl (n)[lfb”_jcj _ An(n— Db + )2 N b+c)"—b-c) 3 cn(b — ¢)! .
2

4 8 4

(c2)*((1 = b2)* + (c2)?)
(1-®B+0)2)3(1 - (b -0)2)?

§.(z2) =

(1- WZ)2 Z(n + l)W and - WZ)3 Z:(;(n + D+ 2)ann

to get

n

This shows that

2 n
Si22) = = DG+ Db =)= j+ 1= j+2)b + ) I
2 n=0 j=0
—be® 3T+ Db = &) (n = j+ 1) = j+2)(b + ' 77"
n=0 j=0
b2e? + o o N ) . ) . "
t— D D D= Y=+ D= j+ 2+ o)
n=0 j=0
= P2 +3Bb+ AP+ Z (A(n) + B(n))"
n=4
with
An) = An-Db-0)"2+3*n- 2)(b — )" 3 (b +¢) = 2bc*(n—2)(b —¢)" 3,
n—4
By = Y (j+Db-cy b+ ,( b+ P — =1 - )
Jj=0
~bc*(b+c)n—1-jn-2-j)+ %(bzc2 +cn=2-jmn-3-))
2 n—4 )
= Sb+o JZ_;U + D= =1 )¢’
n—4
b b+ )" Y i+ D= 1= =2 g’
j=0
n—4
+> (bzc2 + b+ Y G+ D=2 pn-3- ),
j=0
where g = ="-. After simplifying A(n) this shows that
n - %, n=2;
> (’;)[%J bl = {3bc? + &3, n=3;

J=1

2 > . .
(1-=®B+0)2)3(1 - -0)2)? = Z (+ D =c)n=j+Dn=j+20b+0)"'2"

n=0 j=0

b -y 3(b+)2n-3)=23(b - )2 +Bn), n>4

18
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From here we use the convolution identities
n—4

DG+ D= pin—1-po

J=0

m((nz +3n+ 2)25 - 2(}12 +n— 2)Z4

+(n? =) = 6(n—2)7" + (22n — 46)7™ — 4(Tn - 16)7"% + 12(n — 3)z’”3),

n® +n) -2 —n-2)7"

n—4 ] 1
N I
;uﬂ)(n 1= j)n=2- )z L

+(n? = 3n+2)2 = 2(n - 2)2" + 8(n - 22" = 12(n = 2)"2 + 6(n — 3)7")

and

n—4 ) 1
Z( j+Dn-2-j)n-3-j = m((;ﬁ —5n+6)z-2(n*> =30 +(* —n)® - 2n" +2(n - 3)z"+‘),
j=0

insert into B(n) and simplify to get the intimidating expression

0 - 2, n=2;
Z (H)L%J Vel =33b +3, n=3;
=i Stb,c,q), n>4
where
S, b,c,q) = Eb—-0)"3b+c)2n-3)-23b-c)
+8c%(b + )" (b — )*((n* +3n + 2)¢° — 2n* + 2n — d)¢*
+(n? = n)g® — (6n — 12)¢" + (22n — 46)¢"*! — (28n — 64)¢™** + (12n — 36)g"*?)
—16bcS(b + )" b — )} ((0® + n)g® — 2n® - 2n - 4)g* + (n* - 3n +2)¢°
—@2n—4)q" + (8n - 16)g""" — (12n = 24)¢" "> + (6n — 18)¢" ™)
+8c*(B*? + (b + )" (b - o) ((n* - 51 + 6)g — 2n* — 6n)g?
+(n* —n)g® - 2nq" + 2n - 6)g"™)
with g = Iﬁ Additional simplifications reduce the above expression to the stated form. O

Remark 4.4. A much shorter and more elegant proof of Theorem 4.3 not relying on generating functions goes as
follows. Let

ln/2] n "
m(xbh,e,m) = ) (2n .)b”‘zfczfxzf _brey+bocn)

=0 \“J 2
and
h ( b ) Dlz/z:-l n bl1—2j+l 2j-1.2j-2 (b + C'x)n - (b - C'x)n
x;b,c,n) = . cx = .
: P 2j—-1 2x
Then

s

x=1

S\ G d ( dhy d [ dh
4 I Ppricr = £ [y 20 Ay
;(j)lzj ¢ dx(xdx o \Vax

from which the result follows. This procedure also gives Theorem 3.1 as
- n _] e d/’l1

2 Lprici = 2L

I

Of course, sums involving higher powers of the floor function can be computed in this manner.

xX=

dhy
x=1 dx

x=1

19
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As an example of a binomial sum with Fibonacci (Lucas) numbers and L%Jz we can state the next theorem. We
invite interested readers to derive many more identities of this kind.
Theorem 4.5. For m an integer and n a non-negative integer, we have

= (n\ j 2 n(n—1) 1 m (=D"n
Z (])[EJ Fj+m = TFZner—Z + g(FZner + (_l) Fn—m) - 4 Fn—2—m
j=1

and

n n ] 2 _ n(n— 1) 1 " (—1)ml’l
; (J)LEJ Lj+m = —4 L2n+m—2 + g(L2n+m - (_l) Ln—m) + 1 Ln—2—m-

Corollary 4.6. We have

= (n iz _ o, n=1;

_ (J)[EJ - {2"4(n2 —n+2), n>2
and

. . 0, n=1;

Z(—l)f(’f)[éjz =11, n=2;

oY 23(n-1), n23.

Proof. Set b = c in (4.1) in conjunction with the convention 0° = 1. For the second identity, work with » = 1 and
c=-1in(4.1). O

Corollary 4.7. Let n, r and s be non-negative integers such that n > r > s. Let b and c be nonzero real numbers.
Then

an (l’l - r)bn—j—r+scj—s\-£J2 — (n—r-1n- r)cz(b + c)n—r—Z

= j— s 4

Joone (25 + o = (=1 - o)
2s(s—1)+1 -1)*2s -1
Je-b+l : )Ly opr EC5 2D (Ss )b - oy, 4.2)
Proof. Differentiate (4.1) r times with respect to b and s times with respect to c. O

In particular, we have

zn:(’;::)\_%r:2n_r_4((n+2s—r—%)2+Z—‘—Zs), n-2>r>s

and

n S .
E(—l)f(". r)[éj ST (e2s—r—1),  n-2>r2s,
. j—s

J=1

with the special values, for n > 2s + 2,

2n—s n—2s j2 ea o
Z(j—s)[zj =" (n —n—2s+2)

J=1

and
2t =2

20
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Corollary 4.8. Let n, r and s be non-negative integers such thatn —2 > r > s. Then

2
Ln/J(n_r

) )j2 =2""S((n—r+25)° +n—-r)
2j—s

=1

and

b2,
Z( ner )ﬁ=2"-’-5((n—r+2s)2—3(n—r)—8s+4).
= 2j—s+1

Proof. Proceeding as in the proof of Corollary 3.11 and separating the sums according to the parity of the index, we
obtain the required identities from Corollary 4.7 with b = ¢ = 1. O

Theorem 4.9. Let n, r and s be non-negative integers such that n > r > s. If s is odd, then
W2l
Z ( )5] j=2mr3 5h/2 (5(n =D =1Fpyn +2Q2s+ D)(n — )Ly + 4s2Fn_,)

and

[n/2]
> ( ner )5/‘ P= 2SR (S 1)1 = DLy + 1025 = D)1= DF,oot +4(s = D?Lasy):
P 2j—-s+1

while if s is even, then

[n/2]
TSI 2 = 2 52 (S = 1) (= D)Ly + 1025 + D = PFyy + 45°Loy,
2
: j—s
j=1
and
w2l
( _ )5/ P =2rros5s2 (S(n —r=1)(n=1)Fpyp + 225 = 1)1 = F)Ly_y_q + 4(s — 1)2F,1,,) .
= 2j—s+1
Proof. Setb = % and ¢ = ‘/75 in (4.2) and proceed as in the proof of Theorem 3.13. U

5. A final example

Another interesting family of infinite series comes from choosing a, = (—1)" or ) = (~1)'"/¥. As in this case

F(z) = ILH, lz] < 1, we get immediately from Lemma 2.1
F*(z,k) i( DLt 1-2 k>1 5.1
Z, = - VAR T <1 = . -
& (1 =21+

This leads to the next theorem.

Theorem 5.1. For integers k > 1, p > 2 and any integer m, we have

i(_l)L%J Fn+m — (PZk - (_1)k)(me + Fm—l) - pk(ka+m + Fk+m—l) + (_l)mpk(Fk—m+l - ka—m) (5 2)
pry ! (P> = p = D(P* + p'Li + (-1D)) '
and
i(_l)L%J Ln+m — (ka - (_l)k)(me + Lm—l) - pk(ka+m + Lk+m—1) - (_1)mpk(Lk—m+1 - ka—m) (5 3)
— p! (p? = p = D(P* + PrLi + (=1)) ' '
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Proof. Useof z =% and z = £ with p = 2, in turn, in (5.1). Then, difference and addition of the resulting identities
give (5.2) and (5.3), respectively. O

Example 5.2. For integers k > 1 and any integer m,

- ’

i(_l)w] Fn+m _ (4k - (_1)k)Fm+2 - 2ka+m+2 - (_l)mszk—m—2
g Pl 4k 4 2k + (— 1)k

- ’

i(_l)L%J Ln+m _ (4k - (_1)k)Lm+2 - 2kLk+m+2 + (_l)mszk—m—Z
g 2+l 4k 4+ 2K + (1)

oo

Z(_I)L%J Fn+m _ (9k - (_l)k)LmH - 3kLk+m+1 - (_l)m3kLk—m—1

e 3l 5(9% + 3KLy + (- 1K)

and

i(_l)ul] Ln+m _ (9k - (_l)k)FmH - 3'ka+m+1"‘(_1)m3ka—m—1
" 3+l 9k + 3Ky + (= 1) '

For the finite binomial sum
v, = Z(—l)tii( _)b"—fcf
=0 J

with b and c real, the ordinary generating function is given by

-5 1 (_ 2(co)
L=(b+0z]+ (&) 1-+az\ (1-bf+ ()

S5z k) =

Now the same analysis as above applies.

Theorem 5.3. For nonzero real numbers b and ¢ and n > 2, we have

Z(—l)téi(”,)b"fcf = l(1 — )b +ic) + l(1 + )b —ic)", (5.4)
= j 2 2

where i is the imaginary unit. Equivalently, using the polar form, we get the expression

Z(—l)LéJ(n,)b”_jcj = (sgnb) V2(b% + c2)" cos (n arctan % - g)
. J
J=0

Proof. As
1

1 < o o
m=2—cn§((b+w)(c—zb)+(b—zc)(c+zb))z,

we have

Si(z,2) = Z(b +0)'7" - ¢ Z(b +c)'7" Z ((b +ic)'(c — ib) + (b —ic)"(c + ib))7"
n=0 n=0 n=0

=) n-2
=+’ +B+0)z+ Z (b+oy-c Z(b +0)((b+ ey (e — ib) + (b — ic)" (¢ + ib)))2".
n=2 Jj=0

This shows that

n ) n—-2
Z(—l)tél(’;)b"—fcf =(b+c)-c Z(b + o)/ ((b +ic)" > (c — ib) + (b — ic)" > (c + ib)).

J=0 Jj=0
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The last sum can be rewritten as

n-2
Z(b +c) ((b+ic)" (e — ib) + (b — ic)" > /(c + ib))
j=0
n-2 j n-2 j
_ 2 . b+c) -2 - b+cy
= (b +ic) (c—zb)]Z:(;(b_'_l_c) + (b —ic) (C+lb)jz=(;(b_ic)
—ib ib
- Cil ! ; (b+ ey = +icy™)+ Ci;’ ; (+er = ®-ior™)
_ ot +Cc)” - %(b +ic)"! (l + é + i(l - lg)) - %(b— icy"™! (l + lc—] - i(l - %))
_® J;C)" - bz—tc (B +icy™" + B —ioy™)+ ibz_cc (b +icy™ = —ioy™).
This gives

Z(—l)tél(’;)b"-fcf = %((b + i)™ + (b —ic)")-i

=0

b-c

2

(b +icy=" = b —icy™),
and from here

Z(—DL%J(”,)b"fcf =i+ S b+ iot + 2+ b — i + S = b — ey
Z j 2 2 2 2

(b-ic)

b2 + c?

(b0
2

=i 13(1 - —ic) + %(1 +i)(b - ic)) +

(g(l +i)b+ic) + %(1 — )b+ ic)),

which is the stated formula. O

Remark 5.4. Tt is worth noting that a very short proof of Theorem 5.3 goes as follows. Recall

[n/2]
n\ . 500 (b4+cx)"+ (b—cx)
hi(x;b,c,n) = ( ,)b” 22y =
_,Z:(; 2j 2

and

[n/2]
n -2j i1 2 Bb+cx)"—(b—cx)"
ho(x; b, = g P2l 2j-1,2j-2 .
2(x; b, ¢, n) 2 (Zj— 1) ¢ x 5

Therefore,

Z(—UHJ(’;)bﬂfcf = (b, c,n) + ho(is b, c,n) = % (1 = )b +ic)" + (1 + i)(b — ic)").
=0

Corollary 5.5. Forn > 2, we have

Z(_I)Léj(n) = 2% CcOS (n — l)ﬂ-
/=0 / 4

and

n ) _
Z(—l)ti’i(”.) _ % gn DT
=0 J 4
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Proof. Set b = c in Theorem 5.3 to get

Z(—l)tiJ(;’.) =L+ + (1 =iy
=0

= 2% (e”i(1’1)+e e ”) 2% 2 cos —("_41)”,

as desired. Equivalently, one can use arctan 1 = 7. The second identity is proved in the same manner working with
(b, c) = (1,—1) and using the definition of the complex sine function. O

Corollary 5.6. Let n, r and s be non-negative integers such that n > r > s. Let b and ¢ be nonzero real or complex
numbers. Then

J 1-i 1+
Z( 1)bJ Nprmirescims = ZZLis(h 4 icy™ + —L (=i (b — ic)"™". (5.5)
-5 2 2
Jj=0
Proof. Differentiate (5.4) r times with respect to b and s times with respect to c. O

The polar form of (5.5) is

Z(—I)HJ(’;_ )b” J7rsei=S = (sgn b) \/mcos ((n -r) arctan— 25~ 1

=0 4

Substituting (b, ¢) = (1, 1) and (b, ¢) = (1, —1) into the above formula, we obtain the following identities.

Corollary 5.7. Let n, r and s be non-negative integers such thatn > r > s. Then

Sl 7)< 25 o lrr2emr I
j=0 J—5 2

and

Z( 1)2,( i )_( 1y2 g ( —2s;r+1)7r.

Corollary 5.8. Let n, r and s be non-negative integers such that n > r > s. Let b and ¢ be non-zero real numbers.
Then

Ln/2]
- s 2ies 1 .
(; r)bn_z_]—r+302_]—a S ((b+ C)n—r + (_1)b(b _ C)n—r) (56)
S \2j-s 2
and

B -y . . 1
Z ( ) )bn—Zj—l—r+s6_2]+l—s I ((b + c)n—r _ (_I)Y(b _ C)n—r) . (57)
= 2j—s+1 2

Proof. Assume that b and ¢ are real numbers. Write ic for ¢ in (5.5) and compare real and imaginary parts of both
sides. O

Example 5.9. Choosing b = % = # in (5.6) and (5.7) gives forn > r > s:

& n-r 1
5/ =015,

25

and

)5/’ =25 L,
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6. Concluding comments

This paper was about studying infinite series and binomial sums involving a general floor sequence (au/i)),so
which we termed the dual sequence corresponding to (a,),»0. In the first part, we derived some properties of infinite
series involving (a|,k)),so and evaluated these series in closed form at certain Fibonacci (Lucas) arguments. As
a byproduct, we have also established an apparently new expression for the polylogarithm. In the second part of
the study we have studied finite binomial sums, hereby focusing on three particular classes of sequences, namely,
ey = L3) aprg = I_%J2 and aj,;) = (—1)""/K. Based on three general theorems (Theorems 3.1, 4.3 and 5.3) a range
of new Fibonacci (Lucas) binomial sums were evaluated exactly. As was pointed out in the main text there are still
gaps to fill which we leave for the readers’ exploration.

We cannot resist to close the article with another obvious class of sequences. This class comes from choosing

2-7
1-z-22°

a, = F, and a, = L,, respectively. Using well-known generating functions ), F,z" = —*—=and } L,7" = we
n=0 n=0

T 12
get from Lemma 2.1 for integers k > 1 and |z| < |8| as follows

00

. (1 -5z - ) (1 -2 -5
ZFLn/kJZ =( ZLLn/kJZ =(
n=0

£ 1—2)(1 -2k =2y’ 1-2)(1 -2k =22’

This produces the next results.

Theorem 6.1. For integers k > 1, p > 2 and any integer m, we have
> FiuuF
Dk(P) Z % = me + Fm—l + p3k+1Fk+m + p3ka+m—l - P2k+1((—1)ka + F2k+m)
n=0

P (~DFF ey + Foppmor) + GO PP (1) Fr + Frogm)
—(=D* " (=1)"Fioms1 = From-1)

= Fn k. Ln m
Di(p) )| LI/)J—I = pLu+ Lyt + P L + P> Lismer = PP (<1 Ly + L)
n=0

P (=D Lyt + Logam-1) = (=D p (= 1Y"Licn = L)
+(=D P ((=1)"Ly—ms1 + Litm-1)

L F
Dk(p) Z % = 2p4k+1Fm + 2P4ka—l + p3k+l(2(_1)ka—m - 3Fk+m)
n=0

=P BFpim-1 + 2=1)"Fioms1) + PP (Fopem + 2(=1)"Fap + 3(=DFL,,)
+P™ (Fatem—1 + 3(=D!F ey = 2(=1)"Fomat)
+H=DF P B(=1)"From + Frem) = (D p(Framet = 3(=1)"Ficms1) = pFpy — Fui

and
< L L
DAp)Z% = 20" Ly + 2p* Lyt — P GLim + 2(=1)"Li)
n=0

—P*BLism-1 = 2(=1)"Li—s1) + P> (Logsm — 2(=1)"Log + 3(=1)*L,,)
+p™* (Logsm—r + 3(=DFLyey + 2(=1)"Logs1)
+(= D P B(=1)"Licm = Liem) = D P B(=1)"Li—ms1 + Lism-1) = pLy = L1,

where Di(p) = (p* = p = 1) (p™ = p*Li = p? (Lo = (=D}) + (=D} p Ly + 1),
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