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Abstract

This paper aims to derive analytical expressions for the exact length of an arbitrary arc of Limacon in terms of Kampé de Fériet
double hypergeometric function and Clausen function 3F2. We have also derived the exact expressions for the curved surface areas
of revolution obtained by revolving the arbitrary arc of Limacon, when axes of revolution are initial line and another line (axis of
revolution, which is perpendicular to initial line and passing through the pole). Further we have also deduced the perimeters and
curved surface areas of revolution for Limacon, Cardioid and a new summation theorem for Clausen function 3F2[1]. We have
verified all the results numerically using Mathematica software a general system of doing mathematics.
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1. Introduction, preliminaries and definitions

The study of special functions is a crucial branch of mathematics. Over the past four centuries, the need to
address challenges in fields such as classical and quantum physics, engineering, and applied mathematics has driven
the advancement of the theory of special functions in both single and multiple variable problems. These functions
serve as solutions to a wide range of functional equations that are both mathematically significant and applicable in
physical contexts. They play a vital role in mathematical physics, offering formal frameworks and serving as powerful
tools to develop simplified yet realistic models for physical problems. The significance of special functions has been
further emphasized by their various generalizations and adaptations. Recently, the discovery of new generalized and
combined special functions, as well as their applications in emerging areas of mathematics and other disciplines,
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has sparked considerable interest in this field. Multiple generating functions have found extensive use across many
scientific and technological fields. Today, it is challenging to identify an area within applied mathematics, physics, or
statistics where one does not encounter multiple generating functions related to mathematical physics, such as Bessel
functions, hypergeometric functions, orthogonal polynomials, and the theory of integral transforms (e.g., Laplace,
Hankel, and Mellin transforms). The study of multiple generating functions and integral transforms is explored in
numerous textbooks, monographs, and scholarly articles (cf. [11, 12, 26, 27, 31, 33, 34]).

In the world of standard functions, the hypergeometric functions take a dominant position in mathematics both
pure and applied. The generalized hypergeometric series (or function) pFq (p, q ∈ N0), which is a natural generaliza-
tion of the Gaussian hypergeometric series 2F1, is defined by (see, e.g., [1, 16, 24, 29, 31, 34]):

pFq

[
(αp) ;
(βq) ; z

]
= pFq

α1, . . . , αp ;
β1, . . . , βq ;

z
 = ∞∑

n=0

p∏
j=1

(α j)n

q∏
j=1

(β j)n

zn

n!
, (1.1)

where (α)p is the Pochhammer symbol defined for (α, p ∈ C) (see [31, p. 2 and p. 5]):

(α)p =
Γ(α + p)
Γ(α)

=

{
1

(
p = 0 ; α ∈ C\Z−0

)
,

α(α + 1) · · · (α + n − 1) (p = n ∈ N ; α ∈ C) ,

(1.2)

it being understood that (0)0 = 1 (see, e.g., [29, 34]) and assumed tacitly that the Gamma quotient exists. Here an
empty product is interpreted as 1, and it is assumed that the variable z, the numerator parameters α1, . . . , αp, and the
denominator parameters β1, . . . , βq take on complex values, provided that

(β j ∈ C\Z−0 ; j = 1, . . . , q). (1.3)

Here and elsewhere, C, R, N, Z, R+ and R− denote the sets of complex numbers, real numbers, natural numbers,
integers, positive and negative real numbers, respectively.

For more details of pFq including its convergence, its various special and limiting cases, and its further diverse
generalizations, one may be referred, for example see [1, 3, 4, 11, 24, 27, 29, 33, 34]. It is important to highlight
that whenever the generalized hypergeometirc function pFq(z) (including 2F1(z) with its specified argument z (for
example, z = ±1 or z = 1/2) can be summed to be expressed in terms of the Gamma functions, the result may be very
important from both theoretical and applicable points of view.

The vast appeal and wide-ranging practicality of the hypergeometric function 2F1 and the generalized hyperge-
ometric functions pFq (p, q ∈ N0) of one variable have motivated and encouraged numerous researchers to explore
and analyze hypergeometric functions in two or more variables (cf. [2]-[4], [12, 27, 29, 33, 37, 38]). A serious,
significant and systematic study of the hypergeometric functions of two variables was initiated by Appell-Kampé de
Fériet [2, 22], who offered the so-called Appell functions F1, F2, F3, and F4 which are generalizations of the Gauss
hypergeometric function (cf. [7]-[9], [33]). Here, we recall the Appell function of first kind (see, e.g., [34, p. 53, Eq.
(4)]):

F1
[
a; b, c; d; x, y

]
=

∞∑
m=0

∞∑
r=0

(a)m+r(b)m(c)r xmyr

(d)m+rm!r!
, (1.4)

where max {|x|, |y|} < 1.
The confluent forms of the Appell functions were studied by Humbert [19, 20, 21]. We recall here the definition

of a more general double-hypergeometric function (than the one defined by Kampé de Fériet) in a slightly modified
notation given by Srivastava and Panda [35, p. 423, Eq. (26)]. The convenient generalization of the Kampé de Fériet
function (KdF function) is defined as follows:

F p: q; k
ℓ: m; n

(ap) : (bq) ; (ck) ;
x, y

(αℓ) : (βm) ; (γn) ;

 = ∞∑
r,s=0

p∏
j=1

(a j)r+s

q∏
j=1

(b j)r
k∏

j=1
(c j)s

ℓ∏
j=1

(α j)r+s
m∏

j=1
(β j)r

n∏
j=1

(γ j)s

xr

r!
ys

s!
. (1.5)
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To gain further insight into the convergence properties of the double series in equation (1.5), which encompasses
conditional convergence as well, one can consult the research papers for example, [12]-[14], [16], [32]-[34].

1.1. Required results

Some useful indefinite integrals are given as follows:∫
sin2m θdθ =

−( 1
2 )m sin(θ) cos(θ)

(1)m

m−1∑
r=0

(1)r sin2r(θ)
( 3

2 )r

 +
θ( 1

2 )m

(1)m

 + Constant, (1.6)

where m ≥ 1, ∫
cos2m θdθ =

 ( 1
2 )m sin(θ) cos(θ)

(1)m

m−1∑
r=0

(1)r cos2r(θ)
( 3

2 )r

 +
θ( 1

2 )m

(1)m

 + Constant, (1.7)

where m ≥ 1, ∫
sin2m+1 θdθ =

−(1)m cos(θ)
( 3

2 )m

m∑
r=0

( 1
2 )r sin2r(θ)

(1)r

 + Constant, (1.8)

where m ≥ 0 and ∫
cos2m+1 θdθ =

 (1)m sin(θ)
( 3

2 )m

m∑
r=0

( 1
2 )r cos2r(θ)

(1)r

 + Constant, (1.9)

where m ≥ 0 (cf. [28, p. 596, Eqs. (1.6), (1.7), (1.8) and (1.9)]).
The Cauchy’s double series identity is given by

∞∑
m=0

m∑
r=0

Φ(m, r) =
∞∑

m=0

∞∑
r=0

Φ(m + r, r) (1.10)

(cf. [34, p. 100, Eq. (2)]).
The decomposition identity of unilateral series are given by

∞∑
m=0

Φ(m) =
∞∑

m=0

Φ(2m) +
∞∑

m=0

Φ(2m + 1), (1.11)

provided that both sides of identities (1.10) and (1.11) are absolutely convergent (cf. [34, p. 200, Eq. (1)]).
The binomial theorem is given by

(1 − z)−a = 1F0

 a;
z

−;

 = ∞∑
n=0

(a)nzn

n!
, (1.12)

where |z| < 1, a ∈ C (cf. [34, p. 34, Eq. (22)]).
The reduction formulas are given by

2F1

 −
1
2 , 1;

z
2;

 = 2
3z

[
1 − (1 − z)

3
2

]
; |z| ≤ 1 (1.13)

and

2F1

 −
1
2 , 2;

z
3;

 = 4
15z2

[
2 − (2 + 3z)(1 − z)

3
2

]
; |z| ≤ 1 (1.14)

(cf. [27, p. 469, Entry (11) and Entry (27)]).
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Definition 1.1 (Length of the Curve in polar form). The length of an arc of the polar curve r = f (θ), between two
points (r1, α) and (r2, β) is given by

ŝ =
∫ β

α

√√r2 +

(
dr
dθ

)2
dθ. (1.15)

Definition 1.2 (Curved surface area (C.S.A.) of revolution in polar form). The curved surface area of revolution,
obtained by revolving the polar curve r = G(θ) (not intersecting the axis of revolution), about the initial line (θ = 0),
is given by

C.S.A. (about initial line as axis of revolution) = 2π
∫

(r sin θ)

√√r2 +

(
dr
dθ

)2
dθ. (1.16)

The curved surface area of revolution, obtained by revolving the polar curve r = G(θ) (not intersecting the axis of
revolution), about the perpendicular line (θ = π2 ), is given by

C.S.A.(about perpendicular line as axis of revolution) = 2π
∫

(r cos θ)

√√r2 +

(
dr
dθ

)2
dθ. (1.17)

Inspired by the aforementioned papers especially by Burchnall-Chaundy [5, 6], Choi-Rathie [10], Gil [15], Hasanov
et al. [17, 18], Khan [23], Maksimović-Borković [25], Nystedt [26] and Traub [36], we have mentioned the analytical
expressions for the length of an arbitrary arc of the Limacons r = a+b cos θ and r = a+b sin θ in section 2. In Section
3, we have obtained the exact expressions for the curved surface areas of revolution by revolving the arbitrary arc of
Limacon. In Section 4, we have obtained the perimeter, curved surface areas of revolution for Limacon and Cardioid
and a new summation theorem for Clausen function 3F2[1]. In this paper, any values of parameters and arguments
leading to the results which do not make sense are tacitly excluded.

Remark 1.3. For the sake of convenience, we shall use the following notation for lengthy mathematical expressions

⊛∑
γ→β

{Φ(γ)} = {Φ(γ)} − {Φ(β)} . (1.18)

2. Length of an arbitrary arc of Limacon

In this section, we derive the arc lengths of two Limacon curves by applying the standard arc length formula and
necessary integrals.

Figure 1. Limacon r = a + b cos θ; a ≥ b > 0
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Theorem 2.1. The arbitrary arc length of Limacon r = a + b cos θ; a ≥ b > 0 (see Figure 1), in the interval
(0 ≤ α < θ < β ≤ π), for the arc lying above initial line is given by

ŝ =

⊛∑
β→α

β
√

(a2 + b2) −
a2b2 sin β cos β

4(a2 + b2)
3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2ab cos β
a2+b2

)2

2, 2 : − ; 3
2 ;

 (2.1)

−
βa2b2

4(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 + ab sin β√
(a2 + b2)

F 2: 1; 1
2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2ab cos β
a2+b2

)2

3
2 ,

3
2 : − ;− ;


 .

Proof. We have
r = a + b cos θ; a ≥ b > 0; 0 ≤ α ≤ θ ≤ β ≤ π. (2.2)

Differentiate the equation (2.2) and substitute the values of r and dr
dθ in the equation (1.15), we get

ŝ =

∫ β

α

√
(a + b cos θ)2 + (−b sin θ)2dθ

=
√

(a2 + b2)
∫ β

α

√{
1 +

2ab cos θ
(a2 + b2)

}
dθ.

Since 2ab
a2+b2 < 1, a , b, a, b ∈ R+, therefore by using binomial theorem (1.12), we come to

ŝ =
√

(a2 + b2)
∫ β

α
1F0


− 1

2 ;
− 2ab cos θ

(a2+b2)
−;

 dθ

=
√

(a2 + b2)
∞∑

m=0

(
− 1

2

)
m

(
− 2ab

a2+b2

)m

m!

∫ β

α

cosm θdθ.

Applying decomposition identity of unilateral series (1.11) in the above equation, we find

ŝ =
√

(a2 + b2)


∞∑

m=0

(
− 1

2

)
2m

(
− 2ab

a2+b2

)2m

(2m)!

∫ β

α

cos2m θdθ +
∞∑

m=0

(
− 1

2

)
2m+1

(
− 2ab

a2+b2

)2m+1

(2m + 1)!

∫ β

α

cos2m+1 θdθ

 .
Now substituting the values of

∫
cos2m(θ)dθ and

∫
cos2m+1(θ)dθ from equations (1.7) and (1.9), we get

ŝ =
√

(a2 + b2)

(β − α) +

(
− 1

2

)
2

(
2ab

a2+b2

)2

2

∞∑
m=0

(
3
2

)
2m

(
2ab

a2+b2

)2m

(3)2m


(

1
2

)
m+1

sin θ cos θ

(m + 1)!

m∑
r=0

(1)r cos2r θ(
3
2

)
r

+
θ
(

1
2

)
m+1

(m + 1)!


β

α

+

(
ab

a2 + b2

) ∞∑
m=0

(
1
4

)
m

(
3
4

)
m

(
2ab

a2+b2

)2m

( 3
2 )mm!

 sin θm!
( 3

2 )m

m∑
r=0

( 1
2 )r cos2r θ

r!

β
α

 . (2.3)

Employing the double-series manupulation formula (1.10) in the equation (2.3) and after further simplification, we
acquire

ŝ = (β − α)
√

(a2 + b2) −

a2b2 sin θ cos θ

4(a2 + b2)
3
2

∞∑
m=0

∞∑
r=0

(
3
4

)
m+r

(
5
4

)
m+r

(
2ab

a2+b2

)2m+2r
(1)r cos2r θ

(2)m+r(2)m+r

(
3
2

)
r

+
a2b2θ

4(a2 + b2)
3
2

×

∞∑
m=0

(
3
4

)
m

(
5
4

)
m

(
2ab

a2+b2

)2m

(2)m(2)m


β

α

+


(

ab sin θ
√

a2 + b2

) ∞∑
m=0

∞∑
r=0

(
1
4

)
m+r

(
3
4

)
m+r

(
2ab

a2+b2

)2m+2r ( 1
2

)
r

cos2r θ

( 3
2 )m+r ( 3

2 )m+r r!


β

α

.
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Finally using the definitions of Kampé de Fériet double hypergeometric function (1.5) and generalized hypergeometric
function (1.1), we arrive at the result (2.1).

Remark 2.2. The arbitrary arc length of outer loop of Limacon r = a + b cos θ; 0 < a ≤ b (see Figure 2), in the
interval

(
0 ≤ α < θ < β ≤ cos−1 (

− a
b
))
, for the arc lying above initial line is also given by equation (2.1).

Figure 2. Limacon r = a + b cos θ; 0 < a ≤ b

Remark 2.3. The arbitrary arc length of inner loop of Limacon r = a+b cos θ; 0 < a ≤ b (see Figure 2), in the interval(
cos−1 (

− a
b
)
≤ α < θ < β ≤ π

)
, for the arc lying below initial line is also given by equation (2.1).

Figure 3. Limacon r = a + b sin θ; a ≥ b > 0
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Theorem 2.4. The arbitrary arc length of Limacon r = a + b sin θ; a ≥ b > 0 (see Figure 3), in the interval(
− π2 ≤ λ < θ < µ ≤

π
2

)
, for the arc lying on the right hand side of the vertical line θ = π2 , is given by

ŝ =

⊛∑
µ→λ

µ
√

(a2 + b2) +
a2b2 sin µ cos µ

4(a2 + b2)
3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2ab sin µ
a2+b2

)2

2, 2 : − ; 3
2 ;

 (2.4)

−
µa2b2

4(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 − ab cos µ√
(a2 + b2)

F 2: 1; 1
2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2ab sin µ
a2+b2

)2

3
2 ,

3
2 : − ;− ;


 .

Proof. The proof of Theorem 2.4 will run parallel to Theorem 2.1 with the aid of integrals (1.6) and (1.8) and series
rearrangement technique (1.10). The involved details are omitted.

Figure 4. Limacon r = a + b sin θ; 0 < a ≤ b

Remark 2.5. The arbitrary arc length of outer loop of Limacon r = a + b sin θ; 0 < a ≤ b (see Figure 4), in the
interval

(
− sin−1 ( a

b
)
≤ λ < θ < µ ≤ π2

)
for the arc lying on the right hand side of the vertical line θ = π2 , is also given

by equation (2.4).

Remark 2.6. The arbitrary arc length of inner loop of Limacon r = a + b sin θ; 0 < a ≤ b (see Figure 4), in the
interval

(
− π2 ≤ λ < θ < µ ≤ − sin−1 ( a

b
))

; for the arc lying on the left hand side of the vertical line θ = π2 , is also given
by equation (2.4).

3. Curved surface area of revolution of an arbitrary arc of Limacon

In this section, we derive the expressions for the curved surface area, when an arbitrary arc of a Limacon is
revolved about initial line (axis of revolution) and about another line (axis of revolution, which is perpendicular to
initial line and passing through the pole) using the standard surface area formulas in polar coordinates.
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Figure 5. Limacon r = a + b cos θ; a > b > 0.

Theorem 3.1. The exact expression for the curved surface area, obtained by revolving the arbitrary arc of Limacon
r = a + b cos θ; a ≥ b > 0; (0 ≤ α < θ < β ≤ π) (see Figure 5), about initial line (axis of revolution), is given by

C.S.A. =
⊛∑
β→α

−2πa
√

(a2 + b2) cos(β)2F1


− 1

2 , 1;
−2ab cos(β)

(a2+b2)
2;


− πb

√
(a2 + b2) cos2(β)2F1


− 1

2 , 2;
−2ab cos(β)

(a2+b2)
3;


 , (3.1)

=

⊛∑
α→β

{
π

(
a2 − b2

3a2b

)
(a2 + b2 + 2ab cosα)

3
2 +

π

5a2b
(a2 + b2 + 2ab cosα)

5
2

}
. (3.2)

Proof. We know that

C.S.A. = 2π
∫ β

α

y
ds
dθ

dθ = 2π
∫ β

α

(r sin(θ))

√√r2 +

(
dr
dθ

)2
dθ

= 2π
∫ β

α

(a + b cos(θ)) sin(θ)
√

a2 + b2 + 2ab cos(θ)dθ.

Put cos(θ) = t and after further simplification, we get

C.S.A. = −2π
∫ cos β

cosα
(a + bt)

√
(a2 + b2)

(
1 +

2abt
(a2 + b2)

) 1
2

dt. (3.3)

Applying hypergeometric form of the binomial theorem (1.12) to equation (3.3), we come to

C.S.A. = −2π
√

(a2 + b2)
∫ cos β

cosα
(a + bt)1F0


− 1

2 ;
− 2abt

(a2+b2)
−;

 dt

= −2π
√

(a2 + b2)
∫ cos β

cosα
(a + bt)

∞∑
n=0

(
1
n!

) (
−

1
2

)
n

(−1)n
(

2abt
(a2 + b2)

)n

dt.
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Now integrating the above equation w.r.t. t, we find

C.S.A. = −2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
n

(−1)n(1)n

(
2ab

(a2+b2)

)n

(2)nn!

[
(cos θ)n+1

]θ=β
θ=α

−πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
n

(−1)n(2)n

(
2ab

(a2+b2)

)n

(3)nn!

[
(cos θ)n+2

]θ=β
θ=α
.

Finally using the definition of generalized hypergeometric function of one variable (1.1), we obtain the desired result
(3.1).

When we apply the reduction formulas (1.13) and (1.14), in the equation (3.1), after simplification, we get the
result (3.2).

Figure 6. Limacon r = a + b cos θ; a > b > 0

Figure 7. Limacon r = a + b cos θ; a > b > 0
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Theorem 3.2. The exact expression for the curved surface area, obtained by revolving the arbitrary arc of Limacon
r = a + b cos θ; a ≥ b > 0; (0 ≤ λ < θ < µ ≤ π2 ) or ( π2 ≤ λ < θ < µ ≤ π) (see Figures 6 and 7), about the line (axis of
revolution), which is perpendicular to initial line and passing through the pole, is given by

C.S.A. =
⊛∑
µ→λ

2πa sin(µ)
√

(a2 + b2) F 2: 1; 1
2: 0; 0


− 1

4 ,
1
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2ab(cos µ)
a2+b2

)2

1
2 ,

3
2 : − ;− ;


+

a2bπ sin(µ) cos(µ)√
(a2 + b2)

F 2: 1; 2
2: 0; 1


1
4 ,

3
4 : 1 ; 1 , 1 ; (

2ab
a2+b2

)2
,
(

2ab(cos µ)
a2+b2

)2

1 , 2 : − ; 3
2 ;


+

a2bπ(µ)√
(a2 + b2)

2F1


1
4 ,

3
4 ; (

2ab
a2+b2

)2

2;

 + 4ab2π sin(µ)

3
√

(a2 + b2)
3F2


1
4 ,

3
4 , 2; (

2ab
a2+b2

)2

3
2 ,

5
2 ;


+ bπ

√
(a2 + b2) sin(µ) cos(µ)F 3: 1; 2

3: 0; 1


− 1

4 ,
1
4 ,

3
2 : 1 ; 1 , 1 ; (

2ab
a2+b2

)2
,
(

2ab(cos µ)
a2+b2

)2

1
2 , 1 , 2 : − ; 3

2 ;


+

2ab2π sin(µ) cos2(µ)

3
√

(a2 + b2)
F 3: 1; 2

3: 0; 1


1
4 ,

3
4 , 2 : 1 ; 3

2 , 1 ; (
2ab

a2+b2

)2
,
(

2ab(cos µ)
a2+b2

)2

1, 3
2 ,

5
2 : − ; 2 ;


+ bπ(µ)

√
(a2 + b2) 3F2


− 1

4 ,
1
4 ,

3
2 ; (

2ab
a2+b2

)2

2, 1
2 ;


 . (3.4)

Proof. We know that C.S.A. (about perpendicular line as axis of revolution) is given by

C.S.A. = 2π
∫ µ

λ

x
ds
dθ

dθ = 2π
∫ µ

λ

(r cos(θ))

√√r2 +

(
dr
dθ

)2
dθ.

Substituting the values of r and dr
dθ , we acquire

C.S.A. = 2π
√

(a2 + b2)
∫ µ

λ

(a + b cos(θ)) cos(θ)
(
1 +

2ab cos θ
(a2 + b2)

) 1
2

dθ. (3.5)

Applying the binomial theorem of hypergeometric functions to the above equation (3.5) , we get

C.S.A. = 2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
n

(−1)n
(

2ab
(a2+b2)

)n

n!

∫ µ

λ

(cos θ)n+1dθ

+2πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
n

(−1)n
(

2ab
(a2+b2)

)n

n!

∫ µ

λ

(cos θ)n+2dθ. (3.6)
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Employing decomposition identity of unilateral series (1.11) in the equation (3.6), we come to

C.S.A. = 2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n

(
2ab

(a2+b2)

)2n

(2n)!

∫ µ

λ

(cos θ)2n+1dθ

−2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n+1

(
2ab

(a2+b2)

)2n+1

(2n + 1)!

∫ µ

λ

(cos θ)2n+2dθ

+2πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n

(
2ab

(a2+b2)

)2n

(2n)!

∫ µ

λ

(cos θ)2n+2dθ

−2πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n+1

(
2ab

(a2+b2)

)2n+1

(2n + 1)!

∫ µ

λ

(cos θ)2n+3dθ. (3.7)

Substituting the values of integrals from (1.7) and (1.9) into the equation (3.7), we find

C.S.A. = 2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n

(
2ab

(a2+b2)

)2n

(2n)!

 (1)n sin(θ)(
3
2

)
n

n∑
r=0

(
1
2

)
r

cos2r(θ)

(1)r


µ

λ

−2πa
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n+1

(
2ab

(a2+b2)

)2n+1

(2n + 1)!


(

3
2

)
n

sin(θ) cos(θ)

2 (2)n

n∑
r=0

(1)r cos2r(θ)(
3
2

)
r

+
(θ)

(
3
2

)
n

2 (2)n


µ

λ

+2πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n

(
2ab

(a2+b2)

)2n

(2n)!


(

3
2

)
n

sin(θ) cos(θ)

2 (2)n

n∑
r=0

(1)r cos2r(θ)(
3
2

)
r

+
(θ)

(
3
2

)
n

2 (2)n


µ

λ

−2πb
√

(a2 + b2)
∞∑

n=0

(
− 1

2

)
2n+1

(
2ab

(a2+b2)

)2n+1

(2n + 1)!

2(2)n sin(θ)

3
(

5
2

)
n

+
(2)n sin(θ) cos2(θ)

3
(

5
2

)
n

n∑
r=0

(
3
2

)
r

cos2r(θ)

(2)r


µ

λ

. (3.8)

Finally using Cauchy double series identity (1.10) and definition of double hypergeometric function of Kampé de
Fériet (1.5), after simplification, we prove the desired result (3.4).

4. Evaluation, reduction for perimeter and curved surface area of revolution related with Limacon and Car-
dioid

Building upon the foundational arbitrary arc length and curved surface area formulations established in the preced-
ing sections, Section 4 systematically addresses the global geometric evaluations and parameter reductions for both
standard and special cases of the Limacon and cardioid. By enforcing specific boundary limits such as evaluating the
definite integral space over the complete period [0, π]—we derive closed-form expressions for total perimeters and
total curved surfaces of revolution.

i) Putting α = 0 , β = π in the equation (2.1) and multiplying by 2, we get the perimeter of the Limacon
r = a + b cos θ; a > b > 0

Perimeter = 2π
√

(a2 + b2) −
πa2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 . (4.1)
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ii) Substituting β = cos−1(− a
b ), α = 0 in the equation (2.1) and multiplying by 2, we get the perimeter of outer

loop of Limacon r = a + b cos θ; 0 < a < b

Perimeter = 2
√

(a2 + b2)
(
π − cos−1

(a
b

))
+

a3b
√(

1 − a2

b2

)
2(a2 + b2)

3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2a2

a2+b2

)2

2, 2 : − ; 3
2 ;


−

(
π − cos−1

(
a
b

))
a2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 +
2ab

√(
1 − a2

b2

)
√(

a2 + b2)
×F 2: 1; 1

2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2a2

a2+b2

)2

3
2 ,

3
2 : − ;− ;

 . (4.2)

iii) Replacing β by π, α by cos−1
(
− a

b

)
in the equation (2.1) and multiplying by 2, we get the perimeter of inner

loop of Limacon r = a + b cos θ; 0 < a < b

Perimeter = 2π
√(

a2 + b2) − πa2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 − 2
√

a2 + b2
(
π − cos−1 a

b

)

−
a3b

√(
1 − a2

b2

)
2(a2 + b2)

3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2a2

a2+b2

)2

2, 2 : − ; 3
2 ;


+

(
π − cos−1 a

b

)
a2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 −
2ab

√(
1 − a2

b2

)
√(

a2 + b2)
×F 2: 1; 1

2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2a2

a2+b2

)2

3
2 ,

3
2 : − ;− ;

 . (4.3)

iv) Setting λ = − π2 , µ = π2 in the equation (2.4) and multiplying by 2, we get the perimeter of another Limacon
r = a + b sin θ; a > b > 0 in the form of equation (4.1).

v) Substituting µ = π2 , λ =
(
− sin−1 a

b

)
in the equation (2.4) and multiplying by 2, we get the perimeter of outer

loop of Limacon r = a + b sin θ; 0 < a < b

Perimeter = π

√(
a2 + b2) − πa2b2

4(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 + 2
√

a2 + b2
(
sin−1 a

b

)

+
a3b

√(
1 − a2

b2

)
2(a2 + b2)

3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2a2

a2+b2

)2

2, 2 : − ; 3
2 ;


−

(
sin−1 a

b

)
a2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 +
2ab

√(
1 − a2

b2

)
√(

a2 + b2)
×F 2: 1; 1

2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2a2

a2+b2

)2

3
2 ,

3
2 : − ;− ;

 . (4.4)
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vi) Putting µ =
(
− sin−1 a

b

)
, λ = − π2 in the equation (2.4) and multiplying by 2, we get the perimeter of inner loop

of Limacon r = a + b sin θ; 0 < a < b

Perimeter = −2
√

(a2 + b2)
(
sin−1 a

b

)
−

a3b
√(

1 − a2

b2

)
2(a2 + b2)

3
2

F 2: 1; 2
2: 0; 1


3
4 ,

5
4 : 1 ; 1, 1; (

2ab
a2+b2

)2
,
(

2a2

a2+b2

)2

2, 2 : − ; 3
2 ;


+

(
sin−1 a

b

)
a2b2

2(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 −
2ab

√(
1 − a2

b2

)
√(

a2 + b2)
×F 2: 1; 1

2: 0; 0


1
4 ,

3
4 : 1 ; 1

2 ; (
2ab

a2+b2

)2
,
(

2a2

a2+b2

)2

3
2 ,

3
2 : − ;− ;


+π

√
(a2 + b2) −

πa2b2

4(a2 + b2)
3
2

3F2


3
4 ,

5
4 , 1; (

2ab
a2+b2

)2

2, 2;

 . (4.5)

vii) Put b = a in the equation (4.1), we get the perimeter of cardioid, r = a(1+ cos θ) or r = a(1+ sin θ) in the form

Perimeter = 2aπ
√

2 −
πa

4
√

2
3F2


3
4 ,

5
4 , 1;

1
2, 2;

 . (4.6)

But we know that the perimeter of Cardioid r = a(1 + cos θ) or r = a(1 + sin θ) is given by

Perimeter = 8a. (4.7)

Comparing the equations (4.6) and (4.7), we get a new summation theorem given by

3F2


3
4 ,

5
4 , 1;

1
2, 2;

 = 16 −
32
√

2
π
. (4.8)

viii) The curved surface area obtained by revolving the semi-Limacon (lying above initial line) about initial line
(axis of revolution), is given by equation (4.9), when we set β = π and α = 0, in the general result (3.2)

C.S .A. = π
(

a2 − b2

3a2b

) [
(a + b)3 − (a − b)3

]
+
π

5a2b

[
(a + b)5 − (a − b)5

]
. (4.9)

ix) The curved surface area obtained by revolving the semi-Cardiod about initial line (axis of revolution), is given
by equation (4.10), when we put b = a in the equation (4.9)

C.S.A. =
32πa2

5
. (4.10)

Remark 4.1. The results (4.7), (4.9) and (4.10) are known results available in the chapter of Rectification in any text
book of Integral Calculus at graduate level.

Remark 4.2. Similar type expressions for length and curved surface area of revolution of arbitrary arc can be obtained,
when we consider the Limacons r = a − b cos θ and r = a − b sin θ.
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5. Conclusion

In our present investigation, with the help of Kampé de Fériet double hypergeometric function (1.5), series rear-
rangement technique and binomial theorem, we have obtained the analytical expressions for the length of an arbitrary
arc of Limacons lying between two arbitrary points. We have also derived the formulas for the curved surface areas
of revolution, obtained by revolving the arbitrary arc of Limacon. Furthermore, we provided formulas for curved
surface area of revolution, perimeter of Limacons, Cardioids and a new summation theorem for Clausen function.
We conclude this investigation by emphasizing the possibility of further research involving length and curved surface
areas of revolution for arbitrary arc of new curve using hypergeometric functions. Our main results and their special
cases, given in this paper, are potentially useful in scientific problems, engineering mathematics and mathematical
physics.
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