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Abstract

Some semi-regular graphs like molecular graphs and chain-like structures cannot be regular, but still have some internal symmetry.
Connected unicyclic realizations of a degree sequence having only two integers are related to the divisor function and have some
specific form consisting of a cycle surrounded by pendant edges. Here tables corresponding to the divisor function in terms of
several arithmetic functions are presented and shown that similar classifications can be obtained for bicyclic, tricyclic, etc. graphs.
Finally two alternative generating functions are obtained for the divisor function.
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1. Introduction

Graphs have been used frequently in recent years in both real-world problems and other branches of science
because they are associated with mathematical structures that objects are related to. Similarly, generating functions
of special numbers and special polynomials have vital applications in the fields of analysis and discrete mathematics,
differential and difference equations, special functions, combinatorics, graph theory, probability, and other applied
areas.

The motivation of this paper is to give not only many new results related to molecular graphs, chain-like struc-
tures, connected unicyclic realizations of some degree sequence consisting of two different integers involving divisor
function, but also generating functions for the divisor function with their applications tables involving the Lambert
series, the Stirling numbers, the triangular number, the Pyramid number, etc.
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Within the scope of this article, some definitions and notations are briefly explained as follows. We shall only
consider finite, connected and undirected graphs in this paper. We do not put the condition to be simple as some of
our graphs will have loops or multiple edges. We shall denote the vertex and edge sets of a graph G by V(G) and
E(G), respectively. Also the order and size of G are |V(G)| = n and |E(G)| = m, respectively. The degree of a vertex
v is denoted by d(v) or briefly by dv. A vertex with degree 1 is called a pendant vertex and the edge incident to it is
called a pendant edge. A regular graph is the one with all vertices having the same degree. Regularity is an important
property for mathematicians since the ancient times and regular graphs are intensively studied. Irregularity indices
are used for this aim. A semi-regular graph is the one having only two different positive integers as vertex degrees.
There are many semi-regular graphs which cannot be regular, but still having some internal symmetry such as some
molecular graphs and chain-like structures. In a graph G, the set D = {1(“1),2(“2), . A(“A)} of all vertex degrees
counted with multiplicities is named as the degree sequence of G. Here A denotes the largest vertex degree in G and
a; 2 0 is the multiplicity of the degree d;. If aset D = {l(“l), 2@ A(“A)} is randomly given, then the realizability
problem is the one asking whether a graph exists with vertex degrees as given in D. If there is at least one graph,
then D is called realizable and the graph is called a realization of D. There are several algorithms to decide about
the realizability of a set of positive integers. Although this problem is still open, there are several partial answers for
specific degree sequences.

A recently defined graph invariant called omega invariant has proven to be useful in some algebraic, graph theo-
retic, topological, combinatorial properties of graphs or degree sequences. A graph is called acyclic if it contains no
cycle. A connected acyclic graph is named as a tree. A graph having one, two, three cycles is called as unicyclic,
bicyclic, tricyclic graph, respectively. For unicyclic graphs, it is proven that omega is zero for connected graphs. All
connected unicyclic realizations of some degree sequence consisting of two different integers have some specific form
consisting of a cycle together with some pendant edges (as one of the two different integers in the degree sequence is
1). Similar classifications can be obtained for bicyclic, tricyclic graphs.

We define a unicyclic graph class which will be frequently used in this paper as follows: Let Uy be the connected
unicyclic graph where the cycle length is k and there are [ pendant edges at each vertex on the cycle. See Figure 1, for
some examples of Uy graphs.

Figure 1. Some Uy graphs

The graph Uy has k(I + 1) vertices and k(I + 1) edges which is as expected for a unicyclic graph.

In [3], a graph invariant called omega has been defined to obtain information about the cyclic structure of a given
graph. It is related to the cyclomatic number and also the Euler characteristics of the graph. This invariant gives
several combinatorial and topological information about the realizations of a degree sequence D as above and it is
denoted by Q(D). Similarly, for a graph realization G, omega invariant of G is denoted by Q(G). The omega invariant
Q(G) of the graph G is defined in terms of D as

A
Q(G):Z(i—Z)ai=a3+2a4+3a5+---+(A—2)aA—a|.
i=1
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It is shown that for a graph G, Q(G) = 2(m — n) meaning that omega invariant is always even. Omega invariant is
related to various graph parameters such as vertex degrees (cf. [3]), vertex and edge deletion (cf. [6]), average degree
(cf. [5]), cyclicness (cf. [4]), connectedness (cf. [21]), matching number (cf. [18]), independence number (cf. [20]),
nullity (cf. [19]) and to topological indices (cf. [10, 11, 29, 31, 34, 33]). Omega invariant of various families of graphs
such as line graphs (cf. [8, 28]), total graphs (cf. [8]), Lucas graphs (cf. [9]), Fibonacci graphs (cf. [32]), Tribonacci
graphs (cf. [7]), complement graphs (cf. [30]), graph products (cf. [2, 12]). Inverse problem has applications in the
design of combinatorial libraries for drug discovery. Inverse problem for Bell index, Sigma index and Zagreb index
(cf. [11, 29, 34]) was studied using omega invariant.

2. Realizations of connected unicyclic semiregular graphs

A graph is regular if all the vertex degrees are equal. Regularity is an important property in mathematics since
ancient times. A graph is called semiregular if there are two different vertex degrees in the degree sequence. In this
paper, we study connected unicyclic semiregular graphs and determine the degree sequences of these graphs.

Let G be a connected unicyclic semiregular graph. In [4], it was shown that Q(G) = 0. This means we have
the number of vertices equal to the number of edges in such a graph. As G is semiregular, we may take its degree
sequence as {dﬁ”‘),dg‘”} where d;,d, > 1,d; # d and a;,a, > 0. As Q(G) = 0, we have

(dy —2)ay + (dy — 2)a, = 0.

Now as aj,a; > 0, only one of d| — 2 or d, — 2 could be negative. Let w.l.o.g. we may take d; — 2 < 0. Hence d; < 2
implying that d; = 1. Hence the degree sequence becomes {1, d;””}. Hence, one of the two different vertex degrees
must be 1. Hence for a semiregular unicyclic graph, some vertices will have degree at least 3 and the remaining
vertices will be pendant. As a pendant vertex cannot belong to a cycle, all pendant vertices must be adjacent to the
vertices on the unique cycle. Hence we shall have a Uy ; graph in each case.

Here, by the above discussion, d, > 2. By Q invariant, we have

—a; + (dy — 2)ap =0,

which implies that
d) = ﬂ + 2.
a

As d, > 2 is an integer, ay|a;. Hence the degree sequence becomes

(a2)
{lml)’(“_' + 2) } .1
a

Now we first shall determine the possible degree sequences corresponding to a given value of a; as a, is determined
by a; and d5 is determined by a; and a,. Of course at the end, we shall also try to determine the realizations of these
degree sequences. We shall need to recall some number theoretical results about the divisors of an integer.

Let a; be given in standard form by

ay = pi'py s
where a; > 0 fori =1,2,...,kand p,’s are different prime numbers. By the above discussion a, must divide a;. That

is a, must be a positive divisor of a;. Then a; has the form
a =1,11*1p§2...pﬁk’
where 0 < 8; < @;. The number of positive divisors of a; is given by the formula
k
da)) = [ [ +a.
i=1

That is, there are d(a;) different degree sequences for every given a;. Of course, we may have more then one realiza-
tion for each such degree sequence. We now consider some possible cases.
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Lemma 2.1. Let a be a prime. Then d(ay) = 2 and only possible divisors are 1 and a,. Hence the corresponding
degree sequences are {19, (2 + a))V} for ax = 1 or {19,3} for ay = ay. The former family corresponds to
unicyclic graphs with one loop and the latter family corresponds to unicyclic graphs with an a,-gon every vertex of
which is having a pendant edge. In both cases, there is only one possible realization of the degree sequence.

Therefore we proved.

Theorem 2.2. Let a; be a prime. There are two realizations of { 1@, d(zaZ)} which are Uy 4, and Uy, ).

We secondly consider composite values of a;. Recall that a; = p‘f‘d Py p;:" and a, is a positive divisor of a;.
Theorem 2.3. Let a, be a composite positive integer. There are d(a,) degree sequences {1\, d;‘“)} and each of these
degree sequences can be realized only in one way. These realizations are the graphs Uy, 4,14, Where a; is ranging over
all positive divisors of a;.

Proof. We use a constructive method. Let a; be a composite positive integer. As above, the degree sequence
{1(”‘>,dg“2)} becomes {1¢@), (2 + Z—;)(“Z)} as Q = 0 for connected unicyclic graphs. Here a, must be a positive divi-
sor of a;. Now by [4], the length of the unique cycle in the corresponding unicyclic graph is a,. Therefore we start
with an a,-gon. As there are a; pendant vertices in our final graph that we want to realize, these a; vertices of degree
one must be adjacent to a, vertices of degree 2 each. As we have semiregular graphs, all vertices have degree either 1
ord, =2+ Z—l Hence each vertex on the cycle must have degree d, = 2 + Z—; On the a,-gon we already constructed,
each vertex has degree 2 to begin with. So in the final graph, to each such vertex, we must add Z—; pendant edges. This
gives the required realization which is U,, « . This is possible for each divisor a; of a; and hence the realizations of

U,, o is possible in a unique way, the total number of realizations of {1, (2 + &)@} will exactly be as the number
iy 2

of positive divisors of a; which is d(ay). ]

Remark 2.4. For a given a; and for each positive divisor d of a;, as U, a4 are all the realizations of Eq. (2.1), there is
a practical way to find all possible Uy ;’s. We list all positive divisors d of a given a; and then the product of k and /
must be a;. For example, for a; = 12, all positive divisors are d = 1,2, 3,4, 6 or 12, and we must choose k and / such
that k x [ = 12, That is, k and [ are non-zero zero divisors in the ring Z,. Therefore for each k = d, / must be / = %
and hence all possible graph realizations are U} 12, Uz, Uz 4, Us3, Usp and Uiy 1.

3. Generating functions for divisor functions and their applications

In this section, we study on generating functions for the number of positive divisors of a; denoted by d(a;). In
Section 2, we showed that there are d(a,) different degree sequences for every given a;. These numbers are related to
the a;-gon at the unicyclic graphs.

In order to give the generating function, we give some definitions and notations about arithmetic functions and
generating functions.

The divisor function which is an arithmetical function is defined by

opm) = ) "

dim

where 8 € C (or R) and m € N. og(n) is called the sum of the S-th powers of the divisors of n (or called divisor
function). When g8 = 0, 0g(m) is the number of divisors of m. Thus d(m) := o(m). When 8 = 1, o1 (m) is the sum of
the divisors of m. This gives o(m) := o(m) (cf. [1]).

It is well-known that og(m) is a multiplicative function, that is

J
k:
apm) = (Pl P - p) = [ [ oo,
v=1

where v € {1,2,..., j}, p, are prime numbers and k, denotes the positive integers (cf. [1]).
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The Dirichlet inverse of the divisor function o3 which can be given by a linear combination of the 5-th powers of
the divisors of m, is defined as follows

o' m = " dtu (%)

dim

where u(m) denotes the Mobius function, [1]. In fact, o>!is also a multiplicative function.

B
Let
Lp(n) = P,
=4

and

0 otherwise.

{1 ifn=1,
5(n) =

Then we note that

{xpu=pxl =0,
{x{=d
and
{* g =op,

where, * is the Dirichlet convolution.

Let
30 x) = LM)x + £ % L)X + L+ L L) + -
and
A(; x) = So(n)x + 8¢ * 8o(n)x> + Sy * o * So(n)x> + -+ - .

These type of functions have been studied in [13, 14]. Therefore, we can find some values of {y, { * { and { = { = { by
the following Tables 1-4:

=

] p H Z(p™) \ base 2 \
p° 1 )
p! 1 (D
P’ 1 (1
Pl 1 (D

Table 1. Numeral system of base 2 for the values of {(p")

[P [ &4 | base2 |
P’ 1 (1)

p! 2 (D(0)
P’ 3 (D(1)
p’ 4 (D(0)(0)
4 5 (DO)(1)
p" n+1

Table 2. Numeral system of base 2 for the values of ¢ * {(p")
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[n] Cx % L(ph) | base2 |

0 1 (1)
1 1+2 (1)
2 1+2+3 (1)(1)(0)
3 1+2+3+4 (1)(0)(1)(0)
4 1+2+3+4+5 (H(D(A)(1)
n I+---4+n+n+1)

=+ 1D(n+2)/2

T,+1 Triangular number

Table 3. Numeral system of base 2 for the values of ¢ = ¢ * {(p")

[n ] Cxl L= L(ph) [ base 2 \
0 1 (1)
1 2-1+1-2 (1)(0)(0)
2 3-142-2+1-3 ()(0)(1)(0)
3 4-1+3-2+2-3+1-4 (1)(0)(1)(0)(0)
4

5-1+4-2+3-3+2-4+1-5 | (DOYO)O)1)(1)

n|fm+)-1+n-2+---+1-n+1)
=(m+Dn+2)(n+3)/6
Pi .1 3-gonal Pyramid number

Table 4. Numeral system of base 2 for the values of { = ¢ ¢ * {(p")

Note here that the dot notation - denotes the classical multiplication in both Table 4 and throughout this paper.
In particular, expressing the {;-function as a p-adic number leads to some very interesting numbers. In other
words, it is very useful to write the ;-function as a p-adic number if it is a divisor function. See Tables 5-10.

(n [ &) [ basep |
01 1 0
1 P (1)(©)
2

r’ (1)(0)(0)

nilopt | (1H)©0)---(0)

n

Table 5. Numeral system of base p for the values of ;(p")

BEEErTa) base p \
0 1 D)
1 p-1 (DH(-1)
2

P -p (D(=1)(0)

n| P -p" | (DEDO)--0)

n—1

Table 6. Numeral system of base p for the values of {; * u(p™)
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[n] &+ L(p") | basep |
0 1 (D
1 p+1 (D(D)
2 prp+l (DH(1)(1)
nllpt+p T+ +p+1 [ (D)o (1)
n+l

Table 7. Numeral system of base p for the values of {; * {(p")

(n] YR [ base p \
0 1 (D
1 p+2 (D(2)
2 P’ +2p+3 (D(2)(3)
ﬁ P+ 2ptT +~--'+np+(n+ -1 (l)(2)(3)-~.-(n)(n+ 1)

Table 8. Numeral system of base p for the values of £} * ¢ = {(p")

[n] L Ex L L(ph) | basep |
0 1 6
1 p+3 (1)(3)
2 PP +3p+6 (1H(3)(6)
3 PP +3p7+6p+10 (DB3)(6)(10)
nll p"+3p" T+ 4T, p+T,- 1| (Th)--(T))

Table 9. Numeral system of base p for the values of 1 * { = ¢ * {(p")

Lo L2 Ex L") | basep |
0 1 (D
1 p+4 (H4)
2 PP +4p+10 (1)(4)(10)
3 P> +4p* +10p +20 (D(4)(10)(20)
n P"+P2P”_1+"'+Pn—1P+Pn'1 (P) -+ (Pn)

Table 10. Numeral system of base p for the values of {| = { = ¢ % { = {(p")

See Table 11 and Table 12 for the values of the {-function for triangular number and 3-gonal Pyramid number.
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’ n H = L(ph) ‘ base 2 ‘
0 1 @))]
1 1+2 (HA)
2 1+2+3 (H(1)(0)
3 1+2+3+4 (H(©0)(1)(0)
4 1+2+3+4+5 (HM(A)(T)
n I+---4+n+n+1)
=+ 1)(n+2)/2
T,+1 : triangular number
Table 11. Values of £y and triangular number
’nH Ll L(p") ‘ base 2 ‘
0 1 )]
1 2-1+1-2 MO0
2 3-1+2-2+1-3 (H(O0)(1)(0)
3 4.14+3-2+2-3+1-4 (HO0)(1)(0)(0)
4

5:1+4-2+3-3+2-4+1-5 (1)(0)(0)(O0)(1)(1)

ni||m@+)-1+n-24+---+1-(n+1)
=(m+1Dn+2)n+3)/6
P3| 3-gonal Pyramid number

Table 12. Values of ¢y and 3-gonal Pyramid number

If p is a prime, then we obtain the following results:

3 X

Bo(Li)=A(lLix) =x+ x>+ X0 +--- =

1-x

D e 2 3 __*
Jo(p;x) :=x+2x" +3x +~~_m,

B0l i=x+(1+2)2+(1+2+3)5 +--- = ZT,,x",
n=1

3o(p*2) 1= ) P
n=1
and
A(p; x) = A(p*; x) = A(p*; x) = 0,

where
T,=1+2+---+n
is n-th triangular number and
PP=n-1+2-(n=1)+---+1-n

is n-th 3-gonal Pyramid number. For the Pyramid number and the triangular number (cf. [13, 14, 26]).
To understand these type arithmetic functions, it is very important to understand the following generating func-
tions, so we state the following:
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Generating function for the o is given by the following the Lambert series

© kyn
Foik =y 2.
n=1 1- yn
That is, in [1],
Fyih) = ) o(m)y” (3.1)
m=1

(cf: [1, 17, 23]). Taking derivative of F(y, k) with respect to y, we get
2 Pk = i mor(m)y"”!
dy , m=1

and

4Py

& ;f’" + Dog(m)y”

Z mory(m)y™ + F(m, k).
m=1

By applying the Euler operator ¢ = ydiy to the above equation, we get the following partial differential equation:

Theorem 3.1. For F(y; k) as in Eqn. (3.1), we have

d
E{F(y;k)y} = Fyi k) = o{F(y, k)}.

Generating function for d(m) is given by

Zd(m)qm = Z 1 fmqm, (3.2)

where |g| < 1. Here we assume that d(m) = 0 for m < 0, see [16]. Since the Lambert series }',-_, % are related to

infinite and finite products, and also to the partition function, we also have the following results:

id( " = — i (—1)"1mg 5" .
m = ’ |
=l ! (@ Do m=1 (G5 Pm
where |
(b n = ]_[(1 —by)), by =1, byl < 1.
Jj=0

The Eq. (3.3) can also be deduced with the aid of Theorem 1 in [16].
Next we deal with the finite sums involving d(m): For 0 < ¢ < 1, in [16], Merca showed that

m m v
;d(v)qv < ; I ?qv.

By using geometric series in the above equation, we get

Theorem 3.2. For the divisor function, we have

i d(v)q" < i q i q",
v=1

v=1 =0

where |g| < 1.
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n [16], Merca gave the following result for d(m):

2,40 < ¢ vg" T [ " ] : (3.4)
v=1
where o
94:9)m
[ m ] (GDNGDm— velo.1.2,....m
v | .
0, otherwise.
Let )
g =820, Dalg - 1)g=2)-- (g - j+ 1), (3.5)
Jj=0
where

x(x—D(x—j+D=x9, j£0, x#0, x¥ =1
Here, x' denotes the falling factorial function (cf. [15, 25, 24, 27]). Thus we get the following theorem:
Theorem 3.3. The divisor function satisfies the following inequality:

(v+1)w

N 1yl m 2 k)
Z;( 1) v[ y }kz(; So(v" +v,k)g™.

The well-known Lambert series generating function for arithmetic function f is given by

S g [ f(n)qz”
; o =; — Z (3.6)

m

D1 d)S v, kg® < 1
CA

v=l k=0

(cf: [1, 22, 27]). Substituting f(n) = n into Eq. (3.6), we get

© g
nz:;l+q"

Il
[
—_
I 3
BN
LS
=
|
)
—_
| S
R
_J
N
=

F(g;1) - F(¢% 1).

Here, |g| < 1. Combining the above function with Eq. (3.1), we get

< g
;l+q’

I Il
M 1M
8 s
S S
S \S
Lo
T s
8 s
S S
Y
PQ

Thus the series

is also a generating function for d(n).
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4. Conclusion

In this work, we study the connected, unicyclic and semiregular graph realizations of a given degree sequence.

We do classify them into two classes according to the primeness of the number of pendant vertices. We obtain all
possible connected, unicyclic and semiregular degree sequences and their realizations as a graph. They correspond to
some specific class of graphs which we denote by Uy,. As the divisor function is an essential part of this study, we
also gave two different alternative generating functions for this function.
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