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Abstract

In the framework of topological spaces, the concept of statistical convergence of triple order for triple sequences is investigated.
The classical notion of statistical convergence is extended by incorporating three parameters, where parameters lie between zero
and one, allowing for a more precise analysis of the convergence behavior of triple sequences. Additionally, the properties of this
mode of convergence are examined within the setting of product spaces, with a particular focus on the influence of the topological
structure of such spaces on statistical convergence. The main results include the derivation of necessary and adequate conditions
for statistical convergence of triple order, the establishment of relationships between this generalized form of convergence and
existing notions in the literature, and the analysis of the impact of product spaces on these convergence properties.
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1. Introduction

The notion of statistical convergence originated in 1951 when Schoenberg [20] and Fast [13] both independently
used the principle of statistical density to expand the conventional idea of convergence in sequences. This form
of convergence weakens the classical definition by allowing sequences to converge based on the density of terms
that satisfy the convergence criterion, rather than requiring all terms beyond a certain point to behave consistently.
Additional research on this concept was conducted by a number of individuals [11, 17], Connor [8], Fridy [14], and
Salat [21]. As a measure of the size of the set A relative to the set of all natural numbers, the natural density or
asymptotic density of the set A C N, where N represents the set of natural numbers, is obtained. The definition is as
follows:

5(A) = lim {k <n:keA}
n—oo n
if the limit is present (c¢f. [12]). A sequence {x, : n € N} in a topological space (X, ) is considered statistically con-
vergent to a point £ if, for each neighborhood U of ¢, the natural density of the set of indices where the sequence does
not belong to U is zero, that is, 6 ({n € N : x,, ¢ U}) = 0. Stated otherwise, the sequence x, is considered statistically
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convergent to ¢ if the proportion of terms in the series that are outside of U becomes negligible as n — oo for each
neighborhood U of €. The German mathematician Alfred Pringsheim [18] was the first to propose the concept of
convergence of double sequences in 1900.

Definition 1.1. Pringsheim states that a double sequence x,,, converges to a limit L if, for any € > 0, there is an
integer M such that, for all m,n > M, the inequality |x,,, — L| < € is obtained. That is, given both indices m and n are
higher than or equal to M, we may discover a point M beyond which all terms x,,, of the double sequence lie within
a distance € of the limit L, for any arbitrarily small positive value €.

While it applies to sequences indexed by two variables, this definition is similar to the traditional definition of
convergence for single sequences. Mursaleen [16] explored the idea of statistical convergence for double sequences in
2003, expanding the concept of statistical convergence from single sequences to double sequences. The development
expanded the usefulness of statistical convergence by offering a framework for assessing convergence in more complex
circumstances, such as those in which sequences are indexed by two variables. Further studies on this subject are being
carried out in [22, 23].

The concept of statistical convergence was strengthened for real sequences by Bhunia et al. [6], who imposed an
upper bound on asymptotic density up to a specified order @, where 0 < @ < 1. By adding the parameter «, this new
type of convergence broadens the traditional understanding of s-convergence and offers a more adaptable framework
for examining the behavior of real sequences. By using the percentage of terms that satisfy specific criteria in relation
to the selected value of «, the inclusion of @ enables a more sophisticated evaluation of the behavior of terms in a
sequence. Then he introduced the concept of statistical convergence of order (e, 8) and showed that the same technique
applies to double sequences.

Statistical convergence is then extended to triple sequences from single and double sequences, which are indexed
by three natural numbers. Further investigation into the statistical convergence of triple sequences is underway in 2007
in [19]. In order to comprehend the behaviour of increasingly complicated sequences in higher dimensions, this form
of convergence has been researched. In this study, we present and investigate the notion of statistical convergence for
triple sequences up to order (a, 3, y), where 0 < @, 8,y < 1.

1.1. Preliminaries

Throughout this work, a space is considered to be a topological space X endowed with a topology 7. Unless
explicitly stated otherwise, no separation axioms are assumed. Standard terminology, notation, and fundamental con-
cepts are adopted from [12]. The parameters «, 3, y, d, i, n7 are assumed to take values within the open interval (0, 1).
Also throughout this paper, the notation N* is consistently represented as N x N x N. For the reader’s convenience, a
compilation of essential preliminary concepts is provided in the subsequent section.

Definition 1.2 (¢f [19]). A real triple sequence {x,c : (n,k,€) € N3} is considered statistically convergent to the
number L if, for any € > 0,
i kO < (Pog.r) e =Lz d _
pP.q,r—0 pqr

Definition 1.3 (¢f. [16]). Let A(m,n) = {(k,{) € A : k <m,{ < n}, and let A ¢ N X N be a 2-dimensional set of Z*.
Then, 6(A) represents the double density of A and can be expressed as follows:

5A) = fim vl

m,n—co mn

Definition 1.4 (cf. [16]). If for any € > O the set {(j, k), j < n & k < m : |xj — | > €} has double density zero, then a
real double sequence x = {x} is statistically convergent to £.

Definition 1.5 (c¢f. [10]). In a topological space (X, 7), a double sequence {x;;} is considered statistically convergent
of order @, 8 (0 < a < 1,0 < B8 < 1) if, for any neighborhood U of limit point £, *A({(m,n) € Nx N : x,,, ¢ U}) = 0.
s*P-convergence is the representation for the statistical convergent of order a, 8.

56



Bal and Datta / Montes Taurus J. Pure Appl. Math. 7 (4), 55-63, 2025

Definition 1.6 (cf. [6]). Consider a real sequence x = {x; : k € N}, where 0 < @ < 1. If there is a real number L such

that lim W=mbu-lizdl — o then the sequence {x; : k € N} is statistically convergent of order @. And it is denoted by

n—oo

s¥-lim x; = L.
k—o0
Foraset A c N, 6(N\A) =1-06(A). If 6*(A) = 0, however, then §*(N/A) = co, whose converse might not be true.

Definition 1.7. A subset A € N x N is said to be statistically a, 8-dense (or s%#-dense) if §%#(A) = co.

Definition 1.8. For every neighbourhood U of x, the sequence {x,} in a topological space (X, 7) is statistically con-
vergent of order ¢ (0 < @ < 1)tox € X when 6*({n e N : x,, ¢ U}) = 0.

Definition 1.9. A sub-sequence {x,, : k € N} of a sequence {x, : n € N} is called s*-dense if
(neN:x, €{x, :keN})

has non-zero s*-density.

2. s%B7-convergence

Triple sequences, which offer a more sophisticated structure than single or double sequences, are concepts in topol-
ogy that take the idea of sequences to three indices, much like how humans determine positions in three-dimensional
space using coordinates for length, width, and height. An array of words indexed by three independent variables is
represented by a triple sequence, which is commonly written as {x,,,,}, where m,n, p € N.

Definition 2.1. Let A ¢ N3 be a 3-dimensional set of positive integers, and define
A={G jk)yeA:(,jk) <, mn).
The 3-dimensional representation of natural density of order a, 8,y is then given by

. A(l,m,n)|
“Br(4)= fim Lm0
o7 (A) z,m,l,goo embny

which is referred to as the triple asymptotic density of order a, 3, y.

Definition 2.2. A triple sequence x;j in a topological space (X,7) is said to be statistical convergent of order
a,B,y(0 < a,B,y <1)to p € X, if for every neighborhood U of p, the following condition holds:

5P ({2, m,n) € N* : xyy 2 U}) = 0.

This mode of convergence is referred to as statistical convergence of order a, 3,y and is denoted by s*#7-convergence.

Remark 2.3. Every statistically convergent sequence of order «,f3,y is a statistically convergent sequence where
a =1,6 =1,y = 1. But converse may not be true.

Example 2.4. Consider a topological space (X, 7) where X = {p,q} and 7 = {0, {p},{q}, {p,q}}. Also take a triple
sequence {Vym, : (I, m,n) € N3} in (X, 7) such that

_ |tg},  ifl=a*m=0b’andn = ¢* for some (a,b,c) € N?
Yin {p}, otherwise.

Now the open neighborhoods of p are U, = {p} and U, = X.

. : T
Here, 6({(I, m,n) € N : xj,, ¢ U1}) = 1 lim W’"”)eﬁnw = lim 22321 — 0. Also,
M,n—00

n Lm,n—sc0 lmn

S({(m,n) € N? = Xy, & Ua)) = 6({(I,m,n) € N* : x, ¢ X)) = 0.
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So for every open neighborhood U of p, §({(I,m,n) € N* : x,,, ¢ U}) = 0. Therefore, x;,,, is statistically convergent
to p. But,

5355 ({(tm,m) € N < 3y ¢ {p}}) = Tim -

Further, 6%’%%({(1, m,n) € N> : x;um & {g})) = co. Therefore, {x,,,m :(l,m,n) € N3} is not s*#7-convergent for @ = %
B=37=5

Theorem 2.5. If we consider a triple sequence {x;j} which is s*BY_converges to | then there exists M C N3 with
8¥BY(M) = co such that {xijx : @, j, k) € M} converges to .

Proof. Let us consider a sequence {x; : (i, j,k) € N3} which is s%#7 converges to ¢ in a first countable space Y. We
establish a countable decreasing local base B1, 2 By 2 B3, 2 ...of £. Let A, = {(i, j, k) € N3 x ik € By} for each
g € N. Thus A 2 A» 2 A3 2 ... But x; s“#7-converges to ¢. Therefore, 6*7({(i, j, k) € N> : x;; ¢ B,¢}) = 0, for
all g € N implies that 6“#7(A,°) = 0 for all ¢ € N, which shows that §*#Y(A,) = co for all g € N. Now consider a
monotone increasing unbounded sequence {a,} so that for every (fi, g1, h1) € Ay, there exists a (f2, g2, h2) € A, such
that f> > fi, g2 > grand hy > hyor o > fi, g2 = g1 and hy > hy or f> > fi, g2 > g1 and h, > h; such that

G, j.k) €Ay i <m,j<nk<p)
m(’nﬁpy

>ap, forallm> f, ,n>grand p > hy
since 6“#7(A;) = oo. Continuing in this manner results in (fy, g4, h,) € Ay Where fi < fo < f3 < -+ < f,,
81 <8 <g3<---<ggand hy < hy < h3 <--- < hysuch that

(i, k) € Ay i <m, j<nk<p)
m"nﬁpY

> ay, forallm > f,,n > g,and p > h,,.

Assume that A be the union of the sets {(i, j,k) e N> : i € [1, fil, j€ [1,g1] & k € [1, h;]} and
{Gjk) €Ay i €lfy, fymal, j€lggggn] & j€ lhg hgnl g =1,2,3,..}.
So,

G, jk)eA:i<m,j<nk<pl . HG j k) €Ay :i<m,j<nk<pl .
mnB p¥ B menPny o>

for all m,n,p € N, where f, <m < fyi1, 84 £ n < gge1 and hy < p < hyyy. Therefore 8*BY(A) = oo, since {a,} be a
monotonic increasing unbounded sequence.

Let W be a neighbourhood of ¢ and B,, ¢ W. If (i, j, k) € A such thati > f,, j > g, and k > h, then there is
as>qwith f; <i< fi41, 8 < j < gsr1 and hy < j < hgy. Hence (i, j,k) € A;. Thus for every (i, j, k) € A,
i> fq, ] > 8q and k > hq, Xijk € Bs,f - Bq’g cW.

Therefore,

m Xijk = L.
m,n,p—0,(i, jk)EA

Hence A ¢ N* with §*#7(A) = oo such that {x; : (i, j, k) € A} converges to /. O

Example 2.6. Consider (X, 7) be a topological space where X = {ay, ay, a3} and 7 = {0, X, {a;, a3}, {a2}}. Then take a
triple sequence {x,,,, : (m,n, p) € N3} in (x, 7) such that

{ap}, ifm=i,n=;and p = k* for some (i, j k) € N
Xmnp = .
r {a;}, otherwise.

In this case, a; has two neighbourhoods U, and U, i.e., U; = {a;, a3} and U, = X. Now,
5383 ({(m n,p) € N : Xy ¢ Ul}) =0.
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Also,

I—

O () €10 5y )) = tim "L
(U 2

1
»3 -

o=

Therefore, for every open neighborhood U of ay, 53035 ({(m, n,p)eN : Xinnp & U}) = 0. So {xunp} is 57
convergent. Thus, the limit of a s*#-convergent sequence may not be unique.

Theorem 2.7. In a T, space, the limit of an s*%7-convergent sequence is unique.

. .. . . @B [j
Proof. Let us consider a sequence {x;j : (i, j,k) € N3} in a topological space (X, 7) such that x;j 2 K and

5P lim

X;jt — L with K # L. Since X is a T, space, there exist U,V € tsuch that K € U,L € Vand U NV = ¢. Now
SUPY((i, j k) € N° - X ¢ UD =0. ie, S¥PY({(, j k) e N3 Xijk € UY) = 0. But V. c U¢, since U NV = ¢. So,
5BV, juk) € N+ g € V) < 8P(((G, j. k) € NP 2 xije € UF)) = 0. e, 6*87({(G, i) € N - e € V)) = 0. e,

@By
SPY((i, j k) e N3« x; it & V) = oo, which contradicts the fact that x; = L, since V is a neighbourhood of L.
Therefore the limit must be unique. O

In a topological space (X, 7), the symbols listed below are used in this way:
M, : The collection of all sequences that are statistically convergent in a space (X, 7).
Mg : The collection of all sequences that are statistically convergent sequences of order « in a space (X, 7).

Mg #. The collection of all sequences that are statistically convergent double sequences of order «, 8 in a space
X, 7).

Mg A7. The collection of all sequences that are statistically convergent triple sequences of order a,f3,y in a
space (X, 7).

Theorem 2.8. Let Mg BY be the collection of triple sequences which are all statistically convergent of order a, 3,7y in
a space (X,7). ThenforO0<a<6<1,0<fB<u<land0<y<n<l, Mg’ﬂ’ngg’”"’.

Proof. Let us consider a triple sequence {x,- k- (@, k) € N3} € M%A in a topological space (X, 7) where 0 < @ < § <
1,0 <B <u<1land 0 <y <n < 1. Therefore, for any neighborhood U of /, there exists a [ € X such that

{(p,q,r) € N : x, ¢ U}

li =0.
m,n,lpn—lmo m‘Ynﬁpy
But,
L kheN xingU g, 1) eN 1 x,,, ¢ U
lim @, j, k) i« ¢ Ul < lim H(p.q.7) pqr & U} _0.
m,n,p—oo m‘snﬂpn m,n,p—oo manﬁpy
So, for every neighbourhood U of /,
. G k) e NP xi ¢ U
lim 5 =0,
m,n,p— oo m nﬂpﬂ
ie., {xi : (i, j,k) € N} € MO#1. Therefore My*Y ¢ Mg*". O

Definition 2.9. A subset M c N? is said to be statistically a, 8, y-dense (or s*#7-dense) if 6*#7 (M) = co.

Definition 2.10. A sub-sequence {X,, .., : (i, j,k) € N*} of a sequence {X,; : (m,n,) € N°} is called s*#7-dense if
{m,n, 1) € N : Xyt € {Xim, 0, 2 (s j, k) € N*}} is @, B, y-dense (or s*#7-dense).

Theorem 2.11. A sequence is s*PY-convergent in a topological space (X, 7) if and only if every s*5-dense sub-
sequence is sPY-convergent.
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Proof. Let us consider a arbitrary sequence {xm,,p : (m,n, p) € N° } in topological space (X, 7) and every s*#7-dense
sub-sequence Of {X,p : (m,n, p) € N3} is s*7-convergent. Now {X,, : (m,n, p) € N} is a sub-sequence to itself.
Now,

mnp

lim (i, jo k) € N* = Xijx € {Xnp = (m,n, p) € N3} lim
m,n,p— o0 m‘l’nﬁlﬁ/ m,n,p—oo mﬂnﬁpy

. l-a 1-8_1-y _
m’}l’lpnlwm n'Pplr = co.
Therefore, {Xump : (m,n, p) € N*} is s*#Y-dense in itself. So, by the hypothesis, {Xum, : (m,n,p) € N*} is a
577 _convergent.
Conversely, let {x,u,, : (m,n, p) € N3} isa s*P7_convergent sequence and {Xmn;p = @, Jo k) € N3} be a s*#7-dense
sub-sequence of {Xp : (m,n, p) € N3}. If possible, let {Xmnp + (s k) € N3} is not s%#-convergent. So, for every
b € X there is a neighbourhood U of b with

5P ({(mi,”j’ PK) € N Lminpi & U}) #0.
Now, {(m,n, p) € N* : xynp & U} 2 {(mj,nj, pi) € N @ X0, € U}. Thus,
6"‘#7 ({(m, n, P) € N3 > Xmnp ¢ U}) = 60{5&7 ({(mi9nj’ pk) € N3 : Ximin p ¢ U}) * 0’

which is a contradiction to the fact that {x,,, : (m,n,p) € N3} is a 5?7 _convergent. Therefore every s*#7-dense
sub-sequence of a s%#7- convergent triple sequence must be s*#?-convergent. O

3. s%P7.convergence in product space

Triple density is the foundation for defining the statistical convergence of triple sequences, and it is defined for the
cartesian product of N to N to N(i.e., N*). Therefore, it appears that it is crucial to look at the relationships between
the statistical convergence of triple sequences of ordered pairs in a product space and the statistical convergence of
sequences in topological spaces.

Theorem 3.1. Consider three sequences {x; : | € N}, {y,, : m € N} and {z, : n € N} in three topological space
s—li —li i
(X, 1), (Y,0) and (Z,n) respectively such that x; LN X0, Ym LN Yo and z, LN z0. Then the triple sequence

{kimn = (X1, Ym»>20) = (I,m,n) € N3} is s-triple convergent in the product space X X Y X Z.

Proof. Let us consider B8 = {(U,V,W) : U € 1, V € 0 & W € n} be the base of the product space of X X Y x Z.
Assume that R is any arbitrary open neighborhood of (xo, yo, zp). Then there exist U X VX W € B such that (xo, yo, 20) €

s—lim s—lim s—lim
UXVxWcCRwherexo e U€er,yg€V eoandz €W €n. But, x,, — xo, ¥, — yo and z, — z9. So,

o(fmeN:x,¢U})=0,60neN:y, ¢ V) =0ando({peN:z,¢ W}) =0.

Now,
g NOmn.p) € N*: Gy = s Yna 2p) € U X V X W
m,n,p—oo mnp
< im {meN:x,gUllnp+{neN:y, ¢ Vilmp+I|{peN:z, ¢ Wlmn
- m,n,p—00 mnp
D X, N:y, eN: w
:liml{meN X 65U}|+hm|{ne y¢V}|+hm|{P Zp & }|=0.
m—oo m n—o0 n p—o© p
Thus,

ofmeN:x, ¢ UD+o({lneN:y, ¢ Vh)+6({peN:z, ¢ W) =0.
Hence the triple sequence {k; ., = (X1, Ym, 20) : (LLm,n) € N3}is s-triple convergent in the product space XX Y xZ. [
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Example 3.2. The s-triple convergence of the triple sequence {k; ., = (X1, Y, 2n) : (l,m,n) € N3} in the product space
of X X Y X Z, does not guarantee that the sequences {x; : [ € N}, {y,, : n € N} and {z,, : n € N} are s-convergent in the
respective topological spaces.

Consider a topological space (X, 7), where X = {a, b} and T = {0, {a}, {b}, X}. In this space take three sequences
{x;: 1 € N}, {y, : n € N} and {z,, : n € N} where

a, ifl= p?*forsome peN
X =
! b, otherwise

and
{a, if m = 2q for some g € N
Ym =

b, otherwise
and
{a, ifn =7 forsomereN
Zn =

b, otherwise.

Now, {(x;, Ym,zn) : (Lm,n) e N’} is a triple sequence in the product space X X X X X. In X X X X X, the smallest open
set containing (b, b, b) is {b} X {b} X {b}(= W say). So for every open set V containing (b, b, D),

6, k) e N* : (xiyjnz) € V) < 036G, k) € NP & (xiyj,2) & W)
|G, k) i<l j<m&k<n and (x;,y},2) ¢ W|

= lim
L,m,n—o0 Imn
ViZ~/n
= lim —2 n _ 0

Lmn—oc  Imn

So, the triple sequence {(x;, Y, 2,) : (I,m,n) € N3} statistically triple converges to (b, b, b). On the other side, although
{x; : I € N} and {z, : n € N} statistically converges to b, the sequence {y,, : m € N} does not statistically converges to
b.

Open Problem: If {x,, : m € N} {y, : n € N} and {z, : p € N} be three sequence in topological spaces

. @_jj P-li 7—lj .
(X, 1) ,(Y,0) and (Z, i) respectively such that x;, N X0, Yn N Yo and z,, N 20, does the triple sequence

{@mnp = s Yns 2p) = (myn, p) € N3} is s*#7- convergent to (xo, yo, Zo) in the product space of X X ¥ x Z.

Example 3.3. The s*#7- convergence of the triple sequence {Gmnp = X Yn,2p) : (m,n, p) € N3} in the product
space of X X Y x Z, does not guarantee that the sequences {x,, : m € N} ,{y, : n € N} and {z, : p € N} are s* ,s# and s”
convergent respectively in the respective topological spaces.

Consider the topological space of Example 3.2 and three sequences {x,, : m € N} ,{y, : n € N} and {z, : p € N},
where

{a, if m = r? for some r € N
Xy =

b, otherwise

and

a, ifn=s®forsomeseN
Yn = .
b, otherwise

and

a, if p=1*forsomere N
Zp = .
P b, otherwise.
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Now, {(xp, Yn,2p) : (m,n, p) € N3}isa triple sequence in the product space X X X X X. In X X X X X, the smallest open
set containing (b, b, b) is {b} x {b} X {b}(= W say). So for every open set V containing (b, b, b),

1=

STPTIG R €N (xypz) €VY) < 6TTE(G, k) € NP 1 (ki yozi) € W)

(G, k) :i<m,j<nk<p and (x;,y;, %) &€ Wl

= lim —
m,n,p—o0 minipl
111
. min3pi
= lim — =0
m,n,p—o0 minipl

So, the triple sequence {(Xn, yn,2p) : (M, 1, p) € N3} s%'%’%-converges to (b, b, b). On the other side, {y, : n € N} and
{zp : p €N} s%—converges to b. But ﬁ({m eN:m¢{
to b.

b}}) = 1, i.e., the sequence {x,, : m € N} does not s%—converges

4. Conclusion

The notion of s*AY-convergence refines statistical convergence for triple sequences by requiring that the set of
indices where the terms leave any chosen neighborhood has triple asymptotic density of order «, 3, y equal to zero.
This provides a controlled statistical approach toward an arbitrary point and guarantees the existence of a unique limit,
particularly in a T, space. In this work, we also introduced the notion of s*#-dense sub-sequences for triple sequences
showed that a triple sequence is s*#7-convergent precisely when all of its s*#7-dense sub-sequences converge in the
same manner. Furthermore, several applications of s%#Y-convergence for triple sequences in product spaces have been
established. This work also provides a basis for further continuation of statistical convergence studies in more general
ideals, fuzzy structures, and higher-dimensional product spaces.
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