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Abstract

In neutrosophic settings the membership, indeterminacy and non-membership degrees are determined by a single expert whereas
in multi g-Rung orthopair fuzzy settings the same components are evaluated by hiring a group of independent expert which is
more efficient, reliant and consistent than neutrosophic logic which motivates us to introduce for the first time the concept of Lie
subalgebra and Lie ideal in the light of the concept of Smarandache’s multi g-Rung orthopair fuzzy settings as a generalization
of neutrosophic Lie subalgebra and Lie ideals. In this study, we proved that the intersection (resp. Cartesian product) of two
multi g-Rung orthopair fuzzy Lie subalgebras is multi g-Rung orthopair fuzzy Lie subalgebra. Some more fundamental results and
properties are also derived. In the light of analytical method we proved that every multi g-Rung orthopair fuzzy Lie ideal is multi
q-Rung orthopair fuzzy Lie subalgebra but not reversible which is'shown by utilizing counter example.

We also derive some preservation aspects of multi g-Rung orthopair fuzzy Lie subalgebra and Lie ideal, solvable and nilpotent
multi g-Rung orthopair fuzzy Lie ideals under Lie homomorphism and its inverse. A significant finding from this study is homo-
morphic image of solvable (resp. nilpotent) multi g-Rung orthopair fuzzy Lie ideals is solvable (resp. nilpotent) multi g-Rung
orthopair fuzzy Lie ideals. Finally, with the help of these newly defined concepts some more interesting results on solvable and
nilpotent multi g-Rung orthopair fuzzy Lie ideals are investigated as a part of application. The findings offered here add to the
larger framework of Lie algebraic theory, offering fresh perspectives for further study of the structural characteristics of BCK and
BCT algebra using multi g-Rung orthopair fuzzy sets.

Keywords: Lie algebra, Lie ideal, MgROF set, MgROF Lie subalgebra, MgROF Lie ideal, solvable MgROF Lie ideal, nilpotent
MgROF Lie ideal
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1. Introduction

Sophus Lie (1842-1899) first proposed the idea of the Lie algebra in an attempt to classify specific smooth sub-
groups of general linear groups (cf. [13]). Lie algebras, so named because they were invented by Sophus Lie, are a
specific instance of general linear algebra. Following the introduction of this theory, Lie groups were used in math-
ematics and physics to categorise smooth subgroups. In more detail, Lie subalgebras and their characteristics were
developed and examined in [1, 2, 3, 8,9, 11, 12, 14, 15, 25, 26, 28, 30]. In the modern period, science and technology
have been significantly tackling complex processes and phenomena for which there is little data. Mathematical models
are created to deal with different kinds of systems with ambiguous and imprecise components in these circumstances.
Numerous models are based on extensions of standard set theory, including fuzzy sets (cf. [29]), intuitionistic fuzzy
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sets (cf. [7]), neutrosophic sets (cf. [20]), Fermatean fuzzy sets (cf. [23]), g-Rung orthopair fuzzy sets (cf. [27]), and
many more. The multi g-Rung orthopair fuzzy (in short, MgROF) model is a contemporary tool to handle uncertainty
and vagueness in multi criteria decision-making problems. In this paper, we cover the core features of a multi g-Rung
orthopair fuzzy Lie subalgebra of Lie algebra. Probably numerous domains along with decision making, genetic al-
gorithms, signal processing, artificial intelligence, multiagent systems, computer networks, robotics, expert systems,
neural networks, medical diagnosis and automata theory shall be benefited with the acquired outcomes.

The idea of a fuzzy set (shortly, FS) was introduced by Zadeh [29] for ambiguous, imprecise, and uncertain
situations. In 1986, Atanassov [7] developed intuitionistic fuzzy set (shortly, IFS) as a generalization of fuzzy set.
Since these developments, his theory gained widespread recognition as a crucial tool in the domains of science,
technology, engineering, medicine, etc. Smarandache [19] introduced the neutrosophic set (shortly, NS) in 1995 as a
generalization of intuitionistic fuzzy sets, as well as inconsistent intuitionistic fuzzy sets (shortly, IIFS), Pythagorean
fuzzy sets (shortly, PFS), Fermatean fuzzy sets (shortly, FFS), spherical fuzzy sets, n-Hyperspherical fuzzy sets, and
so forth. The Pythagorean fuzzy set has made significant contributions to our knowledge of decision-making issues.
Peng and Yang [17] created division and subtraction using Pythagorean fuzzy aggregation operators and studied their
characteristics, including monotonicity, idempotency, and boundedness.. An example of evaluating the performance
of an internet stock is given to illustrate the developed methodology. In 2018, Zeng [31] compared the Pythagorean
fuzzy set with four different ranked techniques that were currently in use. In order to create model for vague and
imprecise information, the model of q-Rung orthopair fuzzy (shortly, gROF) set was introduced by Yager [27] which
is different from IFS model since it involves the condition 0 < 779 + F? < 1,(q > 1), where T and F stand for
membership and non-membership function respectively. Also these are broader variants of the intuitionistic fuzzy set
and the Pythagorean fuzzy set. As g rises, a greater range of acceptable orthopairs becomes accessible, giving the user
a more expansive mental framework to articulate their opinions regarding the belonging score. Naz et al. [22] create a
multiple attribute group decision-making technique based on g-rung orthopair fuzzy 2-tuple linguistic set to enhance
the capacity of 2-tuple linguistic words to describe complicated information.

In addition to creating original concepts of g-rung image fuzzy aggregate operators under the Einstein operators
and outlining their use in multi-attribute decision-making, Akram et al. [4] expand the scope of Einstein operators’
applications to the g-rung picture fuzzy environment. In decision making of material selection problems, g-Rung
orthopair fuzzy set model has significant application proposed by Alrasheedi et al. [6]. The application range of
solving real life problems such as decision making problems in gROF model is popularly increasing than that of
the IFS model because number of pairs satisfying the condition 0 < 79 + F? < 1 (g > 1) is higher than that
of the condition 0 < T+ F < 1. Ali [5] redefined the ¢g-ROFS utilizing a variety of crucial tools, covered the
fundamental algebraic operation under action and gROFS fetchers, and introduced the orbit-based gROFS with the
aid of examples and graphic explanations. By analyzing the function of supporting degree, non-supporting degree,
and indeterminacy supporting degree among the rung orthopair fuzzy sets using cotangent and the standard cosine
similarity measurements, Wang et al. [24] introduced the ten similarity measures.

Additionally, g-rung orthopair fuzzy sets were utilized to handle multiple criteria decisions. By using the similarity
measure under study to pattern classification, clustering, and medical issues, Peng and Liu [16] showed its accuracy. A
few exemplary cases were addressed in order to validate the findings and demonstrate the availability and usefulness of
similarity measures between gROFS. Razzaque and Razaq [18] produced some fundamental results and presented the
innovative idea of the g-rung orthopair fuzzy subgroup. Additionally, the g-rung orthopair fuzzy left and right cosets,
g-rung orthopair fuzzy level subgroups, and basic definitions and homomorphism under gROF set were explored.
Smarandache [21] subsequently proposed the multi neutrosophic set in which multi g-Rung orthopair fuzzy set is one
of the special model. Recently, Debnath and Smarandache [10] initiated the concept of multi intuitionistic fuzzy Lie
subalgebras. These idea motivates us to introduce and study the notion of novel algebraic structure in multi g-Rung
orthopair fuzzy (in short, MgROF) framework.

In the frame of literature review we notice that nearly all of the fuzzy Lie algebraic and neutrosophic Lie algebraic
structures have been studied. Nevertheless, no research on algebraic structure in relation to MgROF sets has been
done. There have been numerous efforts made on the notions of gROF sets. It was noticed that only a few papers
were published in relation to gROF sets rather than MgROF sets. This motivated us to introduce for the first time the
idea of novel algebraic structure in MgROF framework. To fill the gaps we clarify the concept of Lie subalgebras, Lie
ideals, homomorphism, solvable and nilpotent Lie ideals using MgROF sets in Lie algebra.

The current research is formulated as follows: We focused on the introduction and review of literature in Ist
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section. The focus of section 2 is on preliminary and common definitions. The notion of MgROF Lie ideals of Lie
algebra and MgROF Lie subalgebras are explained in section 3. Some of their fundamental properties and operations
like intersection and generalized Cartesian product are investigated. Moreover, the relationship between MgROF Lie
subalgebras and MgROF Lie ideals are also established. In Section 4, we investigate the pre-images and images of
MgROF Lie subalgebras and MgROF Lie ideals under Lie homomorphisms. Some interesting results on solvable and
nilpotent MgROF Lie Ideals are established. In Section 5, we give the conclusion of the newly defined concept of
MgROF Lie subalgebras and MgROF Lie ideals.

2. Preliminaries

Some common notations and definitions used throughout the text are included in this section. A Lie algebra is a
vector space L over the field ¥ (F = RorC) on which the mapping £ X £ — L defined by (y, ) = [y,u] for all
v, € L, where, [y, 1] is called Lie bracket satisfying the following conditions:

(1) [y, u] is bilinear,

() [y.y]=0and
3) [[y-u]-4] + [t ] y] + [[4.¥] 1] = 0, (known as Jacobi identity) for all y, u, A € L.

We note that the operation Lie bracket [.,.] is neither associative nor commutative i.e,[[y,u], 4] # [[¢, 1],y] and
[¥,1] # [u,y]- But the operation Lie bracket [.,.] is anti-commutative ie. [y,u] = — [u,y]. A subspace H of L is
called a Lie subalgebra if it is closed under [.,.]. A subspace I of L is called a Lie idealif [/, L] C 1. It is always true
that every Lie ideal is Lie subalgebra. Throughout the paper £ will denote Lie algebra.

Definition 2.1 (¢f. [29]). Let U represent a universal crisp set. Then the fuzzy set (briefly, FS) on U is described as
F = {(x,u(x)) : x €} where, u(x) € [0, 1], denotes the degree of membership of x € X.

Definition 2.2 (c¢f. [7]). Let U represent a universe of discourse. The Intuitionistic fuzzy set on U is then explained
as F = {(x,u(x),v(x)) : x € X} where, u(x),v(x) € {0, 1], termed as the membership and non-membership degrees
respectively satisfying

0 < pua(x) +valx) < 1.

Definition 2.3 (¢f. [23]). Let U represent a universal crisp set. The Fermatean fuzzy set on U is then explained
as F = {(x,u(x),v(x)) : x € X} where, u(x),v(x) € [0,1], termed as membership and non-membership degrees
respectively satisfying

0< /,t?p(x) + v%(x) <l

Definition 2.4 (¢f. [19]). Suppose X denotes the crisp universal set. The neutrosophic set is then described by
N = {(x,7(x),A(x),n(x)), x € X} where, 7,4,n € [0, 1], termed as the truth, indeterminacy and falsehood degrees
respectively which satisfy

0 < inf(7) + inf (1) + inf(77) < sup(7) + sup(1) + sup(n) < 3.

Definition 2.5 (cf. [27]). Suppose X denotes the crisp universal set. Then g-Rung orthopair fuzzy set (shortly, gROFS)
on X is defined by M = {(x,x(T, F)) : x € X} and g-Rung orthopair fuzzy components truth and falsehood satisfy
T,F C [0,1] along with 0 < T? + F9 < 1, where the degree of hesitancy (indeterminacy) /, can be found from the
relation

T9+1"+F1=1.

Definition 2.6 (¢f. [21]). Suppose X denotes the crisp universal set. The multi intuitionistic fuzzy set (shortly, multi
IFS) on X is expressed by M = {(x, x(71,72,...,Tp; 71,72, -.-,75)) : x € X} where p and s are integers > 0,p + s =
n > 2, and at least one of p and s is >2, in order to ensure the existence of multiplicity of at least one intuitionistic
component: truth or falsehood; all subsets 71, 72,...,7p, 71,72,...,775 € [0, 1];
j s P s
0< Z inf(t;) + Z inf(n;) < Z sup(t;) + Z sup(nx) < n.
i=1 k=1 i=1

= i k=1
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Definition 2.7 (c¢f. [21]). Suppose X denotes the crisp universal set. The multi g-rung orthopair fuzzy set (shortly,
MgROFS) on X can be explained by M = {(x, x(T,Ty,....,Tp; F1,F>,...,Fy)): x € X} where p and s are integers
>3 with p + s = n > 3, and at least one of p and s is >2, in order to ensure the existence of multiplicity of at
least one Fermatean component: truth or falsehood; all subsets T4,T>,...,T,,F,F>,...,F; C [0,1] along with
0< Tl.q +F Z < 1, where the degree of hesitancy (Indeterminacy) I; can be found by the relation

Tl.q+I;’+FZ: LVi=1,2,3,...,p;j=1,23,...,rnk=1,2,3,..., 5.

3. Properties of multi g-Rung orthopair fuzzy Lie algebra

In this section, we first define g-Rung orthopair fuzzy (shortly, qROF) Lie subalgebras and g-Rung orthopair fuzzy
Lie ideals and then the notion of multi g-Rung orthopair fuzzy (shortly, MgROF) Lie subalgebras and multi g-Rung
orthopair fuzzy (shortly, MgROF) Lie ideals are initiated. Additionally, some characterizations, counterexamples, and
fundamental characteristics are examined.

Definition 3.1. A g-Rung orthopair Fuzzy (briefly, gROF) set W = (7, ) on L is said to be g-Rung orthopair fuzzy
subalgebra if, Vy,u € L;Vc € 7, the following assumptions hold good:

1) Twly + ) = min{rw(y), Tw(w}, nw(y + p) < max{nw (), nw(w)}.
(i) Tw(cy) 2 Tw¥), nw(cy) < nw(y).
(i) 7w [y, u] = min{ryw (y), 7w}, nw [y, 1] < max{nw (y), nw(w)}.

Definition 3.2. A g-Rung orthopair fuzzy (briefly, gROF) set W = (7, 4,1) on L is said to be q-Rung orthopair fuzzy
Lie ideal if, Yy, u € L; V¢ € F, the conditions (i) and (ii) of Definition 3.1 and the condition:

Tw(ly, 1d) = Tw@), nw(ly, ul) < nw(y)
holds good.

Definition 3.3. Let N, = {1,2,...,]}, N, = {1,2,...,n} and £ be a Lie algebra of vectors over the field ¥. A multi

g-Rung orthopair fuzzy set W = (T}, T3, ..., Th3 7l Tigs -+, 17,) on L is said to be multi g-Rung orthopair fuzzy

(briefly, MgROF) Lie subalgebra over L if, V y,neL; Vi € N.,¥Y k € N,, Yce ¥, the following assumptions hold
good:
(i) iy (y + ) = min{rl, (), Ty}, 7k, Oy + ) < max{n, (), 7k, ().

(i) Tiy(cy) = Th (). my (cy) < ().

(i) 78, [y, ul = min{zl, (), T, ()}, 7k Iy, 1] < max{nt, (), 7, )}
Definition 3.4. Let N; = {1,2,...,l}, N, = {1,2,...,n} and L be a Lie algebra of vectors over the field ¥. A multi
g-Rung orthopair fuzzy set W = (T%}V, ‘r%,, .. ,Té‘,; 7]‘14,, n%v, ...,y on L is said to be MgROF Lie ideal if,Yy,n €
L;Vi € Ni,Vk € N,,VYec € 7, the conditions (i)-(ii) of Definition 3.3 along with the following condition is satisfied:

Vy.ne L, ‘ ‘ . .
Twly, ul = T ), my v, 1l <y ().

It follows from condition (ii) of Definition 3.3 that
7(0) = 74, (), 1y (0) < ly ()

and . _
T (=y) = T ) 1y (—y) < ().

Theorem 3.5. Let M = (L, T}W, 7%4, el Tﬁu; 771114, 17}2‘4, ... 1yy) be a MgROF Lie ideal over L and let Ny = {1,2,...,1},
N, ={1,2,...,n}, then T;/,(O) = sup{‘r’l'u(y) :ye L}and n’]‘W(O) = inf{n’l‘u(y) yeL},Vie N,VYke N,
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Proof. Since M is MgROF Lie ideal over £, so by Definition 3.4, we must have the two conditions: TﬁW(O) > Tﬁw()/)
and ’7];14(0) < n’l‘w(y). As y runs over £, taking supremum on both sides of first inequality and infimum of second
inequality we get, '

sup{t),(0) : y € L} = sup{r),(y) : y € L}

and
inf{1%,(0) : y € £} = inf{rk,(y) : y € L},
This implies that 7%,(0) = sup{7i,(y) : ¥ € L} and n*,(0) = inf{,(y) : y € L}. O

Proposition 3.6. Let M = (L, {T’}W}f:l, {77/1“4}2‘:1) be a MgROF Lie ideal over L. Then for each ¥, o € [0, 1] satisfying
TﬁW(O) >, 7]’1‘”(0) <oand0 <y + 0 <1, the (Y, 0)-level subset L%’”) is a MgROF Lie ideal of Lie algebra L.

Proof. Let Ny = {1,2,...,1},N, = {1,2,...,n}, 7, € L7 and ¥ be a field such that 1 € ¥ We know that (¢, o")-
level subset L7 is defined by L7 = {y € £ : 7i,(y) = ¥, 7}, (¥) < o). Since M = (L, {7, }'_,, {7},}7_,) be a multi
g-Rung orthopair fuzzy Lie ideal over £, then Vi € N;, Vk € N,,, we have

iy (y + ) 2 min{th, (), T (W)} > ¥,
ey (y + ) < max{nh, k(W) <o

Sy+uc L%’a).
Also we obtain : A
Ty(cy) > Ty() 2 ¥
and
my(cy) Sy () <&

=cye Ll
Thus, L% is subspace of £: Again suppose that y € L,u € L7, then
Thyly, 1l = min{zy (), 7y, ()} = ¥

and
My [y, 1] < max{r,(y), nyy (W)} < o,

from this it follows that [y, 7] € £Ly?. Hence, £/ is a MgROF Lie ideal of L. O

Theorem 3.7. If 6 is a fixed element of L and W = (L, {T’W}ﬁzl, {n’;V}Zzl) is a MgROF Lie ideal of L. Then the set
defined by W = {y € L : TiW(y) > T’W(é), UI;V()/) < 77";,(6)} is a MqROF Lie ideal of L.

Proof.- Suppose that y,u € W°,i € N;, k € N, be arbitrary. Then
Ty + ) = min{ryy, (), Ty (W) = 73(0); 1y (v + 4 < max(iyy (), 7y ()} < 17y ().
This implies that y + u € WO. Now, Yy € W°,Vi € N;,Vk € N,,Yc € F, we have,
T (cy) 2 T () 2 T(6); My (ey) < 1y () < iy O).
This follows that cy € W9, Also for every v € W° and for every u € W°,Vi € N;,¥j € N,,, Yk € N,
Ty [y, 1] = minfely (), Ty G0} = Ty @)y [y, 1] < max{my, (), 7y (W) < 7y (6),

which shows that [y, 7] € W°. Hence, W° is a MgROF Lie ideal of L. O
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Corollary 3.8. If W = (L, {T"W}Z {n’;V}Z:I) is a MgROF Lie ideal of L. Then the set defined by

=1
W =y € L: 7}, 2 7,0, 1, (7) < 7}y (0), Vi € N, Yk € N, }
is a MgROF Lie ideal of L.
Proof. Lety,u € W i€ N,k € N,. Then Vy,u € W°,Vi € N;,Vk € N,,, we have,
Thy(y + 1) > min{tl, (), iy (L)} > 74,(0)
and .
(v + 1) < max{agt, (7). 7y ()} < 7}y, (0)
=>vy+uc wo.
Now, ¥y € WO, Vi € N;,Vk € N,,Vc¢ € F, we find that
T(ey) = Thy(y) > T4(0)
and )
mhy(€y) < 1y (1) < 1y (0)
= cy e WY

Also for each y € W° and for each u € W°, Vi € N;, Vj €N,,, Yk € N,,, we get

Ty [y, 4] 2 min{ry, (), 7y (0} = 74,(0)
and ‘
hy [v> 1] < max{agy, (), 1y, (1)} < 173, (0),
from which it follows that [y, n] € WP Hence, W® is a MgROF Lie ideal of £. O

Theorem 3.9. Let W = ({T’W}l {n’;V}Z:I) be a MgROF Lie subalgebra of a Lie algebra L and R C L X L be a binary

=1 A ;
relation on L defined by R = {(y,u) € LX L | 7, (y — ) = 73,,(0), n’;V(y —p) = n’;V(O),y,y € L,i € N,k € N}, then
R is a congruence relation on L.

Proof. First of all we need to prove that the relation R is equivalence relation on £. Now

(i) Reflexive: Since for eachy € L, ‘ .
Tw(y =) = 7y (0)
and
k _ ok
Mw(y —v) = ny(0).
Thus, (y,y) € R,Yy € L, Vi € N,,Vk € N, and consequently R is reflexive relation on L.

(ii) Symmetric: Let, (y, ) € R. Then T"W(y -y = T’W(O). By second assumption of Definition 3.3, we have
Ty (= =) = (1 — ) = T (0).
By similar argument we have,
My (v = 1) = 1y (0),
= My (= =) < 7y (1 =) = 17}, (0).
Thus, (u,y) € R,Vy,u € L,Vi e N;,,Vk € N, so that R is symmetric relation on L.
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(iii) Transitive: Let, (y, ), (u,0) € R. Then
Ty = 1) = Ty (0), Ty (u = ) = 73,(0)

and
My (y = 1) = 1y(0), 7y (1 — o) = 7}, (0).

From which it follows that,
Tlly — ) + (u — o)} > min{tyy (y — ), iy (u — )}

T 0), 7l (y — ) = i {(y — ) + (u — o)}
max{ny, (y — 0,y (1 — o)} = 7}, (0).

Ty (y =)

IA

Hence, (y,0) € L,Vi € N;,Vk € N, and consequently, R is transitive relation on £. Hence, R is an equiva-
lence relation on L.

We now want to verify that R is an congruence relation on £. Suppose that (y, ), (1, o) € R. Then
Ty = 1) = Thy(0), Thy (= @) = 74(0)
and
k _ ok k _ ok
Tw(y — ) = ny(0), iy, (1 = o) = 1y(0)
Now if vy, y2, u1, o € L, then assumption (i) of Definition 3.3 produces,
Tl +72) = (1 + p2)t = T l(yr= 1) + (v2 — )} > min{tiy(y1 — 1), Ty (y2 — p2)} = 74, (0);
At +72) = (1 + )} = ik — ) + (2= )} < maxirgy, (y1 — 1), 1y (v2 = w2)} = 7, (0)
By second assumption of Definition 3.3, we obtain,
Twleyr = qu) = Tiylelys — )} = iy (y1 — 1) = 74(0)
and
My (cyr —eur) = miyletn — un} = nhy(y1 — ) = 7l (0),
By third assumption of Definition 3.3, we get,
Ty Ay v2l = [ g2} = 7y [0 = 1), (72 — p2)] = min{rly (y1 — ), Ty (72 = )} = T3 (0)

and
1o s v2] = [, 2]} = 75 1o = ), (va = )] < max{n, (y1 = pn), 1y (y2 = p2)} = 1,(0),

Thus, (y1 + v2)R(u; + (o), cy1Reuy and [y1, y2] R [u1, 42]. Hence, R is a congruence relation on L. O
Theorem 3.10. Every multi g-Rung orthopair fuzzy Lie ideal is multi g-Rung orthopair fuzzy Lie subalgebra.

Proof. Let W = (T‘lﬂ/, T%V, RN TlW; név, 77‘24,, e n’év) be multi g-rung orthopair fuzzy Lie ideal. Then Vy,n € L;Vi €
N, Yk € Ny, Ve € 7, the following three assumptions of Definition 3.3 easily hold good:

() iy +p) = min{rl,(y), Ti, (W}, 7y, (y + 1) < max{a, (), 7y, (1)}
(i) 7 (cy) = Th, (), 7l (cy) < 7y ().
(i) 7}y [y 1] > min{ri, (y), 7}, (W} 1y Ly 1l < max{ary, (v), 7y ().
Thus W is multi g-Rung orthopair fuzzy Lie subalgebra. O
The converse of the above Theorem 3.10 is not true which can be seen from the following example:
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Example 3.11. Suppose that F' = R, the set of real numbers and £ = {(a,f,7y) : @,8,y € R} be the Lie algebra.
Let us define the mapping £ X £ — L by [u,v] = u X v + v, where X denotes the vector product (or cross product).
Consider the multi g-Rung orthopair fuzzy set W = (T4, Toys ..., Ty 3 s Mo - - - y) © £ — [0, 11 X [0, 1] X [0, 1] X

[0,1] % [0,1] x [0,1] x [0, 1] x [0, 1] x [0, 1] described by

(@B, y) =105 if a#0,8=y=0

0 otherwise

29 f g=B=vy=

y fa=B=y=0

0  otherwise

29 fag=B=v=

w ifa=B=y=0
T%,V(a(,ﬁ,'y)z % if a£0,8=y=0

0  otherwise

29 fog=B=vy=

; fa=p=y=0
Tév(a,ﬁ,y): ? ifa;éO,IB:'y:O

0  otherwise

0 ifa:ﬁz‘y:()
my@By) =107 if @#0,8=y=0

1 otherwise
77%4/(01:,8,7): 0_27 lf (Y;/:O,ﬁ:‘y:o

3 otherwise

0 ifa=p=y=0
U%V(a’ﬂs?’)z 0:T7 if a'th,ﬁ:y:()

% otherwise

0 lf azﬁzy:()
Uév(a’ﬁ,y)= % if a’-',tO,B:'y:O

1 otherwise
U?}V(a’,ﬂs)’): 05_7 if Q;éo,ﬁ:'y:()

1 otherwise.

Then it is easy to verify that W is a MgROF Lie subalgebra of £ but it is not MgROF Lie ideal of £ because for each

i=1,2,3,4, we find that
TI"/V [(27 O’ 0)7 (19 _i7 l)] = Ti}v(i,

Theorem 3.12. Let N; =

5
“3i,-i) = 0 ¥ 22 = 71,(2,0,0).
1

{1,2,...,1}, N, = {1,2,...,n} and L be a Lie Algebra of vectors over the field F. The
necessary and sufficient condition for a multi g-Rung orthopair fuzzy set W = (TLV, ‘rﬁ,, ey TIW; 17{4,, n%v, ..

,1y) to be a

MqROF Lie subalgebra over L is that, ¥r € [0, 1], non-empty upper r-level cut U,(Tiw) ={yeL:t,(y) 2rVYie N}
and non-empty lower r-level cut Vr(n"‘,v) ={yeLl: n’év(y) < r,VYk € N,} are Lie subalgebra over L.

8
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Proof. Suppose that W = (T3, Thy, - . ., Ty Mys Wiy - - - - 1) is @ MQROF Lie subalgebra over £ and r € [0, 1] is such
that U.(},) # ¢. Lety,n € U.(t},). Then Vy,n € L;¥i € N;,Vk € N,,¥c € F,

Tiy(y + ) = min{th, (y), Thy (W} = 1,7l (v + ) < max{ny, (), W} < 1,

Thy(ey) 2 Ty 2 naly(ey) < my() < 7
and
Ty [y, 1] = min{ry, ), 74 () = 1,y [y, 1] < maxtiny, ), iy () < r-
From which it follows that,
Y+ ey, ly.ul € U(tyy)
and
Y+ ey ly.ul € Vo).

Hence, U,(ti,) and V,(r,) constitute Lie sub algebra over L.
Conversely, suppose that Vi € i € N; and Vr € [0, 1], U,(T’W) # ¢ is a Lie subalgebra over £ and if possible
suppose that for some y,u € L.

Ty (y + 1) # min{rh, (), 7y, (1)}
If we choose

1 . B i
7o = E(‘z-’W(y + ) + min{ry (), T ),

then by properties of inequality we must have,
Tév(y +u)<ry< min{T"W(y), Ti,V(ll)}.

This implies that, y + u ¢ U,(T’W), YV, U E U,(T"W), which is a contradiction. Hence

Ty (y + ) 2 minfrh, (), Ty (), Yy, p € L.
In a similar manner we can prove that
Tl;;V(C’)/) > Tiw(’y); Ti}v [y, u] = min{‘riv(y), Ti,v(;z)}, Yc e F,VieN,.
Similarly we can prov for the case V,(n’;V). This completes the proof. O

Theorem 3.13. Let N; = {1,2,..., I}, N, = {1,2,...,n} and L be a Lie Algebra of vectors over the field ¥. If
V= (T%/, T%/, . ,T{,; 7]‘1/, 77‘2/, Ly and W= (T‘I/V, T%V, . ,TIW; 77‘14,, r]%v, .. .»y) are two MqROF Lie subalgebra over

L, then their intersection VAW = H = (T}{, T%,, e, qu; n}q, rﬁq, ..., 1Y) is also MgROF Lie subalgebra over L.

Proof. Suppose that y,u € L be arbitrary and Vi € N;,Vk € N,,Yc € . So by definition of intersection of two
MqROF sets we will have,

Ty + 1) = min{t|(y + ), Ty (y + )} = min{min{r}, (), 7, (W)}, min{rl, (), Ty (W)
= min{min{z},(y), 7}y ()}, min{z},(u), T}, ()}
= min{t},(y), Ty (W)}
and
My(y + 1) = max{my(y + 0,1y (y + )} < max{maxiy (), 7y @)}, max{y, (v). my (0}

max{max{r(y), 1%, (y)}, max{n’ (w), 1%, ()}
max{nk, (y), 15, (1)}

Also, we see that _ ' , , : .
Ty(cy) = min{zy(cy), Ty (cy)} 2 {min{zy, (), Ty (1)} = T()

9
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and
1k (cy) = max{nl(cy), nt,(cy)} < tmax{n(y), 1, ()} = 1, (7).
Now,
Ty ly.u] = min{t} [y, ul, 7y [y, 4]} > min{min{z}, (), 7}, ()}, min{r}, (y), 7}y ()}
= min{min{r},(y), 7} (»)}, min{z}, (w), T}y (W)}} = min{rh,(y), 74, ()}
and
7wl = max{l [y, [y. 1]} < max{maxin (), 7 (u)}, max{nly G, nt, ()}
= max{max{n},(y), 7y, (y)}, max{n}, ), 7y, (0}
= max{n (), 7 (W)}
Hence, VN W = H is MgROF Lie subalgebra over L. U

Definition 3.14. Let N; = {1,2,...,l}, N, = {1,2,...,n} and L be a Lie Algebra of vectors over the field ¥. If
V= (T%/, T%/, ... ,TIV;T]%/,T]%/, ..onp)and W= (T‘I}V,T%V, ... ,TIW;T]%,V, n%v, ..., 1y,) are two MqROF sets on L, then the
product H = V x W defined on £ x £ will be known as generalized cartasian product if

VX W)y,n) = [(T{,,T%,, ... ,TIV; 17{,, 77%,, e, 17"’,) X (T‘I,V,T%V, . 4 ,Ti,v;n{,v,n%v, e, r]"ﬁv)] (y, 1)

T s THY ), - o T3 T Vs G s 1), -« T W), V(o) € LX L,

where . ' ‘ A '
Ty (v, 1) = (ty X Ty)(y, 1) = min{7y,(y), 7y, ()}, Vi € N,
and
M (v, 1) = (7 X ) (v, 1) = max{ny (7), ny ()}, Yk € N,,.

Evidently the generalized cartasian product (V x W) is MgROF set on £ x L if
0 < {ty (ot + 47y (o} < 1,

i.e.,
0 < {min{z},(y), 7, )} + {max{nt, (), W < 1,

where i € N;,k € N,.

Theorem 3.15. Let L be the Lie Algebra of vectors over the field F. If V = (T{,,T%,, .. ,Tlv;n‘l/,n%/, ...,ny) and

W = (T{,‘,, T%V, N Tév; név, n%v, ...,y are two MqROF Lie subalgebra of L, then the generalized cartasian product

(VX W) is MqROF Lie subalgebra of L xX L.

Proof. Let N; = {1,2,...,1}, N, = {1,2,...,n} and L be a Lie algebra of vectors over the field . Then, Vi € N}, Vk €
N YY = (v1,%2), 0 = (w1, ) € L X Land ¢ € ¥, we need to show by Definition 3.3 that the conditions (i), (ii), (iii),
(iv), (v) and (vi) are satisfied.

(i) (7, x i)y + ) > min{(}, x 75,)(y), (t}, X 7}, (W)}
() (7% x )y + ) < max{(mh, x 115, G x 7k, )}
(i) (7}, x 0,)(cy) = (T, X 7)) (7).
(iv) @7t X ey} < Gt x ).

V) (7}, x 1) [y, p] = min{(r}, X 74,) (), (7}, X T4) ()}
i) (7%, x i)y, 1] < max{(h, x k) (), (7, X b))}

10
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Now

Ty XTI+ = @ X T (1, 72) + (U1, 1) = (@ X T (1 + p1), (v2 + 12))
= min{t},(y1 + p1), Thy(y2 + o)} > min{min{z},(y1), 7, (1)}, min{zl, (72), Ty (u2)}}
= min{min{t},(y1), T}y (y2)}, min{r}, (1), T}y ()}
= min{(t}, X Ty)(y1,¥2), (¥} X Ty (11, 112))
= min{(r}, X T)(¥), (¥}, X 7)) (W)}

{
inf
and

Oy xm)y+w = @ x a1, y2) + (Wi m)) = O X 1) (v1 + w1, (2 + 1))
= max{n}(y1 + 1), 1y (y2 + p12)} < max{max{n},(y1)s ()}, min{nk, (r2). 175 (u2)}}
= max{max{n} (1), 7y (y2)}, max{n} (u1), 0y (u2)}}
= max{(}, X 1) (y1,v2), (% X 7y ), p2) 1)
= max{(}, X ) y), (T}, X ) (W).

Again,

@, xTy)ey) = @ xT)lcy, v} = (7 X Tp)(cyr, eya) = min{t), (cy1), Ty (cy2)}
> min{t},(y1), Ty (1)} = (T X T)F1,¥2) = (T X T

%

and

0 < i) e,y = (5 < k) eyr, ey)
max{nt, (ey1), 7%, (cy2)} < max{n,(y1), 1%, (y2))
@ x ) (1, 7v2) = @ x ) ).

afy X i)y}

Finally,

(@, X )1, ¥2), (1 p2)]
min{min{z},(y), 74y (y2)}, imin{z}, (1), iy (u2)}}
min{(}, X 7)) (y1, y2)h (T, X 7)1, 1)} = min{(Th, X 74)(y), (), X Th) (1)}

(@, x Ti)ly, ul

I\

and

O X )1, v2), (11, p12)]
max{max{r, (y1), 7k (y2)}, {max{n (1), my (u2)})
= max{(f5 X 1) (y1, YO G X 1), p2)} = max{ (g, x b)), 0, x b (W)

oy x s ]

IA

Hence, (V x W) is MgROF Lie subalgebra of £ x L. O

4. Multi g-Rung orthopair fuzzy Lie algebra homomorphisms and applications

In this section, the properties of multi g-Rung orthopair fuzzy (resp. MgROF) Lie subalgebras and multi g-Rung
orthopair fuzzy Lie ideals under homomorphisms of Lie algebras are investigated. Also some of their applications to
solvable and nilpotent multi g-Rung orthopair fuzzy Lie ideals are presented.

Definition 4.1. Let L, and L, be two Lie algebras over the field . A linear transformation ¢ : L} — L, is said to be
Lie homomorphism if the relationship ¢ ([y, u]) = [¢(y), ¢(u)] is true, Yy, u € L;.

11
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Definition 4.2. Let L; and L, be two Lie algebras over the field ¥. Then a Lie homomorphism ¢ : L; — L, is said
have natural extension ¢ : 't — [®2 if YW = (v}, T3, ..., Th 0l My - o 11%) € 1M and p € Ly, the followings hold
foralli=1,2,3,...,iforallk=1,2,3,...,n:

@) (W) = sup{ti,(y) : y € ¢ (), y € L}

and
@O (W) = infink,(y) 1 y € ¢ (W), y € Ly},

Definition 4.3. Let ¢ : L; — L, be a Lie homomorphism between two Lie algebras L; and L,. If

— (4] 2 TS | 2 n
W= Ty Ty oo Twy s s My s+ -+ Thyr,)

and W, = (T‘I}VZ, T%VZ, e, T’WZ; ’7%4/2’ r]%l,z, e 7]"'4,2) are two MgROF sets of L and L, then

12 T T
1€ Ly NWo = (Tiy s T Ty My Mo - - - i)
of £.,, the inverse image of W under ¢ we denote by ¢~! (W) is defined by

e W) = (@ @y, ), 7 T, (), o0 @y ) Oy, (1), 07 O, (), - -5 Oy, (1))

and

@~ (W) () = (T, (@) Ty, (O, - - - Ty, (1)) Ty (L)) 1y, (1)), < <71y, (1))

Proposition 4.4. Let W = (T{V,T%V, e ,T’W; 17%4,,7]%‘,, i)\ 1Y be M@ROF Lie subalgebras and ¢ : Ly — L, be
Lie homomorphism between L, and L,. Then (W) is MgROF Lie subalgebras of L;.

Proof. Suppose that uy,up € Ly. Then {y iy € o ' (uy + p2)} 2 {y1 + 72 : y1 € ¢ (1), 72 € ¢ ' (u2)}. Now, for all
i=1,2,3,...,land k =1,2,3,...,n, it is sufficient to show that,

() (T, + p2) = minfe(ri) (), e(th, ()}
(i) 7y + p2) < max{e(rry, ) (), 907y (12))-
(i) (,)(cp) = @) W)

(iv) @Oy (cw) < @0l (W)

V) @) (w1, t2]) = minfe(@h) (), (i, ().

i) ), p2]) < minfe(nh, @) ol ) )).

Now

sup{thy(y) 1 ¥ € ¢ (1 + ),y € L1}

Ty +72) v €0 (). y2 € 7 ()}
sup{min{zly, (y1), Thy(y2)} : y1 € ¢~ (1),

min{sup{tl,(y1) : y1 € ¢~ ()}, sup{thy(72) 1 y2 € ¢ (u2)}}
= minf{e(th)(u1), e(Ty) (1)}

(T + 1)

vV v

Y2 € ¢ ()}

Also we obtain,

inf{n},(y) 1y € o7 (i + ),y € Li) < (i +92) 1 v1 € 97 () y2 € 07 (w2))
inf{max{n, (y). My (y2)} : y1 € ¢ (1), y2 € ¢ (2)}

= max{inf(ny,(y1) : y1 € ¢ (D}, inf{y(y2) : 2 € 07 (2)})

max{e(y,) (1), (7l ) (2)}

k) (1 + o)

IA

12
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which proves (i) and (ii).
For y € L, and ¢ € ¥, we have

ly:yeeeu)) 2{ey 1y e ¢ (W)
Now, we see that,

sup{tiy(cy) : ¥y € ¢ ' (W), y € L}
> supltiy(cy) 1y € ¢ (cu),y € Li} > sup{thy(y) 1 ¥y € ¢ (), ¥ € L1} = () (W)

P(Tyy) ()

\%

Similarly, we can we find that

inf{nf,(cy) : y € ¢ (W), y € Ly}
inf(nl,(cy) 1 v € 97 (ew), y € Ly} < inflygly(y) 1 ¥ € 7' (W), y € Li} = @) (W)

@75, (cp)

IA

which proves (iii) and (iv).
For, uy, up € Ly, we have

iyee  w+ml 2 +y:y e (W) y: € (w)k

Now, we have

sup{tiy(y) : y €@ (1, ), v € Li}

sup{thy ([¥1,72]) s 71 € ¢ (1), v2 € ¢ (wa)}

sup{min{ty, (y1), Ty (¥2)} : ¥1 € ¢ ()i y2 € ¢ (12))
min{sup{ri, (y1) : 71 € ¢~ ()}, sup{thy (72) 1 ¥2 € ¢ (u2)}}
= min{e(Tly) ()i @(Th) ()}

(i) (11, o))

vV v

Similarly, we we find that

@1y (1, 12]) inf{ns, (v) : ¥ € 0 (1, o)), ¥ € Ly} < inflny,([y1, 72]) - 1 € 97 (),
v €9 ()} < inflmax{nt, (y ) Th ()}t v € 0 ), vz € 97 (2)}
= max{inf{,(31) : y1 € @~ ()}, suplnly(y2) : ¥2 € ¢ ()} = max{p(rt,)(un), 97t (u2)}

which proves (v) and (vi).
Hence, ¢(W) is MgROF Lie subalgebras of L,. O

Corollary 4.5. Let W = (T{V,T%,V, e ,TIW; 17"4,,77%‘,, o Ty) € I™ be multi g-Rung orthopair fuzzy Lie ideal and ¢ :
Ly — L, be Lie homomorphism between Ly and L. Then (W) is multi g-Rung orthopair fuzzy Lie ideal of L,.

Proof. The proof is similar to the proof of Proposition 4.4. O

Proposition 4.6. Let W = (T‘I,V,T%V, . ,TIW; )7%4,,1]%‘,, co ) € I be MgROF Lie subalgebras and ¢ : Li — L, be
Lie homomorphism between Ly and L,. Then ¢~ (W) is MgROF Lie subalgebra of L.

Proof. Suppose that uy, 1, € Ly. Since, W is MgROF Lie subalgebras, so, for all i = 1,2,3,..., Lk =1,2,3,...,n;
we need to show that conditions (i), (ii), (iii), (iv), (v) and (vi) are satisfied.

@ ()@ + o) = minf{e™ (T4 (), @7 (T ()}
(i) ¢ (7)1 + pr2) < max{e™ (75, (1), @7 (7 ) (12))-
(iii) ¢ (T (cw) = o7 (T (W)

(V) o'y (ew) < @ (7l ) ().

13
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W) o @), o] = minfe™ (7h) (), ¢~ (T (w2))-
i) @'y [, p2] < max{e™ (7l ) (1), @~ (7l ) ()}

Now, we obtain

Tile( + )]
Tl + e(u2)]1 = min{rh, (p(u)), T ((i2))
min{e™ (Th) (1), ¢~ (T4 ) (U2))

o @) + 1)

and

My (@ + 112)) = 15 (e + @(u2)) < max{igfy(@le), sy (@)}
max{e™ (75, ) (1), ¢~ (15 (1)}

which shows (i) and (ii). Also for all u € L; and ¢ € ¥, we have,
¢~ (@) = Tyle(ew)] = Tylee(] = Ty @) = ¢~ @)W

¢ ) + o)

and
¢ (7)) = iy lelew)] = iy lep(] < iy (e(w) = @' () ()
which shows (iii) and (iv).
Now let uy, up € Ly, then we find that
e @l ] = Tilelun, pol) = Tileu), e(ua)] = min{ry, ((ui)), Ty ((u2))}
= min{e™ (#F)w), ¢ @) ()}

and
o () o] = miyle Dll,ﬂz]) = 7%[90(/11), @(u2)] ' '
< max{njy (@) 7y (e(u2))} = max{e™ (il )(wn). ¢~ (i) (2))-
Hence, ¢~ !(W) is MgROF Lie subalgebra of L. O

Corollary 4.7. Let W = (T%,V,T%V, .. ,TIW; n‘lﬂ,,nﬁ,, e My) € I be multi g-Rung orthopair fuzzy Lie ideal and ¢ :
Ly — L, be Lie homomorphism between Ly and L,. Then @~"(W) is multi g-Rung orthopair fuzzy Lie ideal of L.

Proof. The proof is similar to the proof of Proposition 4.6 O

Theorem 4.8. Let V = (T%,, T%,, N T{,; 17%,, 77%,, ooy and W= (T%,V,T%V, e ,TIW; r]év, n%v, ... 1Ty) be two MqROF Lie
subalgebra-of L) and ¢: L — L, be Lie homomorphism of L, onto L. Then

P VW ) =< o(V)p(W) > .
Proof. If possible let us suppose that o(< VW >) < (< ¢(V)p(W) >). Then there exists s € [0, 1] such that
P VW >)(y) < s < (< p(V)p(W) >)(y).

Then there will exists &, v, € L, such that y = Y7, [£v,] satisfying o(V)(£,) > s and ¢(W)(v,) < s. Because of ¢
being surjective map there exist & € £ such that ¢(¢) = y and ¢ = Y, [p,q,] for some p, € ¢71(&,),q, € ™' (v,)
where @(p,) = &, ¢(q,) = v, V(p,) > s, W(q,) > s. Since
90(Z[prqr]] = (Z so[prqr]) = Z[so(pr)tp(qr)] = Z[frvr]
r=1 r=1 r=1 r=1
and hence p(<« VW >)(y) > s which contradicts our assumption.
Similarly if we assume (< VW >) > (< ¢(V)@p(W) >), we shall again arrive at the same contradiction. Hence the
only possibility is that
P VW ) =< o(V)p(W) > .

This completes the proof. O

14
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Definition 4.9. Let V = (7}, T3, ..., 703 s s - - - 110) and W= (T3, Thys oo, Ths Miys Mags - - - 1Ty) e two MgROF
Lie subalgebra of a Lie algebra L. Then V is said to be same type of W if there exists automorphism f of L such that
V =Wo f, thatis, forally € £, ' '

&) = T (FON ) = My (F),

Theorem 4.10. IfV = (T{,, T%/, .. ,TlV; r]%,, 7]%,, conny)and W= (T‘I/V, T%V, . ,T{V; 77‘14,, r]%v, .« y,) are two MgROF Lie
subalgebra of a Lie algebra L over the field F. Then V will be same type of W iff V is isomorphic to W.

Proof. Since the sufficient part is very trivial, so we only prove the necessary part. Suppose that V is same type of W.
Then there exists an automorphism ¢ of £ such that forall y € £, fori =1,2,3,...,[;
k=1,2,3,...,m

() = T 1y () = My (e(y).

Let f : V(L) —» W(L) be a mapping such that f(¢(y)) = W(e(y)). Then
F@y ) = Ty (). fay () = my(e()).
This implies that f is a onto mapping. Now let for all y,u € Land foralli = 1,2,3,...,],
F@m) = @) = Ty(e) =Tlew) = 7,(7) = Ty(w).
In the similar fashion we can show that forall k = 1,2,3,...,n;

Fals ) = fal@) = 7o) = b w).

This shows that f is one-one function.
We now show that f is homomorphism. Lety, iz € £, c € F. Then
F@yly + W) = 1y (@ + 1) = Ty (@) + Ty (9(1)))
and
FOry Oy + @) =y (0y + ) = 1, (1)) + 1y (@ ().
Also, we have . ' '
f@y(ey) = ty(p(cy)) = ety (@)
and
£ty (ey)) = nly(e(ey)) = eny @),

Now we find that, . ' '
SGylysu) = Ty (ely, ub) = Ty le(y), )]

and
@by + ) = ny(ely + ) = 1ty o), @()].

Thus V is isomorphic to W. O

Definition 4.11. Let W = (T‘IV,T%V, .. ,T(V;r]‘lﬂ,,n%v, ..., 1y) be a MgROF Lie ideal of a Lie algebra £. Define a
sequence of MgROF Lie ideal of a Lie algebra £ by

Wo = W, Wy = [Wo, Wol, W = [Wi, W], W3 = [Wa, Wa],..., W, = [W,_1, W, ].
Then W, is called r-th derived MgROF Lie ideal of a Lie algebra £ and the chain or series
Woo Wi 2W, 2, W3D,...,W,D,...

is called derived series of MgROF Lie ideal W of Lie algebra L.

15
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Definition 4.12. A MgROF Lie ideal W = (1}, T3, .. .. Ty Ao Abys o oo Al iy My - - - 775, 18 said to be solv-

able MgROF Lie ideal of Lie algebra £ if there is a possitive integer n such that the chain of MgROF Lie ideals
{Wo, Wy, Wa, Wi, ..., W,} is such that

Wo2 W 2 W, 2, W3 2,..., W, 2=1{0,0,0,...,0;0,0,0,...,0;0,0,0,...,0},

where Wy = W and any natural number r, W, = [W,_;, W,_{].

Theorem 4.13. Let W = (T%,V, T%V, .. TW, /ll /12 e A r]W, nW, .«-» My be solvable MqROF Lie ideal of Lie alge-
braLyand ¢ : Ly — L, be homomorphtsm between Lle algebms Ly and L,. Then (W) is solvable MgROF Lie ideal
Osz.

Proof. Suppose that ¢ : L — L, be homomorphism between L; and L, and

12 1.1 .2 n Lf
W =Ty, Ty Ty My Mys - - - ) €1

be solvable MgROF Lie ideal of L. By induction on any possitive integer r we shall prove that o(W") 2 [@(W)]".
Suppose that y € L, and
(W, W]) 2 [e(W), o(W)] .

Then foralli =1,2,3,...,[, we have

sup{(< Ty, Ty () : o(y) = p}
up{sup{(min(zjy(a@), 74, (B) : [@.B] = p. ¢(y) = . . B €€ Ly }}
= sup{(min(ty(@), T(B) : [@.B] = p. (y) = s, B €€ Ly}
= sup{(min(z}y (@), Thy(B) : [¢(@), o(B)] = ys @, B €€ Ly}
= {
{
{

P(< Ty, Ty ) ()

Il
2]

sup{(min(ry, (@), 7y, () : [@(@), (B)] =y, @. B €€ L1}
sup{(min(ryy (@), 7w () : [v,6] = ¥39(@) = v, sﬂ(ﬁ) =6,a,p €€ L}

sup{(min( sup (@), min( sup iy (B)) : [%6] = y,a,8 €€ Ly}
acp™l(v) Beg™1(6)

sup{min{(¢(tyy (M), @(T}(9))) : [v, 6] = y, @, 8 €€ L }}
< @(Thy), p(thy) > (¥).

I vVl

Also, forall k =1,2,3,...,n, we have

inf{(< 7. 7y >)¥) : 0(y) = )

= inf{inf{(max (7, (@), 1l () : [, B] = p. ¢(y) = p, @B €€ Ly }}

= inf{(max(ry, (@), 7y (B) : [@.B] = . @(y) = p. @B €€ Ly}

= inf{(max (i} (@), 1}, (B)) : [¢(@), ¢(B)] = @, B €€ Ly}

= inf{(max(y, (@), 7y (B)) : [¢(@), (B)] = . @B €€ L}
inf{(max(niy (@), 7y (B)) : [v. 6] = p. @(@) = v, ¢(B) = 6,@. €€ Ly}
1nf{((max( igf n’;v(a)), max( ir}lf n’;v(ﬁ))) :[v,6] =y, a,B €€ Ly}

(< 1y 1Ty >)(Y)

IA

lnf{max{(w(nW(V)) o(A5,(0)) : [v,6] = y, @, B €€ Li}}
< o), e(nly) > ().

Thus,
o([W, W]) 2 p(< (W), o(W) ) = [p(W), p(W)] .

Now forr > 1,
W) = (W W) 2 [ewy =, oWy
Hence ¢(W) is solvable MgROF Lie ideal of L,. O
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Definition 4.14. Let W = (13, oy ., T Mys Miys - - - - 1) be @ MgROF Lie ideal of a Lie algebra £. Define a
sequence of MgROF Lie ideal of £ by

WO =w,w! =[W,WO],W2=[W,W'],W3=[W,W2],...,W’=[W,W"'].

Then the chain or series
WO W' oW?2o, W2 D,..., W D,...

is called descending central series of MgROF Lie ideal W of Lie algebra L.

Definition 4.15. A MgROF Lie ideal W = (1}, 72, ..., Th Ao s oo, s iy Moy -, 115, is said to be nilpo-
tent MgROF Lie ideal of Lie algebra L if there is a possitive integer n such that the chain of MgROF Lie ideals
(WO, Wl W2 W3,..., W} is such that

Welow!'owW?o,W32,...,W 2,...=1{0,0,0,...,0;0,0,0,...,0;0,0,0,..., 0},
where, WO = W and for any natural number r, W' = [W, W"l].

Corollary 4.16. Let W = (T%}V, T%)V, .. ,TIW; n{)‘,, 7]%4,, - »1y) be nilpotent MgROF Lie ideal of Ly and ¢ : Ly — L be
homomorphism between Lie algebras Ly and L,. Then (W) isnilpotent MqROF Lie ideal of L.

Proof. The proof is just similar to the proof of Theorem 4.13. O

Theorem 4.17. Let V = (T{/, T%/, ey TIV; 77{,, 77%,, ..., 1y) be MgROF Lie ideal of MqROF Lie algebra L. If

LYY AN, TN N
is MgROF Lie ideal of L, then the MqROF set
W = (T s Toges o4 os oy My agn + =+ i)
of quotient Lie algebra Ly defined by

T+ V) =supti(u+a),¥i=1,2,3,...,1

acV

and ' .
Nys( + V) = supmy(u+a@),Vk =1,2,3,....n

aegV

is MgROF Lie ideal of the quotient Lie algebra Ly of L relative to MgROF Lie ideal V.

Proof. From definition it is clear that W* is well defined. Suppose thata + V,+V € Liy andi = 1,2,3,...,1 Then
for each i, we have,

Tye((@ + V) + (B + V) (@ +B) + V) = ilel‘g (@ +pB)+7)

= sup Th((@+pB)+O+¢&)
y=0+&€V

> sup min{‘r’{,v(a + 9),T§,V(B + &)} = min{sup ‘ri,v(a + 0), sup T’W(ﬂ + &)}
0.£€V 0.£€V 0.£€V

= min{t}, (@ + V), 7}, (B + V).
Again let ¢ € ¥, then we must have,

sup TiW(ca +7v)
yev

T’;,V#(c(a/ +V)) = T;V#(ca +V)

\%

sup T’W(a +vy) = T’;,V#(a/ +V)
yev

17
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i
e

= sup7y ([@.B] +7) > supTiy(@ +y) = Tl (@ + V).
4 yev

and

a+V, supT"W(B +7v)
yeV

T ([0 + VTl B+ )))

) =ty (0] + V)

From which it follows that T;V# is MgROF Lie ideal of Ly. Similarly it can be proved that n"‘w is also MgROF Lie

ideal of LiyVk =1,2,3...,n. Hence W# is MgROF Lie ideal of the quotient Lie algebra Ly of Lrelative to MgROF
Lie ideal V. [

5. Conclusion

In this paper, we introduce the concept of multi g-Rung orthopair fuzzy Lie subalgebras and multi g-rung orthopair
fuzzy Lie ideals of Lie algebra. Some of their fundamental properties and operations like intersection and general-
ized Cartesian product of multi g-Rung orthopair fuzzy Lie subalgebras are investigated. Moreover, the relationship
between multi Fermatean fuzzy Lie subalgebras and multi g-Rung orthopair fuzzy Lie ideals are established. Lastly,
the image and the inverse image of multi g-Rung orthopair fuzzy Lie subalgebras (multi g-rung orthopair fuzzy Lie
ideals) under Lie homomorphisms are also studied. The findings offered here add to the larger framework of Lie
algebraic theory, offering fresh perspectives for further study of the structural characteristics of BCK and BCI algebra
using multi g-Rung orthopair fuzzy sets. The proposed work can be applied to situations involving multiple decision
makers, pattern recognition, classification, and multicriteria decision making. Thus, the new theory will be a helpful
tool for decision and ranking problems like choosing robots, choosing green suppliers, choosing solid waste landfill
sections, diagnosing medical conditions, and identifying patterns, among others.

Acknowledgments

This paper is dedicated to Professor Manuel Lépez-Pellicer on the occasion of his 81st anniversary.
The author would like to express sincere gratitude the anonymous reviewer for their valuable guidance toward the
improvement of the article:

Author Contributions: The present article consist of only one author.
Conflict of Interest: There is no conflict of interest for this research.

Funding (Financial Disclosure): No funding is received by the author for this research.

References

[1] S.Abdullayev and L. Nesibova, Neutrosophic Lie algebras, Int. Math. Forum 14, 95-106, 2019.
[2] M. Akram, Anti fuzzy Lie ideals of Lie algebras, Quasigroups Related Systems 14, 123-132, 2006.
[3] M. Akram and K. P. Shum, Intuitionistic fuzzy Lie algebras, Southeast Asian Bull. Math. 31, 843-855, 2007.
[4] M. Akram, G. Shahzadi and J. C. R. Alcantud, Multi-attribute decision-making with g-rung picture fuzzy information, Granul. Comput. 7,
197-215, 2022.
[S] M. A. Ali, Another view on q-rung orthopair fuzzy sets, Int. J. Intell. Syst. 33, 2139-2153, 2018.
[6] A.F. Alrasheedi, J. Kim and R. Kausar, g-rung orthopair fuzzy information aggregation and their application towards material selection,
AIMS Math. 8 (8), 18780-18808, 2023.
[7] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20, 87-96, 1986.
[8] B. Davvaz, Fuzzy Lie algebras, Int. J. Appl. Math. 6, 449-461, 2001.
[9] S. Das, R. Das, B. Shil and B. C. Tripathy, Lie-algebra of single valued pentapartitioned neutrosophic set, Neutrosophic Sets Syst. 51,
157-171, 2022.
[10] B. Debnath and F. Smarandache, Introduction to multi intuitionistic fuzzy Lie algebras, Palest. J. Math. 14 (3), 396-404, 2025.
[11] H. Garg, A novel correlation coefficients between Pythagorean fuzzy sets and its applications to decision making processes, Int. J. Intell. Syst.
31, 1234-1252, 2016.

18



[12]

(13]
[14]
(15]
[16]
(17]
(18]
[19]
(20]
[21]
(22]

(23]
[24]

[25]

[26]
(27]
(28]
[29]
(30]

(31]

Debnath | Montes Taurus J. Pure Appl. Math. * (*), 1-19, 2025

H. Garg, Confidence levels based Pythagorean fuzzy aggregation operators and its application to decision making process, Comput. Math.
Organ. Theory 23, 546-571, 2017.

J. E. Humphreys, Introduction to Lie algebras and representation theory, Springer, New York, 1972.

C. G.Kim and D. S. Lee, Fuzzy Lie ideals and fuzzy Lie subalgebras, Fuzzy Sets and Systems 94, 101-107, 1998.

Q. Keyun, Q. Quanxi and C. Chaoping, Some properties of fuzzy Lie algebras, J. Fuzzy Math. 9, 985-989, 2001.

X. Peng and L. Liu, Information measures for q-rung orthopair fuzzy sets, Int. J. Intell. Syst. 34, 1795-1834, 2019.

X. Peng and Y. Yang, Some results for Pythagorean fuzzy sets, Int. J. Intell. Syst. 30, 1133-1160, 2015.

A. Razzaque and A. Razaq, On g-rung orthopair fuzzy subgroups, J. Funct. Spaces 2022, 1-9, 2022.

F. Smarandache, Neutrosophic set, a generalization of the intuitionistic fuzzy sets, Int. J. Pure Appl. Math. 24 (3), 287-297, 2004.

F. Smarandache, Neutrosophy, neutrosophic probability, set, and logic, Amer. Res. Press, Rehoboth, USA, 2005.

F. Smarandache, Introduction to the multi neutrosophic set, Neutrosophic Sets Syst. 61, 89-99, 2023.

S. Naz, M. Akram, A. Fatima and A. Nadeem, g-rung orthopair fuzzy 2-tuple linguistic Hamy mean operators for MAGDM with modified
EDAS method, In: Real Life Applications of Multiple Criteria Decision Making Techniques in Fuzzy Domain (Ed. by L. Sahoo, T. Senapati
and R. R. Yager), Studies in Fuzziness and Soft Computing (Volume 420), Springer, Singapore, 369—415, 2023.

T. Senapati and R. R. Yager, Fermatean fuzzy sets, J. Ambient Intell. Humaniz. Comput. 11, 663—674, 2020.

P. Wang, J. Wang, G. Wei and C. Wei, Similarity measures of q-rung orthopair fuzzy sets based on cosine function and their applications,
Mathematics 7, 340, 2019.

R. R. Yager, Pythagorean fuzzy subsets, In: Proceedings of the 2013 Joint IFSA World Congress & NAFIPS Annual Meeting (IFSA/NAFIPS),
Edmonton, AB, Canada, June 24-28, 2013, pp. 57-61.

R. R. Yager, Pythagorean membership grades in multicriteria decision making, IEEE Trans. Fuzzy Syst. 22, 958-965, 2014.

R. R. Yager, Generalized orthopair fuzzy sets, IEEE Trans. Fuzzy Syst. 25 (5), 1222-1230, 2017.

S. E. Yehia, Fuzzy ideals and fuzzy subalgebras of Lie algebras, Fuzzy Sets and Systems 80, 237-244, 1996.

L. A. Zadeh, Fuzzy sets, Inf. Control 8, 338-353, 1965.

M. Zamana, F. Ghani, A. Khan, S. Abdullah et al. Complex Fermatean fuzzy extended TOPSIS method and its applications in decision making,
Heliyon 9, €19170, 2023.

W. Zeng, D. Li and Q. Yin, Distance and similarity measures of Pythagorean fuzzy sets and their applications to multiple criteria group
decision making, Int. J. Intell. Syst. 33, 2236-2254, 2018.

How to cite this article: B. Debnath, On multi g-Rung orthopair fuzzy Lie algebraic structures, Montes Taurus
J. Pure Appl. Math. * (¥), 1-19, 2025; Article ID: MTJPAM-D-24-00143.

19


https://mtjpamjournal.com/papers/article_id_mtjpam-d-24-00143

	Introduction
	Preliminaries
	Properties of multi q-Rung orthopair fuzzy Lie algebra
	Multi q-Rung orthopair fuzzy Lie algebra homomorphisms and applications
	Conclusion

